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ACADEMICIAN IGOR’ VASIL’EVICH KURCHATOV 


A capemicran Igor’ Vasil’evich Kurchatov, a 
leading Soviet physicist, died suddenly in Moscow 
on February 7, 1960. 

I. V. Kurchatov was born on January 12, 1903 in 
the Sima mill settlement of the Ufa Province; his 
father was a land surveyor. In 1923 he graduated 
from the physico-mathematical faculty of the Cri- 
mean University. In the course of these years he 
developed an exceptional interest in scientific work. 

_ In 1925 he began working at the Leningrad Physico- 

. Technical Institute. 

Even as a young scientist Kurchatov made a 
series of important discoveries in the physics of 
dielectrics, a branch which was still little studied 
at that time. Already then he inaugurated the de- 
tailed study of a new class of materials — the fer- 
roelectrics; his work led to a theoretical under- 
standing of these phenomena, which subsequently 
took on a more practical significance. 

During the following years Kurchatov occupied 
himself with studies of the atomic nucleus. In 
1935 he discovered the phenomenon of nuclear 
isomerism. 

In 1940 Kurchatov initiated and guided research 
which led to the discovery of the spontaneous fis- 
sion of uranium nuclei. 

During the second world war he devoted all his 
strength and knowledge to the consolidation of the 
defensive power of our country. 

Thereafter all his activities were connected 
with the problems of utilizing atomic energy, and 
until the end of his life he continuously guided this 


work in the Soviet Union. He established the larg- and ways of utilizing atomic energy in various 
est institute in the domain of nuclear physics — branches of the national economy were found. 
the Atomic Energy Institute of the U.S.S.R. Acad- Kurchatov trained numerous scientists and engi- 
emy of Sciences (which will now bear his name). neers in this. new field. 

Under his scientific guidance and with his direct In 1943 the U.S.S.R. Academy of Sciences 
participation, an atomic technology was created elected him a full member of the Academy for 
in our country, and the study of the atomic nucleus his distinguished scientific merits. 

was raised to a new and high level; work was de- Kurchatov was not only a great scientist but 
veloped on controllable thermonuclear reactions also a prominent figure in state affairs. He was 
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several times elected a deputy to the Supreme 
Soviet. 

Kurchatov was an ardent patriot. In a speech 
before the session of the Supreme Soviet on Janu- 
ary 15, 1960, he said: “I am happy to have been 
born in Russia and to have dedicated my life to 
the atomic science of the great Soviet country. 

I deeply believe and strongly know that our people, 
our government, will devote the achievements of 
this science only to the welfare of humanity.” 

The brilliant ability of the scientist, his enor- 
mous energy, his remarkable gift for organizing, 
and his exceptional capacity for work, were happily 


combined with rare spiritual qualities. He enjoyed ‘ 
the respect and love of all those who were fortunate 
to work together with him and under his guidance. 
For his distinguished merits on behalf of his 
native country, Kurchatov was honored three times 
with the title of Heroof Socialist Labor, and with 
the Lenin and Stalin prizes. 
Together with all Soviet physicists, the editorial 
office of the JETP mourns the loss of a aetna 
man and great scientist of our country. 


Translated by Z. Barnea 
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The fission neutron spectra and average number of neutrons 7 emitted in the fission of U2 


mie 


induced by 14.3-Mev neutrons were measured. The measurements were made at en- 


ergies between 0.4 and 5 Mev by the time-of-flight technique, in which a pulsed source was 
used. The spectra obtained are interpreted as consisting of neutrons emitted by the frag- 
ments and of neutrons evaporated before fission of the nucleus. The following distribution 
parameters were found: Tf = (1.06 + 0.03) Mev, T = (0.37 4 0.04) Mev and a, the fraction 
of the evaporated neutrons, = (16 + 2)% for U**°; whereas Tr = (1.16 + 0.03) Mev, T = (0.4 


+ 0.04) Mev, wa=(21+2)% for U238 | 


The measured values of v are 4.17 + 0.30 for 


y235 


and 4.28 + 0.30 for U?*8, their ratio being v(U?38)/p( U2) = 1.03 + 0.03. 


1. INTRODUCTION 


Mosr investigations into the various aspects 

of nuclear fission have been devoted to the study 
of nuclear fission by thermal neutrons and spon- 
taneous fission. The study of nuclear fission by 
fast neutrons, especially the spectra and number 
of neutrons emitted, has been much more meager. 
This situation is largely due to the experimental 
difficulties inherent in recording fission neutrons 
in a background of many primary neutrons having 
approximately the same energy, as well as to the 
considerably smaller fission cross section for fast 
neutrons. 

However, good reasons exist for the study of 
nuclear fission by fast neutrons: e.g., the occur- 
rence of new fission channels at high excitation 
energies and the increase in the number of avail- 
able fissionable isotopes. 

At the present time data are available on the 
spectra of fission neutrons from the fission of 
as i. ba. and Pu”4! induced by thermal 
neutrons!~® and from the spontaneous fission of 
cf?>?.§ These measurements indicate that the 
spectra for all these isotopes are similar and 
can be approximated accurately enough by the 
expression 
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A slight hardening of the spectrum is noted in the 
transition from U?* to Pu®? and on to Cf. At 
present, because of insufficient experimental data, 
it is difficult to say whether the parameter Z?/A 
plays a decisive role in this hardening. 

Only the work of Zamyatnin et al.’ contains data 
on the neutron spectrum for nuclear fission induced 
by neutrons with an energy of more than 1 Mev. In 
this work the photographic technique was used to 
study the fission neutron spectrum formed by the 
capture of 14-Mev neutrons by Th?*2, 233, 23s 
U238) and Pu?** nuclei. 

The results of this study combined with compu- 
tations by Bat’ and Kudrin® give evidence of a slight 
hardening of the spectra with an increase in the 
primary neutron energy, though the data remain as 
yet insufficient for quantitative conclusions. Be- 
sides, the experimental setup described by Zam- 
yatninet al.?is such that it is impossible to dis- 
tinguish the fission neutrons from neutrons emitted 
in the process of inelastic scattering and the (n, 2n) 
reaction. 

Recently several papers? !3 have been published 
on v measurements for the fission of various iso- 
topes by 14-Mev neutrons. However, the results 
obtained lack satisfactory agreement among them- 
selves and fail to provide a basis for conclusions 
as to variation of y from isotope to isotope. 

This article describes an investigation under- 
taken to obtain additional data on the spectra and 
number of emitted neutrons from the fission of 
U235 and U**® induced by 14.3-Mev neutrons. 
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Il. EXPERIMENTAL TECHNIQUE AND MEASURE- 
MENT 


Experimental arrangement. Figure 1 shows the 
layout of the experimental apparatus. 

The time-of-flight technique was used in the 
measurements. An essential feature of this tech- 
nique was the use of a pulsed primary neutron 
source. 


FIG. 1. Experimental set- 
up; shaded area —Pb shield, 
(thickness = 2.5 mm), T.C. — 
tolane crystal, T —target, 
F.C. — fission chamber, C — 
@ particle counter. 
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The primary neutron pulses were provided by 
a T(d,n)He* reaction in the target of the accel- 
erator tube when the target was bombarded by 
short, periodic pulses of 150-kev deuterons. A 
fission chamber situated near the target served 
as the source of the fission neutrons. Since the 
fission incidents in the chamber occurred prac- 
tically simultaneously with the primary neutron 
pulses, the target and the chamber constituted a 
pulsed source of primary and fission neutrons. 
Because the probability of fission inside the cham- 
ber was 107‘ per neutron pulse, most of the source 
pulses belonged to “background” and consisted of 
14.3-Mev neutrons and neutrons formed by the in- 
elastic interaction of these primary neutrons with 
the target materials and the fission chamber. If 
fission occurred in the chamber, fission neutrons 
likewise appeared in the source pulse. The pres- 
ence of these “working” pulses was revealed by 
the appearance of ionization pulses in the fission 
chamber. 

Pulses resulting from the deuteron beam bom- 
barding the target were used as trigger pulses and 
determined the moment of emission of the neutrons 
from the source. 
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The neutron detector was a scintillation counter 
located 75 cm from the source. The time of flight 
of the neutrons was determined by measuring the 
time interval between the detector pulse and trig- 
ger pulse with an electronic circuit. The time dis- 
tribution of the detector pulses was measured sep- 
arately for “working” and “background” source 
pulses. If the total number of primary neutrons 
during a period of measurement was the same in 
the “working” and “background” source pulses, 
the difference in the measurements represented 
the time-of-flight distribution of fission neutrons. | 
This distribution, when measured by a detector with 
a known energy sensitivity curve, permits one to 
determine the energy spectra of the fission neu- 
trons, as well as average number of fission neu- 
trons v. 

Pulsed source of 14.3-Mev neutrons. The 
pulsed deuteron flux was obtained by modulating 
a beam of accelerated deuterons with a sinusoidal 
electric field by the use of deflecting plates (f = 2 
Mcs). The deuteron pulses and, correspondingly, 
the pulses of 14.3-Mev neutrons lasted 3 nano- 
seconds, and had a repetition rate of 4 Mcs. The 
average number of neutrons in a pulse, n, was 
4 (in fact n ~v); any increase in the neutron 
yield was undesirable on account of the increase 
in the background. The average neutron emission 
was determined from the counting rate of the a 
monitor. 

In intervals between pulses when deuterons 
struck the deflecting plates and the diaphragm, 
which was situated 80 cm from the target, 2.5- 
Mev neutrons were generated by the D/(d, n) He® 
reaction. This resulted in a slight increase in 
background. 

Fission chamber. Two fission chambers with 
layers of U23 (90%) and U?38 (natural isotopic 
composition) were used. Each chamber con- 
sisted of three spheres 6, 7, and 8 cm in diam- 
eter and had a radial cylindrical channel 22 mm 
in diameter. The chamber electrodes and walls 
of the accelerator target block were constructed 
thin enough (0.5 mm) to reduce neutron scatter- 
ing. 

Layers of a fissionable substance were applied 
to both surfaces of the 7 mm diameter sphere. The 
layers in the U2** chamber were 2 mg/cm? thick 
and in the U2*8 chamber 3 mg/cm?, with a thick- 
ness variation nowhere exceeding +10%. The 
total weight of the fissionable substance was 0.6¢ 
in the U?®> chamber and 0.9¢ in the U238> chamber. 
The detection efficiency of both chambers was 
about 60%. 
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The chambers were filled with a mixture of 
argon and carbon dioxide (10%) to a pressure of 
760 mm Hg. The rise time of the chamber was 
0.1 + 0.05 usec. 

The accelerator target was installed at the 
center of the chamber when spectra were being 
obtained. The spherically symmetrical arrange- 
ment of the fissionable substance in relation to 
the target eliminated the influence of anisotropy 
of fragment distribution on the measurements. 

Neutron detector. The neutron detector was a 
tolane crystal, 80 mm in diameter and 25 mm thick, 
with a FEU-33 photomultiplier. This detector was 
set at a 15° angle to the axis of the accelerator 
tube. This placement of the detector made it pos- 
sible to reduce the background due to the 2.5- Mev 
neutrons. The scintillation counter was sheathed in 
a lead shield 2.5 mm thick to protect it from x- 
rays from the accelerator tube. 

The measurements were made in a room large 
enough to allow the detector to be installed no 
nearer than 4m from the walls and floor and with 
the nearest scattering material (steel flooring 
5 mm thick) 1.5m away. Nevertheless, neutrons 
and y rays that had been scattered in the room 
composed about half of the background in the 0.4 
— 5d Mev range. 

The efficiency of the detector for neutrons in 
the energy interval < 5 Mev was determined by 
Hardy’s'4 method. Figure 2 shows computations 
for three threshold values, Eth (0.2, 0.25, and 
0.3 Mev). To establish the energy threshold of 
the scintillation counter its absolute efficiency in 
the 0.2 —1.5 Mev energy region was measured 
with an electrostatic accelerator. The T(p, n) He? 
reaction served as a source. A “long” counter and 
a U*® fission chamber were used as neutron flux 
monitors. Since the energy dependence of the 
counter efficiency for the 0.25 Mev threshold was 
in best agreement with the data obtained with the 
accelerator, this dependence was used in process- 
ing the measurements of the neutron spectra. 

Electronic instrumentation. Electronic appa- 
ratus was used to measure the time distribution 
of the detector pulses which originated after the 


§ 


FIG. 2. Energy dependence of the detector 
efficiency; measurements with the electro- 
static accelerator are designated by oO. 
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occurrence of working pulses from the pulsed 
source (i.e., after “effect + background” pulses). 
For our experimental conditions the time of flight 
for fission neutrons with energies in the 5—0.4 
Mev region was 24 to 86 nanosec. This determined 
the minimum time-interval to be measured. In 
order to obtain data on prompt-fission y rays 
and on the detector background, the time intervals 
measured were increased to 220 nanosee (150 
nanosec after the working pulses and 70 nanosec 
before the pulses). 

Figure 3 is a block diagram of the electronic 
apparatus. The system consisted of two channels 
— one slow, the other fast. In the slow channel, 
from the sequence of detector pulses those that 
happened to be in the interval being measured 
were selected; the time distribution of these 
pulses was measured in the fast channel. Coinci- 
dences in the slow channel were used to select the 
detector pulses. First, the trigger pulses that cor- 
responded to working pulses were selected from 
the sequence of trigger pulses. For this purpose 
the trigger pulses, as well as shaped fission cham- 
ber pulses, which lasted 0.1 usec, were fed into the 
slow gating circuit. With delay 1 properly selected, 
only working trigger pulses passed through the 
gating circuit; these then entered the coincidence 
unit with the detector pulses. If coincidence oc- 
curred, the fast gating circuit opened, and a time 
analyzer measured the time distribution of the 
corresponding detector pulses in the fast channel. 

Thus, the fast channel measures the time dis- 
tribution of only those detector pulses that had 
been produced within the exact time interval be- 
fore or after the working pulses from the source. 
Moreover, the duration of the interval was deter- 
mined by the resolution time of the coincidence 
circuit (220 nanosec), while the position of the 
interval in relation to the working trigger pulses 
was determined by the selection of delay 2. The 
interval position was maintained to within + 20 
nanosec in the course of the measurements. The 
operation of the system is illustrated in the time 
diagram Fig. 4. The passage of the trigger pulses 
through the slow gating circuit is shown in the 
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FIG. 4. Time diagram of pulses. 


upper four lines. (On the second line from the 
top the position of the shaped fission chamber 
pulse is indicated during a measurement in the 
working interval; the dash-dot line indicates the 
maximum displacement of the pulse due to the 
scatter in the chamber rise time.) On the lower 
lines are the recorded detector pulses in the slow 
and fast channels, as well as the conversion of 
the time intervals between the detector and trig- 
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ger pulses into an amplitude distribution. The 
solid and dotted lines show the pulses produced 
during the recording of neutrons with different 
times of flight. 

The time distribution of the detector pulses was 
measured both after working source pulses (in 
working intervals) and after background pulses 
(in background intervals, which also lasted 220 
nanosec). When the distribution in the background 
intervals was being measured, accelerator pulses 
instead of fission chamber pulses were admitted 
to the slow gating circuit. In this case, mostly 
background, randomly selected trigger pulses 
entered the coincidence circuit; the probability 
of transmitting working trigger pulses did not ex- 
ceed 10°*. The number of intervals recorded in 
these series of measurements was determined by 
the counting rate of the trigger pulses that entered 
the coincidence circuit (when the measurements 
were being made in the working intervals, the 
rates at which the trigger and fission chamber 
pulses were counted coincided). 

The time analyzer used in the system operated 
on the principle of converting “time into amplitude.” 
The amplitude distribution from the convertor 
(the input circuit of the analyzer) was measured 
by a 100-channel amplitude analyzer built along 
the lines of the ADA-50 analyzer. The average 
width of the time analyzer channel in the interval 
for recording fission neutrons and y rays was 
2.2 nanosec, and the non-linearity of the time 
scale did not exceed +2%. 

Data. Figure 5 (curve a) shows the time- 
interval distribution of the detector pulses ob- 
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tained in one of the series of measurements of action between the primary neutrons and the ma- 
the spectrum of neutrons emitted in u2%8 fission. terials of the accelerator target block and the fis- 
On this graph one can see distinctly separate lines sion chamber; b) radiation due to the activation of 
for the fission y rays and 14-Mev neutrons; the materials, mostly of the scintillation counter, by 
broad maximum to the left corresponds to the fast primary neutrons; c) neutrons and y rays 
fission neutrons. formed by primary neutron scattering in the room; 
In addition to the fission neutrons and y rays d) 2.5-Mev neutrons from the accelerator tube. 
in the working intervals, the following radiations The 14-Mev primary neutrons were separated 


were recorded: a) primary 14-Mev neutrons, as 
well as neutrons and y rays formed in the inter- 


from the fission neutrons by their time of flight. 
However, the other radiations enumerated above 
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created a background even in the region where 
fission neutrons were recorded. 

Background data were obtained by measuring 
the time distribution of detector pulses in the back- 
ground intervals. The procedure for measuring 
the spectra thus consisted of the consecutive 
measurements of pulse distributions in the work- 
ing and background intervals. The average yield 
of 14.3-Mev neutrons was checked during these 
measurements by the counting rate of the @ moni- 
tor and was maintained constant to within + 3%. 
This insured the same conditions for recording 
background radiations in the working and back- 
ground intervals. 

When the distribution of detector pulses in the 
working intervals was being measured, background 
radiations a) and partly c) were proportional to 
Ny, while radiations b) and partly c) were pro- 
portional to nh (Nw and np represent the aver- 
age number of primary neutrons in the working 
and background pulses respectively). When the 
distribution in the background intervals was being 
measured, all background radiations a), b), and 
c) were proportional to ny). Therefore, the method 
chosen for measuring the background might have 
led to serious error, if nw # Nb. However, com- 
putations showed that ny, =np. In these computa- 
tions it was assumed that the number of primary 
neutrons in the source pulses was subject to 
Poisson’s distribution, and both the dependence 
of fission probability on the number of neutrons 
in the pulse and the capture of primary neutrons 
by the fissioning nucleus were taken into account. 

Thus, the conditions for recording radiations 
a), b), and c) were the same in the working and 
background intervals. The accuracy of the back- 
ground measurements was sufficiently high in this 
case, since the counting rate for uncontrolled back- 
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ground sources (2.5-Mev neutrons and character - 
istic detector noise) constituted less than 5% of 
the total background counting rate. 

The measurements of the distributions in the 
working and background intervals gave rise to an 
equal number of recorded intervals. Figure 5 
shows the frequency-time distribution of detector 
pulses in the background intervals that was ob- 
tained in one and the same set of measurements 
of the fission neutron spectrum for u238 (curve b). 
Figure 5 also shows the time distribution of neu- 
trons and y rays from U?*® fission (curve c). As 
can be seen from the graph, the background 
amounted to 15 — 20% of the effect over a wide 
energy interval and at the limits of the 0.4—5 
Mev energy interval amounted to 35%. This same 
graph shows the time and energy scales, with the 
zero time of the time-of-flight scale determined 
by the position of the fission y-ray line. The 
time resolution of the apparatus as found from the 
half width of the fission y-ray and primary-neu- 
tron line was 7 nanosec. 

Corrections for fission neutrons scattered by 
the chamber and also for delayed fission y rays’® 
were applied to the data. The scattering of fission 
neutrons by detector materials, particularly by the 
lead shield, was shown by control measurements 
to have no effect on the spectrum measurements. 
Under the conditions of the experiment, measure- 


ments indicated that the effect of neutron scattering 


in the room could also be ignored. To illustrate 
the effect of the corrections Fig. 6 shows curve c 
(from Fig. 5) on an enlarged scale. (The shaded 
area corresponds to the corrections, which were 
subtracted during the processing of the measure- 
ments. ) 

To obtain the energy spectra of the fission neu- 
trons use was made of the measurements of the 


Fission 
Yy-rays 
FIG. 6. Time distribution of neutrons and 
y tays from U*** fission. 


Analyzer 
channels 


Sse ee SSS EE eee 


E 120 100 80 &0 40 20 0 


n» Mev 


Ce eee ed eee Oe eee ee oe Se Se eee SS ee 


QZ 04 48 


NEUTRON SPECTRA IN 


time distributions for time-of-flight intervals from 
24 to 86 nanosec. The corresponding energy inter- 
val was 5 to 0.4 Mev. Data obtained outside this 
interval were not processed because of the strong 
background. Measurements for energies less than 
0.4 Mev were also unreliable because of possible 
instability in the efficiency of the detector near 

the threshold. 

The total number of recorded fission neutrons 
with energies in the 0.4 to 5 Mev interval was 
2.2x10* for U?® and 2.6 x 104 for U?"8, with the 
counting rate at 500 —600 neutrons/hour. The sta- 
tistical error was 3 —4% in the 0.8- to 5-Mev in- 
terval and rose to 6% in the 0.4- to 0.8-Mev inter- 
val. The total error in the measurements may 
have been increased by inaccuracies in the numer- 
ical determination of the energy dependence of the 
detector efficiency. 

To clarify the influence of energy resolution on 
the form of the fission neutron spectra, control 
measurements were made of the spectrum of sec- 
ondary neutrons formed in the passage of 14.3-Mev 
neutrons through a layer of lead 6-cm thick, with 
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three flight distances: 75, 100, and 125 cm. These 
measurements showed that as the energy resolu- 
tion was improved, the form of the spectrum was 
the same within the limits of accuracy required 
in the experiments (2%). 


III. RESULTS AND DISCUSSION 


Figure 7 shows the spectra of neutrons from 
the fission U2 and U?%® as obtained from the 
measurements. 

To analyze the resultant spectra, In{F(E)/E } 
curves (Fig. 8) were plotted. 

The hard portion of the spectra (E > 3 Mev), 
due to neutrons emitted by fragments, was used 
to find the value of parameter Tf (w was as- 
sumed to be 0.5 Mev). The difference between 
the experimental data and Eq. (1) in the region 
where E < 3 Mev determined the spectrum of 
the neutrons that evaporated before fission. The 
spectra of fission neutrons from U2 and, U2® 
were found to be represented by 


F(E), rel. units 


FIG. 7. Neutron spectra obtained from the 
fission of U**> (a) and U?** (b): @— experimental 
results, O—the result of subtracting curve 1 
from the experimental data; curve 1—distribu- 
tion given by Eq. (1), 2—distribution Eeo"7)) 
3—sum of curves 1 and 2 (distribution given by 


Eq. G)). 
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FIG. 8a. Neutron spectra obtained from the fission of 
U?*> (designations as in Fig. 7). 
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with the first term corresponding to neutrons 
evaporated before nuclear fission and the second 
corresponding to neutrons emitted by fragments. 
The values of the parameters are shown in Table I. 

So that these results could be compared with 
data published by other authors, Tg values ob- 
tained from nuclear fission induced by thermal, 
4-Mev, and 14-Mev neutrons were also included 
in Table I. Comparison of the Ty values for U?* 
shows that when the neutron energy is increased 
to 14 Mev, the magnitude of Tg is increased by 
approximately 10%. 

As was noted earlier by Zamyatnin et al.,' the 
neutron spectrum from U?8 is harder than the 
spectrum from U?°, This finding does not agree 
with the dependence of Tg on Z7/A.'8 

To compare our data with the results reported 
by authors who used Eq. (2) to approximate their 
fission neutron spectra, values were found for the 
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FIG. 8b. Neutron spectra obtained from the fission of 
U**® (designations as in Fig. 7). 


parameter B. The values for B have been in- 
cluded in Table I and confirm the conclusions 
reached through comparison of the values of Tf. 
As can be seen from Fig. 8, the spectrum of 
the evaporated neutrons is in good agreement with 
the Ee-E/T distribution, and the parameter T 
has nearly the same value for both uranium iso- 
topes. The fraction of evaporated neutrons ob- 
tained (about 20%) proved to be considerably 
greater than expected. If the evaporated neutrons 
are assumed to occur solely through a (n, nf) 
reaction with a cross section of = Of, — Of) then 
the yield of evaporated neutrons should be a 
= (of, —0f,)/voz, ~ 10%, where of, and of, are 
the fission cross sections on the freee and Bp 
plateaus! (see Fig. 9). Allowance for evaporation 
of neutrons by the (n, 2nf) reaction reduces the 
divergence somewhat but does not eliminate it, 
since the cross section for this process is small.?° 
Thus, the measurements indicate a greater 
probability for (n, nf) and (n, 2nf) processes in 
the fission of U?® and U?*8 by 14-Mev neutrons 
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TABLE I 
—— eee 


Isotope 


En,Mev | Ts, Mev | B, Mev | T, Mev | a 


SN eee ees 


[285 Thermal | 0.965 [2] 4.290 [2,17] a | 2 
4.0 |4.01+0.03* = pe = 
14.0 | 4,05+0.06 [7] = 0.4+0.05 [7] oe 
14.3 |4.0620.03* 1.36+0.04* | 0.37+0.04* | 0.16+0.02* 

[288 14.0 | 4.22+0.10 [7] - 0.48+0.05 [7] = 
14.3 (4.16+0,03* 1.4640.04* | 0.40+0.04* | 0,21+0.02* 


*Results of the present experiment. 


**Obtained on the basis of the relative value given by Bondarenko et al.'® and 


the T¢ value for thermal neutrons. 
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FIG. 9. Proposed 
v(E) dependence. 


than should result from the values for the fission 
cross sections on the first and second plateaus and, 
correspondingly, also indicate a reduction in the 
probability of nuclear fission without prior. neutron 
evaporation. It is noteworthy that the experimental 
value of a for U?® is somewhat greater than for 
U?> and fits the assumption of a larger contribu- 
tion by the (n, nf) process to the total fission 
cross section of U?*8, 

To obtain v, the fission neutron spectra were 
integrated with allowance for the absolute scintil- 
lation-counter efficiency ¢€ and the fraction B 
(~ 0.15) of the spectrum which was beyond the 
measured range [8 was computed from Eq. (3)]. 
The result obtained pertained to the fissions that 
were recorded during the measurement time. A 
correction was introduced in the calculation of v 
to take account of the moderation of the primary 
neutrons through scattering on the materials in 
the chamber and target block. The values for v 
obtained were 4.17 + 0.30 for U?® and 4.28 + 0.30 
for U2°8, and their ratio was v (U7*°)/p (U?*) 
= 1.03 + 0.03. 

The error in v consists mostly of errors in 
determining the values of € and f£ and on the 
average amounted to 7 —8%. The error in the 
relative measurement was much smaller (~ 3%), 
since the absolute value of the efficiency was un- 
important in this case. 

For the sake of comparison, Table II includes 
values for v obtained from other investigations 


TABLE II 


Ey Mev Y (U2) | V (U284) 


14.0 Ledeen _ 
4.52+0.32 [27] | 4,1340.25 [17} 


14.1 | 4°1340.24 [4] | 4.50+0.32 [22 
4,450.35 [2] 
14.2 4.55£0.15 [23] 


14.8 4.70:0.50 eo] 
15.0 4,51+0.19 | °] a 


14.3 4.29+0.12* 4.48+0.13* 
4.17+0.30** 4.28+0.30** 


*Weighted mean; for reduction to E, = 
14.3 Mev the dv/dE,, obtained in our work 
was used. 

**Results of this work. 


and their weighted mean. The values given in the 
present article are somewhat lower than the aver- 
age values for v, though both values for v and 
their ratios coincide within the experimental 
errors. 

The absolute values of v4, for fission induced 
by 14-Mev neutrons taken together with the values 
of vy for thermal neutrons or for low energy neu- 
trons permit one to infer the dependence of v on 
the excitation energy E* of the fissionable nucleus 
(or on the energy, Ey, of the neutrons producing 
the fission). Moreover, the large change in Ey (to 
14 Mev) and correspondingly in V permits one to 
find dv/dE, with a sufficiently high degree of ac- 
curacy.!® It is usually assumed that 


dv [dEn == (Vian Yo) 4c E)); 


i.e., v varies linearly with the energy. Here Ey 
is the energy of the low energy or thermal neu- 
trons. The experimental values for v for excita- 
tion energies E* < 10 Mev (Ey < 4 Mev) confirm 
this assumption. 

However, the use of the value of v4, in com- 
puting dv/dEy is complicated by the fact that 
when Ep is the same as the fission barrier en- 
ergy Ef of the original nucleus, a new reaction 
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channel is opened —(n, nf), and v(E) may 
undergo a discontinuity (Fig. 9). The magnitude 
of the Av jump at Eg is 


RG ey (b a a eee 


oF, 

and depends on the contribution of of the (n, nf) re- 
action to the total cross section of and on the differ- 
ence 1 — [v(E¢) — v(Ef¢—Ep-—2T)] which may 
have either a positive or negative value. For those 
cases when the change in v is equal to unity, i-e., 
for Eg equal to the sum of the neutron binding en- 
ergy, Ep, and the average neutron kinetic energy 
2T, the discontinuity in v(E) is absent.* 

To evaluate Av, we take for the value of Ep 
in U5 and U?89, 6.5 and 4.8 Mev respectively”! 
and for the values for dv/dEn, those given by 
Bondarenko et al.'® Thus we find that 


DE ay (Ep Es, OTS (Bh 07) dy E, 


is less than unity for both uranium isotopes. A 
calculation of the value of Av with allowance for 
the reduction in dv/dEy due to the discontinuity 
and also with allowance for a second discontinuity 
in the region of the threshold for the (n, 2nf) re- 
action indicates that in determining dv/dEp it is 
necessary to reduce the difference y4,—v) by 0.10 
for U? and 0.16 for U8. The value of dv/dEy 
obtained on the basis of our results in the energy 
region En < 2 Mev proved to be 0.112 +.0.011 
foreUe sand, 0.115.001). for U2*. 

From our data we were also able to evaluate 
the relative yield of prompt fission y rays. If 
the spectra of y rays from the fission of U?* 
and U?*8 are assumed to be alike, then the ratio 
of the average numbers of y rays emitted per 
fission event is Hh Uae y)iiaa(sLize = 0.94. 
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Nemudrov, V. A. Parshina, A. I. Peshetov, V. S. 
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The results of an experimental investigation of the interaction of modulated and unmodulated 
high-energy electron beams with the plasma in a high-frequency discharge are presented. It 
is shown that the passage of an unmodulated beam through a plasma results in the production 
of plasma oscillations in the beam at a frequency close to the plasma frequency. The depend-: 
ence of oscillation amplitude on frequency and the plasma parameters is determined. The co- 
herent energy losses of electrons in modulated and unmodulated beams moving through a plas- 


ma have also been studied. 


ie The first experiments in which plasma oscilla- 
tions were produced by the interaction of an elec- 
tron beam and a plasma were those reported by 
Langmuir, Tonks, and Penning.'~? Merill and 
Webb‘ and other authors? have investigated the 
oscillation regions and their relation to the anom- 
alous dissipation of electron energy in a gas dis- 
charge. Interpretations of these results have been 
given by Vlasov® and by Bohm and Gross,!! who 
showed that the oscillations are excited by a 
mechanism similar to that which operates in the 
klystron. 

Looney and Brown’ and Gabor and his co- 
workers,” using an external electron source, found 
that plasma oscillations are excited only when 
there are sheaths at the electrodes or at the sur- 
faces which confine the discharge. As has been 
shown by Akhiezer and Fainberg!® and Bohm and 
Gross,’ an initially unmodulated beam character- 
ized by a uniform density and constant velocity is 
unstable in passage through a uniform plasma 
(a plasma with no density gradients or sheaths). 
Under these conditions longitudinal electromag- 
netic waves of increasing amplitude are excited 
in the beam and in the plasma. The plasma is 
excited by the beam when the beam velocity is 
greater than the thermal velocity of the plasma, 
Vo > S and also when vy «<s. However, when 
Vy) > s the beam-plasma interaction is much 
more effective. The ratio of the excitation co- 
efficients for these two cases is v)/s KO Ae 
> 1, where wy is the plasma Langmuir fre- 
quency and & is the plasma frequency of the 
beam. 
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Instabilities can be avoided if there is a ve- 
locity spread in the beam. The interaction mech- 
anism described here also applies to the passage 
of an ion beam through a plasma. 

In interacting with the plasma the beam be- 
comes density modulated so that the initially uni- 
form beam is broken up into separate bunches. 
Under these conditions coherent interactions can 
become important. The possibility of using the 
coherence effect for intensifying the interaction 
between charged particles and a plasma was first 
indicated by Veksler.!* If the coherence conditions 
are satisfied the energy loss of an individual par- 
ticle in a bunch is given by 


2 
|dE|_ &N v 
ela one (4 ° ) (1) 
| Xe Qy2 0 w2b2 
> are OnL 


where N is the number of particles in the bunch 
and b, is the transverse dimension of the bunch. 
The fields produced by a coherent bunch can be in- 
tensified if the coherence conditions are satisfied 
for a number of such bunches simultaneously.'? 

A comparison of this interaction mechanism 
with that proposed by Tuck!4 indicates that the 
present excitation coefficient is much larger. The 
ratio of the excitation coefficients is (¢/v))? 

x (wot /Vo) (wy) /2)*/3 « 1, where ro is the clas- 
sical electron radius. This difference is due to 
the fact that the Tuck analysis does not take ac- 
count of the possibility of a coherent interaction. 

The nature of the instability is of great impor- 
tance in an analysis of the interaction of a particle 
beam with a plasma. A method of distinguishing 
between absolute and convective instability in hy- 
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drodynamics has been pointed out by Landau and 
Lifshitz.!® Essentially, this method is based on 
an investigation of the limiting behavior of the in- 


tegral fexp{ —iw(k)t}dk. Absolute instability 
obtains if the integral becomes infinite as t ~~. 
The difference between convective and absolute 
instabilities in beam interactions has been studied 
by Sturrock.!® This criterion has been applied by 
Drummond" in an analysis of the excitation of a 
cold plasma by a beam and indicates that the in- 
stability is convective in this case. Investigations 
carried out by us, '8 using the Landau-Lifshitz 
technique, lead to the same result. 

Experimental attempts to observe the interac- 
tion mechanism predicted by the theory!”’!! have 
been unsuccessful up to the present time.® It is 
probable that the reason for these failures is the 
fact that the interaction lengths were too small in 
these experiments and that the initial perturbations, 
due exclusively to fluctuations in the beam and 
plasma, were relatively small. This second sug- 
gestion has been verified by the work of Boyd, 
Field and Gould.'® 

2. We now consider the basic relations needed 
for an analysis of the experimental data.!° 

The gain factor, which characterizes the growth 
of the longitudinal waves in space (imaginary part 
of the wave vector k for a fixed value of the fre- 
quency w) is given by the following expression 


when vy > Ss: 
372 0 (8 Va [ 82) 7) O\%7/s 
eae) Sa ae ) 
The excitation coefficient, which characterizes the 
growth of the oscillations in time (imaginary part 
of w for a given k) is given by the expression: 
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FIG. 1. Diagram of the experimental arrangement. 
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a0) 
where 7 characterizes the damping due to pair 
interactions or collective interactions. In the latter 
case, 7 is given’by the Landau formula 


Rae 


=] i = (ak) * exp {— a (o/ks)}’, (4) 


where a is the Debye radius. 
For a cold plasma (vy) >s, s—0) we have 


Y= 2/4,V (o /o? — 1}, (5) 
s=Q/) (0, fort. (6) 


As W-—-wW, the gain factor increases without limit 
while the excitation coefficient remains finite, being 
given by 


e= 2h V3 og'Q”. (7) 


The frequency corresponding to maximum excita- 
tion is shifted with respect to wy) by an amount 
AW: 

Aw 0g=— 2-7 (O.).0,)%. (8) 


The half width of the curve which describes the ex- 
citation coefficient as a function of frequency is 
given by the following relation (if damping is 
neglected ): 


Sol teeth an (9) 


rs meee 
“o) max 3 


In the amplification case, as w— Wp), if collisions 
are neglected, y— ©. Under these conditions the 
half-width is determined by the damping due to 
collisions of plasma particles between themselves 
or with the walls. 
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3. We now describe the experimental investi- 
gation of the interaction of an electron beam with 
a plasma. 

A schematic diagram and a general picture of 
the experimental arrangement are shown in Fig. 1. 
An electron beam with an energy of 80 kev at a cur- 
rent of one ampere (pulsed, pulse length of 2 usec) 
is formed by the three-electrode gun 1. The elec- 
tron acceleration pulse is produced by the double 
artificial line 2. At the output of the source the 
beam is focused by a longitudinal magnetic field 
of about 200 gauss. The plasma is formed ina 
quartz tube 3, 65 mm in diameter, by a radio- 
frequency oscillator 5 in which two GU27B tubes 
are used in push-pull. The oscillator provides up 
to one kilowatt of CW power into a real load at 16 
Mes. In these experiments the length of the tube 
is 10 cm and 20 cm. 

In normal operation the pressure differential 
between the electron gun and the tube is produced 
by means of a copper tube (120 mm long with an 
aperture of 5mm) through which the electron 
beam passes (the beam diameter at the output of 
the source is less than 5 mm). In this way a pres- 
sure variation from 107 mm Hg in the discharge 
tube to 10-°> mm Hg in the source chamber is ob- 
tained. The pressure in the discharge tube is con- 
trolled by a mechanical leak. 

Beyond the tube there is a tunable coaxial cav- 
ity 4. If oscillations at the resonant frequency of 
the cavity are excited in the beam as it passes 
through the plasma the cavity is excited. Part of 
the energy of the cavity oscillations is coupled out 
by means of a crystal detector. After passing 
through the discharge tube and the cavity the beam 
strikes the Faraday cylinder in an electrostatic 
analyzer 6. The rectifier 7 supplies voltage for 
the plates of the analyzer. The current from the 
cylinder is fed to a dc amplifier with an integrating 
input and then to a loop oscilloscope. A saw-tooth 
voltage is applied to the plates of the analyzer so 
that the oscilloscope tape records the Igy (U) 
curve, i.e., the electron energy spectrum averaged 
over several pulses. The analyzer and the source 
are isolated from the discharge tube which provides 
the necessary pressure differential between the 
tube and the analyzer. 

The current pulse and the sweep of the meas- 
urement oscilloscope must be synchronized; for 
this reason all units of the system are triggered 
by a special synchronizing pulse generator. 

Using the system described here we have been 
able to produce radio-frequency oscillations in an 
unmodulated beam passing through a plasma. The 
oscillations are observed in a plasma interaction 


FIG. 2. Oscillogram showing the current pulse and the 
radio-frequency oscillations in the beam. 


tube 20 cm in length. If smaller interaction lengths 
are used (10 cm) it is possible to amplify the 
radio-frequency component of the beam current in 
a pre-modulated beam, but oscillations cannot be 
produced. Figure 2 shows oscillograms of the cur- 
rent pulse (upper oscillogram) and the radio- 
frequency oscillation pulse at the output of the 
cavity resonator (lower oscillogram). Oscilla- 
tions are observed over the entire duration of the 
current pulse. There is some delay of the radio- 
frequency pulse with respect to the current pulse 
because of the time required for oscillations to 
build up in the cavity (several tenths of a micro- 
second). 
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FIG. 3. Curves of the maximum oscillation amplitude at 
different pressures as a function of oscillator voltage (the 
figures on the curves are given in mm Hg). 


In Fig. 3 the frequency f, of the measuring 
cavity corresponding to the maximum oscillation 
amplitude is given as a function of the oscillator 
plate voltage Va, at different pressures in the dis- 
charge tube. The plate voltage determines the 
power supplied to the plasma by the oscillator, 
that is to say, the plasma density. The measure- 
ments have been carried out in the frequency range 
from 1800 to 3000 Mes, the frequency limits of the 
oscillator. 

At a given frequency the maximum oscillation 
amplitude is observed for some definite plate volt- 
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age or plasma density. In principle this density 
should correspond to the natural plasma frequency 
which, in the present case, is the resonant fre- 
quency of the measurement cavity. The displace- 
ment of the curves with pressure is due to the re- 
duction in plasma density when the pressure in the 
discharge tube is reduced. 


Viorel. units \ 


FIG. 4. Curve for oscil- 
| lation amplitude at 2150 Mcs 
| as a function of oscillator 
j voltage (p = 9 x 10-7 mm Hg). 
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In Fig. 4, the oscillation amplitude at the output 
of the cavity V. is plotted in relative units as a 
function of the oscillator plate voltage with the cav- 
ity tuned to fe = 2150 Mes at a discharge tube 
pressure p=9 x 107? mm Hg. It is apparent from 
the curve that at a given frequency and pressure a 
maximum oscillation amplitude is observed at one 
voltage, or plasma density. Similar curves are ob- 
tained at other frequencies and pressures. All 
these curves are characterized by a sharp rise 
in oscillation amplitude as the oscillator voltage 
increases to the resonance value and a slow re- 
duction as the voltage is increased beyond this 
point. The nature of the oscillation spectrum can 
not be determined from the shapes of these curves 
because the plasma density is not a linear function 
of oscillator voltage. 

A direct examination of the radio-frequency 
spectrum of the beam oscillations is made by 
measuring V.~ at the cavity output as the cavity 
is tuned to different frequencies with the plasma 
density held constant. Such a line trace is shown 
in Fig. 5; this figure refers to a generator voltage 
Va =1000v anda pressure p=9 x10 mm Hg. 


\y,, re 1. units 
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FIG. 5. The oscil- 

B lation spectrum at a 

fixed plasma density 
4 (p = 9 x 107” mm Hg, 
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These parameters correspond to a plasma density 
n=7x10!°, There is no change in the nature of 
this spectrum at other plasma densities. Thus, 
direct measurement of the oscillation spectrum 
shows broadening at frequencies below the reso- 
nance frequency wy). The half width of the spec- 
trum is approximately 250 Mcs on the low-fre- 
quency side and approximately 100 Mcs on the 
high-frequency side. This pattern is in qualita- 
tive agreement with the frequency dependence of 
the gain factor y and the excitation factor e. 

In the present experiments vy) > s; hence, in 
accordance with Eqs. (5) and (6), y and € are 
real for w > wy and there is no amplification or 
excitation. When w < w , however, oscillations 
can be excited. 

Inasmuch as y and ¢€ exhibit the same de- 
pendence on frequency, when w # w, this depend- 
ence cannot serve as a criterion to determine 
whether we are dealing with amplification or with 
self-excited oscillations due to an additional feed- 
back mechanism. 

The width of the experimental resonance curve 
is 350 Mcs. The half-width of the resonance curve 
for excitation of a cold plasma is given by Eq. (9). 
With a beam density of 10°-or 10° electrons/em? 
the half width can vary from 1000 to 1400 Mcs. 
Since y— © if damping is neglected for ampli- 
fication in a cold plasma at W =, the notion of 
a half-width is not meaningful. The half-width for 
the gain factor as determined from Eq. (2) applies 
for a plasma at a finite temperature; in the present 
case v,/s ~ 10?—104 is extremely small. The 
half width observed in the present experiment can- 
not be explained by damping due to collective inter- 
actions (because in the present case 7 ¢o]] 
~ exp {—(v)/s)?}<« 1). Hence, if one assumes 
that the system is amplifying, then to explain the 
observed dependence of signal amplitude on fre- 
quency (Fig. 5) it must be assumed that the damping 
is due to pair collisions or collisions with the walls. 

If we assume that oscillations are actually being 
excited by a feedback mechanism, the discrepancy 
between the experimental data and theory may be 
explained by the change inthe density of thebeam as 
it moves through the plasma. In order to compare 
the frequencies of the oscillations excited by the 
beam with the “natural” plasma frequencies, we have 
measured the plasma density by means of a radio- 
frequency double-probe method.” The results of 
these measurements are shown in Fig. 6. Curve 1 
shows the density measured by the radio-frequency 
double-probe method while curve 2 shows the density. 
determined from the frequency of the oscillations 
excited by passage of the beam through the plasma. 
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FIG. 6. Curves showing 
the dependence of plasma 
density on oscillator voltage 
(p = 5 x 107? mm Hg). 
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The discrepancy between those results may be due 
to the fact that the density is a maximum at the 
axis of the discharge tube while the radio-frequency 
double-probe method gives a value which repre- 
sents an average over a diameter. The increase 
in plasma density due to the beam is insignificant 
since the beam density is 10° electrons/cm?. 
According to theory, when v) > s, excitation 
should be strongest near wy. In the present case 
the displacement with respect to the Langmuir 
frequency should be 


Aw = 27” (02) = 10° eps 


This relation also applies for a cold plasma. 

The frequency of maximum amplification in the 
cold plasma corresponds to w=wy, (if collisions 
are neglected). ? 

In Fig. 5, Aw =3 X 10° and the frequency cor- 
responding to maximum excitation is higher than 
the Langmuir frequency indicated by the radio- 
frequency double-probe method rather than lower, 
as is indicated by the theory. 

By comparing the oscillation amplitude in the 


‘cavity when it is excited by the beam and the am- 
plitude when it is excited by a radio-frequency 


pulse generator of known power we have been 
able to estimate the power level of the oscilla- 
tions in the cavity. This power level is several 
watts. It may be noted, however, that the ampli- 
tude of the oscillations excited in the beam when 
it passes through the plasma are comparable with 
the amplitude of oscillations which are excited 
when the beam is modulated by voltages up to 10kv, 
indicating that the power in the beam is consider- 
ably higher; because of the poor beam-cavity 
coupling, however, only a small part of the true 
power is coupled out. The existence of coherent 
losses indicates a rather high field intensity in 
the plasma. 


In a short tube (no oscillation) the energy loss 
of an unmodulated beam in a plasma is very small. 
We have not been able to observe this loss experi- 
mentally. If the tube length is increased, however, 
oscillations are excited and these are accompanied 
by losses. The measurements carried out in the 
tube 200 mm in length indicate that each electron 
loses 40 ev/cm at a plasma density of 2 x 101° 
electrons/cm*. A loss of this magnitude can be 
due only to a coherent interaction. The beam ex- 
cites oscillations and the resulting field modulates 
the beam; eventually electron bunches of dimen- 
sions smaller than half a plasma wavelength are 
formed with a separation which represents a mul- 
tiple of the plasma wavelength. This mechanism, 
as has been indicated above, leads to a strong in- 
teraction between the beam and plasma. Accord- 
ing to theory”! [Eq. (1)] coherent losses of this 
kind for a bunch consisting of 10° particles at 
plasma densities from 10!” to 10!! may amount 
to 10 or 100 ev/cm respectively. In measure- 
ments of the coherent energy losses in a modu- 
lated beam with different interaction lengths (10 
and 20 cm) it has been found that the specific en- 
ergy loss remains approximately equal to 80 ev/ 
cm. The higher energy loss for bunches which are 
preformed (before entrance into the plasma) is 
due to a higher degree of coherence. 

Experiments have also been carried out in 
which plasma oscillations are excited by bunching 
a beam with an external radio-frequency field at 
a frequency close to the natural plasma frequency 
(cf. reference 22). Bunching is accomplished by 
means of a cavity which is located at the point at 
which the beam leaves the electron gun (not shown 
in the diagram). The construction of this cavity 
is similar to that of the measurement cavity; the 
bunching cavity is driven by a pulsed magnetron. 

The curves showing the amplification of the 
radio-frequency component in the beam as a func- 
tion of plasma density are similar to the curve in 
Fig. 4 and the corresponding curve in reference 19. 
As has already been indicated, it is impossible to 
produce oscillations in an unmodulated beam with 
an interaction length of 10 cm. It would appear 
that this interaction length is too small and that 
the initial fluctuations in the beam and plasma are 
also small and cannot be observed experimentally, 
even when amplified. A prebunched beam provides 
a significant increase in the initial signal so that 
the amplification effect can be observed. 

The data which have been obtained still do not 
furnish an answer to the question of whether we 
are dealing here with absolute or convective in- 
stability. In order to answer this question it will 
be necessary to measure the amplitude of the sig- 
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nal at different points along the plasma. It should 
be noted that in the present case we may be dealing 
with self-excitation due to a feedback mechanism. 
The plasma is bounded in the beam direction and 
its length is of the order of a perturbation wave- 
length.?? Under these conditions, because of “feed- 
back” due to reflection, an amplification process 
would lead to oscillations of this kind. 

The excitation of plasma oscillations by an un- 
modulated beam is of great interest; interactions 
of precisely this type are undoubtedly instrumental 
in the excitation of plasma oscillations in various 
kinds of gas discharges in which “runaway” elec- 
trons appear.74»?5 This interaction is apparently 
responsible for the effective exchange of energy 
between the ordered motion of the charged par- 
ticles and the rest of the plasma. 

The experimental production of oscillations in 
an unmodulated beam passing through a plasma 
can be used directly for studying plasma param- 
eters (electron density and ion temperature), for 
producing radio waves in the millimeter region, 
and for acceleration of particles in a plasma.”® 

In conclusion, we wish to thank K. D. Sinel’ni- 
kov and A. I. Akhiezer for discussion of the re- 
sults of this work. 
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We have studied the angular distributions of protons and deuterons scattered inelastically 
from the excited 2* state of Mg?4 lying at 1.37 Mev. The energy of the protons was 6.8 Mev 
while that of the deuterons was 13.6 Mev; the range of angles covered was 2.5—140°. We 
observed some previously unknown details in the angular distribution at small angles. A 
comparison with theories of inelastic scattering leads to inferences about the relative im- 
portance of direct interactions. 


INTRODUCTION EXPERIMENTAL METHOD 


‘Tue angular distributions observed in nuclear re- The measurements were made on the external 
actions and in inelastic scattering are an important beam of the cyclotron at the Physics Institute of 
source of information about the properties of nuclei the Academy of Sciences of the Ukrainian SSR. 

and the mechanisms involved. Direct interactions Our spectrometer was an ionization chamber with 
become significant even at moderate energies. This split electrodes which allowed us to detect particles 
is especially true of the deuteron, which has a small selectively.'4 

binding energy so that often only one nucleon takes 
part in the reaction./»* Direct interactions can also 
occur in which the deuteron behaves like one unit.?~ 

Inelastic scattering need not occur through direct 
interactions but can also be associated with the for- 
mation of a compound nucleus. This is important 
mostly for protons.! 

Measurements have shown that in the interaction 
between protons and Mg?4 in the energy range 7.3 
—18 Mev, inelastic scattering can occur both through 
a direct interaction and also through the formation 
of a compound nucleus (these results are general- 
ized in references 8 and 9; see also reference 10). 

On the other hand, from measurements on the 

‘inelastic scattering of deuterons at 7.5 Mev,'! 8.9 
Mev,’ and 15 Mev,’® it appears that the most im- 


FIG. 1. Schematic diagram of the experimental setup. 


portant mechanism is a direct interaction. Haff- The geometry of the experiment is shown in 
ner’ has noted that at small angles the electric Fig. 1. The beam from the cyclotron, 1, is focused 
interaction between the deuteron and the nucleus by quadrupole lenses, 2, bent by a deflecting mag- 
is also significant.® net 3, collimated by diaphragms at 4, and is then 
Although the angular distribution at small angles incident on the target 5, which is at the center of 
is very interesting, since it can give important in- the scattering chamber 6. The spectrometer 7 
formation about the mechanism involved in inelastic was placed at angles from 2.5° to 140° relative to 
scattering, most of the authors referred to above the incident deuteron beam. Measurements were 
have not examined the small angle region in detail. made at intervals of 2.5° at small angles and at 
It is for this reason that we have attempted to ex- intervals of 5° at larger angles. A scintillation 


amine the angular distribution in detail, particularly counter at 8 served to monitor the beam and was 


at small angles. place at 90° to it. 
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The statistical errors in the relative cross 
sections were about 15% at large angles and 25% 
at small ones. At angles less than 12.5° for deu- 
terons and 15° for protons, the results are only 
qualitative because of the background arising from 
protons and deuterons which have first been inelas- 
tically scattered from the gas in the chamber and 
the 17 mg/cm? copper window, then elastically 
scattered in the target. 

The target was a self-supporting magnesium 
foil which was 1.4 mg/cm? thick and was obtained 
by evaporation in a vacuum. 


DISCUSSION OF THE RESULTS 


Curve 1 in Fig. 2 shows the angular distribution 
we obtained for inelastically scattered deuterons, 
while curve 4 shows the result obtained in refer- 
ence 13. In order to make the diagram clearer, 
the experimental results have not been normalized 
in the same way. Curve 2 shows the angular dis- 
tribution calculated by Huby and Newns,’” assuming 
a direct interaction, while curve 3 shows the cal- 
culations of Mullin and Guth.® According to the 
theory of Mamasakhlisov and Kopaleishvili,® the 
peak at 20° is related to collective behavior of 
Mg"4, 
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FIG. 2. Angular distribution of inelastically scattered deu- 
terons Mg(dd’)Mg* (Q = -1.37 Mev); 1—our data; 2 —theoreti- 
cal curve for a nuclear interaction with 1=2 and a= 6.3 
x 107-*° cm; 3—theoretical curve for electrical interaction with 
l=2, a= 15.8 x 107-** cm; 4—data from reference 13. 


Best agreement between theory and experiment 
is obtained by taking an interaction radius a= 6.3 
x 1078 cm in the first case and a = 15.8 x 1078 
cm in the second case; at a radius of a=7x 1078 


cm, the peak in the theory of reference 2 occurs 
at 20°, as does the experimentally observed one. 
The angular momentum in both cases is 2; the 
experimental points for angles in the range 2.5 — 
10° are not shown. At these angles the cross sec- 
tion rises with decreasing angle. Upon comparing 
the experimental results with the predictions of 
theory, one can conclude that direct interaction 
is the predominant mechanism in the inelastic 
scattering of deuterons at 13.6 Mev from the 1.37 
Mev excited state of Mg*. The electrical inter- 
action is predominant at small angles. 
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FIG. 3. Angular distribution of protons from the reaction 
Mg(pp’)Mg* (Q = —1.37 Mev). Curve 1—our data; curve 2— 
theoretical curve for direct interaction on the surface, 
2.2 P, + P,; 3—theoretical curve for surface electrical inter- 
action (J = 2, a = 24.7 x 107** cm); 4—data from reference 8. 

Figure 3 shows the angular distribution obtained 
for protons (curve 1). Curve 2 shows the results 
of calculations made by Yoshida‘ on the basis of a 
direct surface interaction. 

The theoretical curve 2 is 2.2P)+P 7, where 
the Py(cos 6) are Legendre polynomials; the 
term in P, must be included to get agreement 
with experiment. From this we may conclude that 
at middle and large angles most of the scattering 
occurs through the formation of a compound nucleus. 
At small angles some other mechanism must be 
important. 

For small angles, the experimental results are 
difficult to reconcile with the theory of direct nu- 
clear interaction proposed by Austern, Butler, and 
McManus:" the interaction radius R must be 
chosen anomalously large to give the right position 
for the minimum, and even then the function jo (KR) 
does not rise fast enough after passing through its 
minimum [jy (x) is the spherical Bessel function 
of order 2, K=|K,-—K,| where K, is the wave 
vector of the incident proton while K, is the wave 
vector of the scattered one]. The agreement with 
the theory of electrical interaction® is somewhat 
better, as is indicated by curve 3 in Fig. 3, but 
here also an anomalously large interaction radius 
(RS 24108! cm) is required if the function 
[j1 (KR)/KR ]* is to fit the data at all well [j, (x) 
is the spherical Bessel function of order 1]. Such 
a large value of R can hardly be right. 
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Curve 4 in Fig. 3 represents the results of ref- 


erence 8 for an energy 7.86 Mev. 

In conclusion the authors would like to express 
their gratitude to Prof. M. V. Pasechnik for his 
constant interest, to Yu. A. Bin’kovskii for pre- 
paring the targets, and to the personnel of the 
cyclotron laboratory. 
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ANOMALOUS DECAYS OF HY PERFRAGMENTS 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 697-702 (March, 1960) 


Two events of K -meson decay of hyperfragments are described. They are compared with 
previously described hyperfragment-decay events and some common features are noted. It 
is shown that the events cannot be explained by statistical deviations of the characteristics 


of the particle tracks in the emulsion. 


SEVERAL events of hyperfragment decay have 
been recently described, in which a particle is 
emitted from the point of decay, with a mass equal 
to the K-meson mass! within the limits of meas- 
urement error. There are also known events of 
decay of hyperfragments with anomalously large 
values of liberated energy, which cannot be attrib- 
uted to the decay of the bound A’ particle." 

As a result of a systematic scanning of two 
emulsion chambers, one exposed to cosmic rays 
in the stratosphere and the other to pions of en- 
ergy on the order of 4.5x 10" ev, the authors have 
observed three events in which a particle with 
mass close to the K-meson mass was emitted 
from the stopping point of the heavy fragment. One 
of these cases was described earlier,’ and the two 


others are described here. 
The cases described were observed in an emul- 


sion chamber, made up of layers of G-5 emulsion, 
exposed to pions of energy 4.5 X 10° ev, among 
60,000 stars with Nj, = 8. In both cases these 
particles stopped in the emulsion without any vis- 
ible phenomena at the end of the track. We give 
here detailed descriptions of these cases. 

Case 1. (Microphotograph shown in Fig. 1). 
Primary star of type 18+ 27. Particle F, emitted 
from this star, decays after a range of 101 yp in 
emulsion with emission of two charged particles 1 
and 2. The dip of F in the unprocessed emulsion 
amounts to 5°20’ + 30’. Measurements of the 
width along the track of F have disclosed a taper- 
ing zone 65 to 76y long. According to references 8 
and 9, the charge of the particle has been found to 
be (8 + 2)e, where e is the electron charge. The 
average width of the track in the portion where 
there is no tapering, equal to (1.065 + 0.054) yu, 
does not contradict this result. 

The tracks of particles 1 and 2 terminate in the 
emulsion with ranges of (61 +0.4) and (9362 
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FIGs 


+ 122)u, respectively. The angle between the 
tracks of particles 1 and 2 is 83°50’ + 1°20’. 

A comparison of the width of track 1 with the 
widths of the tracks of an a particle, a lithium 
nucleus, and a proton, taken in the same plate and 
having approximately the same inclination, shows 
that the charge of particle 1 is equal to 2. If we 
consider track 1 to belong to an a particle, its 
energy and momentum are respectively (11.1 
+ 0.1) Mev and (250 +1) Mev/e. 


a 


se.) 
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The mass of particle 2 was determined by two 
methods: by the range-scattering method and by 
the range-ionization method. The angle of mul- 
tiple scattering was measured both by the method 
of constant cells, and by the method of constant 
inclinations.!" The measurements were carried 
out by three observers and gave compatible re- 
sults. The measurements with doubled intervals 
indicate the absence of a noticeable influence of 
noise on the result of the measurements. The 
width of the distribution curve of the second dif- 
ferences agrees well with the quantity predicted 
by the multiple-scattering theory. 

The ionization was determined by comparing 
the density of the gaps in track 2 with the density 
of gaps in the tracks of the proton and pion, taken 
in the same plate.!! The values of the mass of par- 
ticle 2, obtained by these methods, coincide with 
each other and are equal to M(J, R) = (856 
+167) me and M(<a>, R) = (990 + 120) me, 
respectively. 


FIG. 2 


Considering particle 2 to be a K meson, its 
energy and momentum were found to be respec- 
tively (38.3 + 0.3) Mev and (197.6 + 1.4) Mev/c. 
The minimum total momentum of particles 1 and 2 
was found to be (307 + 1.4) Mev/c. Assuming this 
momentum to be carried away by the residual nu- 
cleus, a track of this nucleus should be seen in the 
direction opposite to the direction of the total mo- 
mentum of particles 1 and 2; this, however, was 
not observed. Starting with this fact, the most 
probable of all the decay schemes considered for 
particle F are found to be the following 
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In all other schemes considered, either emis- 
sion of neutrons is impossible, or the residual nu- 
cleus is found to be radioactive. 

Case 2. Primary star of type 19 + 37. Emitted 
from the primary star is the particle F, which 
decays after a range of 28 with emission of two 
charged particles 1 and 2 (Fig. 2). 

The track of the particle F is inclined to the 
plane of the emulsion by 4°40’ + 1°. The track has 
two gaps 0.3 and 0.7y long. At the end of the range 
the track is strongly scattered. The width of the 
track of F is equal to the width of the tracks of 
singly-charged particles and is substantially less 
than the width of the tracks of particles with charge 
more than 1 (a particle and lithium nucleus). The 
tracks of particles 1 and 2 terminate in emulsion 
after ranges of (465 + 8) and (13,640 + 170) yn, 
respectively. The spatial angle between particles 
ft and.2is 1413.4. 17307, 

The track of particle 1 was identified, by the 
density of gaps and by its width, as belonging to 
a particle of charge 2. The mass of particle 2 
was determined from measurements of the aver- 
age angle of multiple scattering, ionization, and 
range. Particular attention was paid to the re- 
liability of measurements. The measurements 
were carried out by several observers, whose 
results coincided within the limits of errors. 

The scattering was measured both by the 
method of constant cells, and by the method of 
constant inclinations. The effect of noise on the 
measurement results was first ascertained and 
was found to be negligibly small. The width of 
the distribution curve of the moduli of the second 
differences was within the limits of the predictions 
of the theory of multiple scattering. The ioniza- 
tion was determined by counting the grains and 
measuring the gap densities. In the second case 
a comparison was made of the corresponding quan- 
tity for track 2 and for control pions. 

As a result of the measurement, the following 
values of the mass of particle 2 were obtained: 


M (J, <a>) = (8014143) me, —grain count; 

M (J, R) =(11702:120) m. — gap density; 

M (<a>, R) = (9864132) m. —method of constant inclinations (c.i.) 
M (<a>, R) = (7644170) m,. —method of constant cell. 


From a comparison of the charges of par- 
ticle F and of particle 1 it follows that Ap = 3 
or 4, while A; =3 or 4, where Ap and A, are 
the mass numbers of particles F andl. The 
presence of the considerable residual momentum 
in particles 1 and 2, however, shows that this mo- 
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mentum should be compensated for by some neu- 
tral particle, emitted from the secondary star. It 
follows, therefore, that the only possible value of 
the mass numbers of particles F and 1 are AF 
=4 and A; =3. Then the total momentum of par- 
ticles 1 and 2 will be (294 + 4.5) Mev/c, and the 
decay scheme of the particle will be 


Th = He ie ea O, 

The total energy liberated, considering the neu- 
tral particle to be a neutron, will be (110.4 + 1.6) 
Mev (without allowance for the mass of the K 
meson proper ). 

Together with the decays described above, there 
are literature data on seven cases of K -meson de- 
cays of hyperfragments. In six of these cases the 
particle identified as the K meson stops in the 
emulsion, and innone of these cases is the stopping 
of this particlee accompanied by phenomena char- 
acteristic of the stopping of K mesons. It follows 
therefore that these particles are not K mesons 
and, like the muon, become absorbed in the nucleus 
without giving a visible disintegration. In case 4, 
however,” the particle identified as a K meson is 
absorbed in flight, indicating that this particle inter- 
acts strongly with the nucleus, although in this case 
no visible disintegration is observed. The identifi- 
cation of these particles is based only on the anal- 
ysis of the characteristics of the particle tracks 
in the emulsion, and in all cases the masses deter- 
mined on the basis of different characteristics of 
the track (the ionization-range, scattering-range, 
and scattering-ionization methods ) agree with 
each other. 

The most trivial explanation of these cases 
could be one in which all these particles are pro- 
tons, but as a result of statistical deviations of 
the characteristics of their tracks in the emulsion, 
the mass measured is found to be close to that of 
the K meson, although under this assumption one 
cannot explain cases with anomalously large lib- 
erated energy (~ 500 Mev). This can occur when 
a correlation exists between the deviations of the 
different characteristics of the proton track, caus- 
ing the proton masses, measured on the basis of 
any track characteristic, to be shifted to one side. 
If the foregoing assumption is correct, the proba- 
bilities of appearance of the discussed number of 
such events among the approximately 300 known* 
“normal” cases of mesonless decay of hyperfrag- 
ments correspond to the number of observed cases. 


*The number of known ‘ 


‘normal’’ mesonless decays with 
emission of a fast proton does not amount to even half this 


number, 
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To verify the foregoing assumption concerning 
the connection of the deviations of the track char- 
acteristics of the particle in the emulsion, we 
measured the masses of 140 known protons. The 
protons were taken from o stars, produced by 
negative pions, which were identified visually. 

We choose only o-star tracks with a residual 
range not less than 2500 and a dip angle to the 
plane of emulsion not more than 10 —15°. In each 
individual case the mass of the particle was meas- 
ured simultaneously by two methods: by the range- 
scattering method and by the range-ionization 
method. The average angle of multiple scattering 
was determined by the c.i. method with a cell for 
the proton;!° the ionization was estimated from 
measurements of the density of the gaps of the 
measured track and by comparison of the density 
of the gaps of control pions, which were identified 
by the m-p-e decay.!! 

Among the 140 investigated particles, there was 
not a single case where the statistical deviations 
caused the measured mass to be close to the mass 
of the K meson in either method of mass measure- 
ment. 
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FIG. 3. Distribution of the masses of particles measured by 
the [<@>, R] method, for particles, the mass of which as given 


by the [g, R] method is greater than the proton mass. 
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To clarify the existence of a correlation be- 
tween the deviations of the values of the measured 
mass from the proton mass in these two methods 
of measurements, we have compared the distribu- 
tion of the masses measured by the scattering- 
range method, for particles whose mass, measured 
by the range-ionization method was greater (Fig. 3) 
or else smaller (Fig. 4) than the proton mass. The 
satisfactory agreement of these distributions indi- 
cates that there is no correlation between the de- 
viations of the multiple scattering and the ioniza- 
tion. 

The probability of random coincidence between 
the values of the proton mass and the mass of the 
K meson with accuracy of 400 me in the two meas- 
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FIG. 4. Distribution 
of the masses of par- 
ticles, measured by the 

[<@>, R] method, for 

particles whose mass 
is less than the proton 
mass when measured 
by the [g, R] method. 
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urement methods amounts according to our data to 
less than 0.5%, i.e., such a coincidence cannot ex- 
plain more than one of the discussed cases. These 
data show that it is very unlikely that statistical 
deviations of the track characteristics can explain 
these cases. 
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A summary of the data on K -meson decays of 
hyperfragments is listed in the table. An analysis 
of the secondary stars shows certain singularities, 
which are common to all cases. With the excep- 
tion of case 4 (reference 2), in all the other cases 
of K-meson decay of hyperfragments, the kinetic 
energies of the particles, identified as K mesons, 
are quite close to each other. 

In all the cases discussed, the summary mo- 
mentum of the charged particles is not equal to 
zero under any assumptions concerning the nature 
of the secondary particles, which is evidence that 
in these cases some neutral particles are emitted. 
In all cases where the unbalanced momentum can 
be estimated, the values of these momenta are 
close to each other. It follows, therefore, that in 
these cases we deal, perhaps, with a two-particle 
decay of some charged particle. 

It follows, therefore, from the foregoing analy- 
sis of the anomalous cases of hyperfragment decay, 
that the particle emitted from the point of decay of 


Number Literature Mass of particle in mg and Particle Unbalanced 
of events reference | method of determination of mass energy, Mev momentum, 
Mev/c 
l 
1 | Present [856+167]; [J, R] 38.320.3 30741.4 or 
work (990+120]; [<a>, R| 33542 
2 Present [8012443]; Ka] AS GeO) | 294.5244.5 
vo (11702120); [J, RI | 
[9864132]; [<a>, RI 
[764=170]; c.i. method 
3 [2] [1103+ 190]; [R, J] 43.8 not less than 200 
[ 7594239]; [<a>, R] 
[1092+170]; [J, <a>] 
[11704200]; c.i. method | 
2 
4 C] [11602180]; [J, AR]x | 6o=0 
400]. | 
[soxist |: {g, AVRiliz 
+330]. 
[s50t tS] y, a Rip | 
z l?| (850+300]; [/, RJ 50.0 
| [12004320]; [<q>. R] 
x 4 a = AB+ BoleZk OL 
. | ") eat suas oo 46325 
| [ 700+ 89]; 
[13804150]; | 
7 [5] [1005+200]; [<a>, R] | 42.0 207,0 
[1024+150]; [J, R] 


the fragments has a mass on the order of 1000 Me 
and its properties differ from those of K 


mesons. 

In conclusion, the authors consider it their 
pleasant duty to thank M. I. Podgoretskii for con- 
tinuous interest and for useful advice in the per- 
formance of this work. 
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The energy spectrum of the 4 -meson component of extensive air showers was measured in 
the range from 0.4 to 37 Bev. The investigations were carried out for three groups of show- 
ers with mean number of particles equal to 1.4 x 104, 7 x Me and 2.9x 10°. The energy 
spectrum has been plotted for the three shower groups at a mean distance of ~ 28m from 
the axis. The energy spectrum of the shower as a whole has also been determined. For all 
three shower groups, the power exponent of this spectrum is approximately equal to one. 


Ax investigation of the energy spectrum of the 
penetrating component of extensive air showers 
(EAS) was carried out by measuring the absorp- 
tion of 4 mesons in EAS at various depths under- 
ground. The measurements were carried out in 
several mines situated at an altitude of 400m above 
sea level in various parts of the city of Tbilisi. Be- 
cause of the need of transporting the array from 
place to place, the geometry of the setup that was 
used was not optimal from the point of view of 
statistics and of the accuracy of shower size de- 
termination and axis location. However, the setup 
corresponded to the best that could be attained 
under the conditions prevailing at each place. 

The block diagram of the array is shown in 
Fig. 1. Triple coincidences between closely placed 
groups of Geiger-Miller counters, shown in Fig. 1 
by the small circles, were used for the selection 
of EAS. The area of each group amounted to 
~ 0.0257 m*. The counters were placed in the 
vertices of a right-angle triangle, for which the 
radius of the circumscribing circle was equal to 
1.m. These counter groups triggered four trays 
of hodoscope counters I—IV. The distance be- 
tween the groups I, II and I, III was equal to 
~ 10 m, while that between the groups I and IV 
was ~ 20m. In each group of the hodoscope 
counters, counters of three different dimensions 
were used with a total sensitive area of 0.3 m’. 
This ensured measurement of the density of the 
soft component in the range from 2 to 400 par- 
ticles/m? with an average accuracy of +40%. 

The underground part of the array consisted 
of two Geiger-Miiller counter trays. All the 
Geiger counters in each tray were connected in 
parallel. The total area of the tray amounted to 
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FIG. 1. Block diagram of the array: I, II, III, and IV —hodo- 
scope trays, O—counters of the selection system, 1—triple co- 
incidence circuit, 2—master-pulse shaping circuit, 3-—camera 
control circuit, 4— master-pulse underground detector coinci- 
dence circuit, 5—neon lamp panel, 6—cine camera, 7 — under- 
ground counter trays, 8—double coincidence circuit. 


~ 1m. The trays were placed one above the 
other and connected to a double-coincidence cir- 
cuit. A lead absorber 8 cm thick was placed be- 
tween the trays, and prevented the detection by the 
array of accidental background coincidences. The 
signals from the underground detector, as can be. 
seen from Fig. 1, were fed to the circuit which 
selected their coincidences with the master pulse. 
The master pulse, formed as the result of 
triple coincidences of the selection-system count- 
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Depth, m w.e. N-10-4 n ny Cu Vr m 
| 

1.4 562 59 0.44+0.06 10 

32 c 314 62 0.86£0,13 10 

{ 29 ee 71 4,48+0.25 10 

1.4 Passel 32 0.13+0.03 13 

61 7 156 26 0.18+0.04 15 

29 | PA 82 0,48+0.08 16 

Wate 348 19 0,058+£0.014 Pf 

{27 a 278 32 0,12+0.024 at 
29 302 63 0.2340.04 27 | 
eee 41095 50. 0.049+0.007 29 | 

162 7 Wave 60 0.086+0.012 29 

29 658 91 | 0.148+0.018 29 


ers, was fed also to the hodoscope and to the cir- 
cuit controlling the operation of a cine-camera 
which recorded the panel with the neon lamps. The 
resolving times of the systems were as follows: 
selection system — 2.5 x 107° sec, underground 
double coincidences — 2.5 x 107° sec, and hodo- 
scope — 4x 10° sec. These resolving times 
were sufficient to justify neglecting chance co- 
incidences. 

In a different series of experiments, the under- 
ground group of hodoscope counters was placed 
at depths of 162, 127, and 61 m water equivalent 
(w.e.). In one series of measurements, the pene- 
trating-particle detector was placed on the surface 
of the earth under a layer of lead with a thickness 
of 3.2 m w.e. In the latter case, the detector con- 
sisted of three trays of hodoscope counters of the 
type GC-60 separated by lead layers. Each tray 
consisted of eight counters with a total area of 
0.26 m?. This detector made it possible to dis- 
tinguish between the passage of 4 mesons and 
the tracks of the nuclear-active component, ac- 
cording to the following criteria: an event was 
considered to be a yw meson if: 

a) a single counter was discharged in each of 
the trays, so that one could reconstruct the par- 
ticle track; and 

b) if two or three adjoining counters in one of 
the trays were discharged together with single 
counter discharges in the remaining trays. In 
such a way, the 6-ray-producing » mesons 
were also taken into account. 

For the chosen selection system, 90% of all 
EAS detected by the array fell inside a circle 
50 m in radius, the center of which coincided 
with the center of the selection system. Under 
these conditions, it was possible to determine the 
coordinates of the point of intersection of the 
shower axis with the plane of observation with 
an average error of +50% from the information 
on the density of charged shower particles at the 
position of the hodoscope trays, and using the 


Nishimura-Kamata formula for the lateral dis- 
tribution.! From these data, the shower size 
was determined with an error of +100%, —30%. 
It should be noted that we used the analytical ex- 
pression for the Nishimura-Kamata distribution 
given by Greisen,” assuming that the age param- 
eter Ss =1.25. 

All EAS detected by the array were divided 
into groups of various sizes. The groups con- 
tained showers with number of particles N from 
7x 10° to 4.5 x 10°. Such a choice was made 
because of the fact that the size of showers 
smaller than 7 x10? cannot be determined using 
the chosen array geometry (less than three hodo- 
scopic trays are struck), and showers with N 
> 4.5 x 10° were not considered because of poor 
statistics. According to the accuracy of shower 
size determination, the division into the three 
groups was as follows: 7 x 10?—2.8 x 104, 2.8 
x 104 — 19k 100 and 1b 10°45 5110) whien 
correspond to mean weighted values of shower 
size 1.4 x 104, 7x 10+, and 2.9 x 10° respectively. 

The results obtained in different series of 
measurements are collected in the table which 
presents, among other data, the average density 
of penetrating particles, and the mean square dis- 
tance from the axis to which this density corre- 
sponds, for each shower group. The mean density 
py, of the p-meson flux was determined from the 
expression 


Al n 
crite ep In 7 , (1) 
where o is the area of one tray of the detector, 
n is the number of detected showers of a given 
group, and ny, is the number of showers of the 
given group with p -meson accompaniment. 

In spite of the fact that, in all series of meas- 
urements, the penetrating-particle detector was 
placed near the vertical passing through the center 
of the selection system (at a distance of 0 —10 00) pe 
it can be seen from the table that the actual dis- 
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tance between the axis and the detector increases 
with depth. If the detector is placed at a depth h, 
and if the point of intersection of the vertical pass- 
ing through it with the surface of the earth is taken 
as the origin of the coordinate system, then the 
distance r between the detector and the shower 
axis at the depth h is given by the formula 


r= R*sin?’s + (Rceos¢cos ) — Asin 9)?, (2) 


where R is the distance from the shower axis 
trace on the earth’s surface to the origin of co- 
ordinates, and g» and # are the azimuth and 
zenith angles of the axis. 

In order to obtain the required root-mean- 
square distance (eee one should assume spe- 
cific statistical distributions of the quantities en- 
tering into the right-hand side of Eq. (2). For 9 
we Shall, obviously, take a uniform distribution. 
The angle 3, according to Greisen,’ has a distri- 
bution of the form Jy = Jy cos®-? 3, while the dis- 
tribution of A has been calculated by us from 
direct hodoscope measurements. The values of 
(r?)'/* found in such a way are given in the table. 

In order to construct the energy spectrum at 
a given distance from the shower axis, the num- 
bers given in the table were recalculated for one 
average distance of 28 m from the axis. An 
analysis of the data given in the table shows that, 
in choosing the distance of 28 m, it is necessary 
to recalculate the »-meson flux density only for 
the depths of 61 and 3.2 m w.e., for which the lat- 
eral distribution of the ~-meson flux in EAS is 


sufficiently well known.*+4 
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FIG. 2. Energy spectrum of the y-meson component at a 
mean distance of 28 m from the axis of EAS: 1—for N 
=7~10*, 2—for N = 1.4 x 10*. The x axis represents the 
energy of y mesons increased by 1.5 Bev taking into account 
the average energy losses in the passage of the , mesons 
through the atmosphere (corresponding to an average produc- 
tion height of mesons equal to 10 km). The y axis repre- 
sents the p-meson flux density at the distance of 28 m from 
the EAS axis, in terms of number of particles per me. 


The shape of the energy spectrum, character- 
istic for the smaller of the investigated showers, 
is shown in Fig. 2. It can be seen that, for show- 
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FIG. 3. Energy spectrum of the y-meson component at an 
average distance of 28 m from the EAS axis for a shower with 
N = 2.9 x 10°. The respective axes represent the same quan- 
tities as in Fig. 2. 
ers of 1.4 x 10* and 7 x 104 particles, the spec- 
trum can be well represented by a straight line on 
log-log coordinates, with a slope equal to 0.54 
+ 0.07. As far as larger showers, with an effec- 
tive number of particles 2.9 x 10° are concerned, 
the spectrum is considerably steeper at greater 
depths, and the spectrum exponent approaches 
unity (see Fig. 3). 

Using the data on the lateral distribution of 
penetrating particles in EAS taken from refer- 
ences 3 and 5 for the depths of 61 and 127m w.e., 
and also the measurements carried out in our 
laboratory at a depth of 160 m w.e., we have con- 
structed the energy spectra of the showers as a 
whole. These spectra are shown in Fig. 4. It can 


FIG. 4. Energy 
spectrum of the p- 
meson component of 
EAS: 1—for N = 2.9 
x 10°, 2—for N =7x10*, 
3—for N = 1.4 x 10*. 
The y axis represents 
the total number of 
p mesons in EAS and 


the x axis the energy 


of 4 mesons, taking 
into account the losses 


in their passage through 
the atmosphere. 


10 20 30 50 
(Ex +715) Bev 

be seen that each spectrum can be represented by 
a straight line with a slope close to unity. The 
maximum value of the exponent of the energy 
spectrum was obtained for showers with a mean 
number of particles equal to 2.9 x 10°. This ex- 
ponent is equal to 1.25 + 0.20. 
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According to the spectrum obtained, the mean 
energy of mesons of the penetrating component 
of EAS with N=2.9x 10° is, even at sea level, 
greater than 7 Bev, which fully confirms the re- 


sults obtained by our group in previous years. 
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INTERACTIONS BETWEEN 630 Mev PROTONS AND He* NUCLEI 


M. S. KOZODAEV, M. M. KULYUKIN, R. M. SULYAEV, A. I. FILIPPOV, and Yu. A. SHCHERBAKOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor September 10, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 88, 708-715 (March, 1960) 


A high-pressure diffusion cloud chamber was employed to study the scattering of 630 Mev 
protons on helium nuclei. The total, elastic, and inelastic cross sections were measured 
and found to be equal to (150 + 13) x 1072” em’, (2445) x 1072? em’, and (126 + 14) x 1072" 
cm?, respectively. The angular distribution for the elastic scattering can satisfactorily be 
described in terms of the optical model using a complex potential with VR = 30 Mev, Vy 
=-—(34+44), and R=1.45x 107% cm. Quasi-elastic proton-proton scattering and quasi- 
free proton-neutron interaction events were singled out. The cross sections for these re- 
actions are (15 +2) x 10°" om? and (2442) x 10727 em? per nucleon, respectively. It is 
demonstrated that, in 20% of the events, either a cascade develops or the primary particle > 
experiences a collision with a group of nucleons. Events involving = meson production in 
pn collisions were treated separately, and it was established that the cross section for this 
process is (1.3 + 0.5) x 107" cm? per neutron. 


INTRODUCTION 


A series of investigations devoted to the inter- 
action of nucleons with the helium nucleus is being 
carried out at present. These experiments pro- 
gress along two main directions. The first of 
these is related to the study of the structure of 
the He* nucleus. Among the structural properties, 
main attention is paid to the study of the nuclear 
size and the intranuclear nucleon motion, ! as well 
as to a search of excited states.2~4 Among re- 
search along this same direction belong also the 
experiments of Blankenbecler and Hofstadter on 
the charge distribution in the nucleus.’ For re- 
search along the second direction, one should re- 
fer to the experiments devoted to the study of the 
mechanism of interaction of fast particles with the 
Het nucleus.®°*’ This nucleus has a sufficiently 
complex structure to exhibit the main features of 
interactions of fast particles with a complex nu- 
cleus in scattering processes and, at the same 
time, possesses a not too large number of nucle- 
ons, which makes it possible to discern easily the 
details of the observed events. Information ob- 
tained in such experiments can serve for creating 
a basis for the momentum -approximation method 
and for the optical model, which describe the inter- 
action of fast particles with nucleons. 

Although a large number of experiments have 


been devoted to the study of the interactions between 


nucleons and He‘ nuclei, only fragmentary data are 
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available in the high-energy range (above 300 
Mev). In this energy range, only two experiments 
have been carried out, those of Chamberlain et al.® 
and of Moulthrop.’ In the first of these, the polari- 
zation and the elastic scattering of 315-Mev pro- 
tons were investigated, while the second dealt only 
with the processes of m -meson production in col- 
lisions of 300-Mev neutrons with He‘ nuclei. 

It should be noted that investigations involving 
He* are more difficult as compared to those in- 
volving other light nuclei, since it is not always a 
simple problem to produce a target of liquid he- 
lium. Up to now, only two experiments!*® have used 
a liquid helium target. 

In the present experiment, measurements on 
630-Mev protons were carried out using a diffu- 
sion chamber. The method chosen made it pos- 
sible to study both the processes of elastic scat- 
tering and the inelastic interactions in the same 
experiment. In connection with the latter, the pos- 
sibility of studying the quasi-free scattering, and 
also of obtaining data on the multiple-interaction 
processes in a light nucleus, is of greatest interest. 


EXPERIMENTAL METHOD 


Proton scattering was studied by means of a 
diffusion chamber which, together with the auxil- 
iary apparatus, has been described in detail in 
reference 8. The diameter of the working volume 
amounted to 30 cm. The height of the sensitive 
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layer was 5—7 cm. The chamber was filled with © 
helium to a pressure of 15 — 20 atmospheres. 


A schematic diagram of the position of the ap- 
paratus during the experiment is shown in Fig. 1. 


FIG. 1. Schematic diagram of the 
apparatus: 1—accelerator chamber, 
2—proton beam, 3—4 m shielding 
wall, 4—magnetic filter, 5 —addi- 
tional chamber shield, 6 —diffusion 
chamber, 7 —7~-meson beam. 


The protons were obtained by means of the syn- 
chrocyclotron of the Joint Institute for Nuclear 
Research. The particles were taken out of the 
accelerator chamber by means of an internal 
target. In this way, it was possible at the same 
time to work with another array placed in the 7m - 
meson beam emerging from the same target. How- 
ever, the proton energy was somewhat lower than 
the maximum obtainable in the accelerator and 
amounted to (630 + 15) Mev, taking ionization 
losses into account. 

The proton beam intensity was attenuated in 
an appropriate way so that a few tens of particles 
impinged upon the diffusion chamber during one 
cycle. The protons emerging from the acceler- 
ator were deflected at an angle of 19° by a de- 
flecting magnet, and then directed through a 3 x 
10 cm collimator to the diffusion chamber. The 
chamber was placed in a concrete hut with walls 
of 0.5m thickness and which was, in addition, 
shielded by lead bricks to decrease the background 
of spurious radiation. A photograph was taken 
every 15—20 sec. The stereoscopic camera used 
had a basis of 120 mm, and the pictures were taken 
from a distance of 800 mm on Panchrom-X film 
with sensitivity Sp gs, = 1000 GOST units. 


IDENTIFICATION OF INTERACTION EVENTS 


About 20,000 stereograms were taken during 
the whole period of chamber exposure. Interac- 
tion events were selected by triple scanning through 
a stereoscopic magnifier. As the result of the 
scanning, 444 events of scattering of protons on 
helium nuclei were found. This number does not 
contain six events which were considered as inter- 
actions with C or O nuclei contained in methyl 
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alcohol. The number of interactions with the nu- ‘ 

clei of the admixture is roughly in agreement with 

the estimated expected number of such events. | 
The distribution of the interaction events of 

protons with helium nuclei, according to the num- 

ber of prongs, is as follows: 


wy 


Number of prongs 1 2 By) 4 5 


Number of events 0 204 228 8 4 


Better sections of the film were used to obtain 
the total interaction cross section. The number 
of tracks in these was counted. Taking the neces- 
sary corrections into account, the value of = (150 
+ 13) x 10727 cem* was obtained for the total cross 
section. 

The measurement of the spatial angles and also 
of the length of the tracks was carried out by means 
of a projector described earlier.’ In several cases, 
the specific ionization of the particles was esti- 
mated by photometering the tracks by means of 
the MPH-4 microphotometer.!® 

A large number of reactions can occur on he- 
lium nuclei in the scattering of 630-Mev protons. 

For convenience of identification, they can be sub- 
divided into separate groups according to the cri- 
terions for selection and analysis (see Table I). 

Reactions of the first group, with the exception 
of reaction 4, represent coplanar two-prong 
stars, and are recognizable from kinematic con- 
ditions of the decay. 

The second group of reactions also includes 
two-prong stars. The majority of events in this 
group consist of the quasi-elastic scattering of 
protons or neutrons (reaction 1). Other events, 
with the exception of reactions of types 2 and 4, 
refer to quasi-free interactions of protons. In the 
present experiment, it has not been possible to dis- 
tinguish between reaction 1 and other reactions of 
this group. 

The third group of reactions consists of three- 
prong stars, and includes not only the cases of 
quasi-free interactions of protons with protons, 
but also other processes in which a great number 
of nucleons take part in the interaction. 

The quasi-elastic proton-proton scattering 
(reaction 1) was singled out from the reactions of 
this group. The selection of quasi-elastic scatter- 
ing events was effected using the corresponding 
correlation of the emission angles of the particles, 
and also their momenta in the final state. The se- 
lection procedure of such events is analogous to 
that which has been used in the identification of 
quasi-elastic scattering of 7 mesons on protons, 
and which was described in detail in reference 16. 
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TABLE I 
Reaction Serial 
group Number Reaction pane 
: [2 te BIS 66 
I é yee ete (1)* 
3 p+Het— +4 Hes 0 
$ me Lit 0 
‘ Daves lie 
] ; Bg? ois tats: 
M 3 Pie es mon ee 136 
é wu pt Het 
3 mn? + (p, n) + He? 
; Pie Pe ts 88 (19)* 
“ ah, an, WE Se (3n, 2p) 
Ill 3 Pr He? 1° =e (Zn, 3p) 14 
p+ (2n, 2n) 
; epg SOAP Dap Be 7 (3)** 
: ‘ pL Het a ekip epee ppd j 


Note: Brackets with one star give the number of not completely 
certain events out of the total number of identified events. Brackets 
with two stars give the number of events which can be interpreted as 
production of a 7° meson with consecutive decay into an electronic 
pair and a y ray. 


The fourth group of reactions consists of 


events referring to the production of 7 


v mesons 


in p-n collisions. These events, in contrast to 
the reactions discussed above, represent four- 


and five-prong stars. The results for singled-out 


reactions of this group are given below. 


In the interaction of 630-Mev protons with he- 


lium nuclei, the paired m-meson production can 


also occur, which can contribute to the number of 
However, it follows 


four- and five-prong stars. 


FIG. 2. Photograph of probable event 
of paired 7-meson production. 


from the experiments of Block and others’? that the 
cross section for processes of that type is very small 
even at the energy of 800 Mev, and is not greater thai 
0.8 mb pernucleon. One can assume that the contri- 


bution of paired production at 630 Mev is negligibly 


small, and it can be neglected in the above classifi- 


cation of reaction groups. Only one event which 


could be interpreted as a probable case of paired 


meson production was found in analyzing the five- 


prong stars. A picture of this event is shown in Fig. 2 
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ELASTIC SCATTERING 


The angular distribution of elastic scattering 
is shown in Fig. 3. The minimum detection angle 
amounted to 5° in the c.m.s. Without a correction 
for the range of small angles, the following value 
was obtained for the total cross section for elastic 
scattering: 


cet = (22.0+4.5) - 107" em? 


From the optical theorem,‘ one can estimate 


the minimum correction to the cross section for 
the range of small angles. With the correction, 
the cross section amounts to dg] = (24.0 + 5.0) 
x 10727 em’, or 0.16 of the total cross section for 
the pHe interaction. This result shows that the 
cross section of elastic scattering remains prac- 
tically constant from 315 to 630 Mev. (The inte- 
gration of the angular distribution obtained by 
Chamberlain et al.® for 315 Mev gives og] = 19 

x 10727 em?. ) 


FIG. 3. Angular 
distribution of elastic 
scattering of proton on 
helium. The points 
represent the experi- 
mental distribution at 
630 Mev; curve a—ex- 
perimental distribution 
at 315 Mev;° b—angu- 
lar distribution at 630 
Mev, calculated accord- 
ing to the optical model 
with the parameters 
V = 45 Mev, R= 1.45 x 
10-** cm; c—angular 
distribution at 315 Mev 
calculated according to 
the optical model with 
parameters V = 17 Mev, 
R= 12905 10— scm: 


46/42, 0 cm2/ sr 
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Estimates of the Coulomb scattering have 
shown that it is mainly concentrated in the range 
of angles 0 — 5° and, therefore, its contribution 
to the angular distribution given above is negli- 
gibly small. 

Calculations of the angular distribution of the 
elastic scattering have been carried out within the 
framework of the optical model, using the Born ap- 
proximation, and neglecting the spin-orbit and 
Coulomb interactions. 

The scattering potential was taken as a rec- 
tangular well with radius R and depth V 
=Vv|Vpl?+ |Vvy|?. The form of the angular distri- 
bution, consistent with the experimental data, is 
very sensitive to the value of the radius and to the 
potential. Acceptable distributions are obtained 


for radii in the range (1.3 —1.55) x 10713 em. The 
possible values of the depth of the potential well 
amount to 40 —50 Mev. A best fit with experimen- 
tal points is obtained for the curve for which V 

- 45 Mev and R=1.45 x 107'3 cm (Fig. 3). 

If we use the value of the cross section for in- 
elastic processes, then, for R= 1.45 x 1078 em, 
we obtain the value Vy; = —(34 +4) Mev for the 
imaginary part of the potential. The real part of 
the potential is then equal to Vp = 30 Mev. 

Analogous calculations were carried out for a 
proton energy of 315 Mev. The same figure (Fig. 3) 
shows the results of measurements of the elastic 
scattering of polarized protons on He‘ nuclei, ob- 
tained by Chamberlain et al.,° as well as the dis- 
tribution calculated for R=1.9 x 107% cm, and 
V =17 Mev, which represents the best fit with 
the experimental points. If we assume R=1.9 
x 1073 em and set the Goldberger factor y = 0.8, 
then, from the total pp and pn scattering cross 
section at 315 Mev, we obtain for the imaginary 
part of the potential Vy = —18 Mev; i.e., Vy is 
almost equal to the absolute value of the total po- 
tential. 

A certain ambiguity is present in the choice of 
y, Since there is no information on the cross sec- 
tion for inelastic scattering at 315 Mev. This am- 
biguity, however, cannot affect the conclusion about 
the small value of the real part of the potential at 
this energy. This result is in agreement with cal- 
culations of the real part of the central potential 
carried out by Riesenfeld and Watson"! from a 
phase-shift analysis of nucleon-nucleon scatter- 
ing. The consistency of the results at 615 Mev 
may, within the framework of the accepted scheme, 
indicate that at 630 Mev the picture is sufficiently 
correct. Hence, we can conclude that the real part 
of the potential increases with increasing energy. 

It should be mentioned that, within the frame- 
work of the above analysis, it is impossible to de- 
scribe the angular distribution at the energies of 
315 and 630 Mev with the same radius for the po- 
tential well. 


INELASTIC SCATTERING 


Multiple collisions inside the helium nucleus. 
The representation of cascade processes devel- 
oped by Goldberger’ can be applied to the Het 
nucleus. Cascade development at the energy under 
consideration can be due to recurring collisions 
both of nucleons and mesons produced in the first 
collision. The incident nucleons can also collide 
with a group of nucleons of the nucleus. The 
ejected nucleons are then found to be in both 
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bound and free final states. In the latter case, 

the event can appear in such a way that it will be 
impossible to determine whether a cascade has 
developed, or whether a collision with a complex 
of nucleons has taken place. The term plural in- 
teraction will, in the following, be applied to proc- 
esses of single or recurring interactions of the 
incident particle with several nucleons. From the 
data given above, one can estimate the contribution 
of such processes. 

If we denote the total number of collisions be- 
tween the incident proton and the neutrons of the 
nucleus by Non? we can write 
Npn = Non + Non = No+ Na-+ Ns + Nin, 


where Npn is the number of cases of quasi-free 
interactions, N3 is the number of two-prong stars 
including the elastic scattering events, N, and N; 
is the number of four- and five-prong stars, and 
Men is the number of cases in which a multiple in- 
teraction has occured. This method of writing 

pn is possible only because of the fact that, 
among the two-prong stars, events related to 
multiple interaction processes are practially ab- 
sent. Any repeated collisions will lead to an in- 
crease in the number of prongs, as a result of 
which a three-prong star will be detected. Ex- 
ceptions to these are the reactions 


p+ Het—> n° + p+ He’, p + Het xn* 4-n-+ He, 


in which the development of the cascade may not 
lead to an increase in the number of prongs. How- 
ever, it we use the results of Moulthrop,’ it can 
be seen that the contribution of such reactions is 
small.* 

The number of three-prong stars N3 contains 
not only the events of quasi-free interactions be- 
tween protons and protons N,,,_ but also the 
events of plural interactions NP! and Nel, 
Therefore, the number of collisions between pro- 
tons and protons Npp° can be written in the form 


nuc 7pl pl 
N pp a N pp a N pp = N;— Non. 


It is reasonable to assume that the cross sec- 
tions for quasi-free scattering of nucleons have 
a ratio similar to that of the corresponding cross 
sections for free nucleons. Taking this into ac- 
count, it is possible to estimate the contribution of 
the processes of plural interaction in the scatter- 
ing of protons on He’ as follows: 


*At 300 Mev, the output of 7 mesons from the n + He* > 
n- +P +He* reaction amounts to less than 6% of the total 
cross section for meson production. 
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= = 0.22 + 0.07. 
(Nop tin) =Na tN + Na+ Ns 


The result obtained shows the considerable role 
of the plural interaction processes, even for such a 
light nucleus as He*. The considerable role of such 
processes has also been established in the study of 
the scattering of fast + mesons on He’.!® 

Quasi-free scattering of protons. The cross 
sections for various reactions singled out in the 
identification of interaction events are given in 
Table II. A comparison of the total cross section 
for inelastic processes with the sum of nucleon- 
nucleon cross sections results in a value of 0.82 
for the quantity y. These results indicate that, 
even for the energy of incident particle equal to 
~ 600 Mev and for light nuclei, it is necessary to 
know the value of y in order to estimate the value 
of the mean free path using the sum of the nucleon- 
nucleon cross sections. For 970 Mev protons, the 
value of y still does not attain one, even for the 
deuteron, and amounts to 0.91.!! 

In row 7 of Table II, the data on the quasi-free 
scattering of neutrons on the neutrons of the he- 
lium nucleus are given. The total cross section for 
the quasi-free scattering amounts only to 0.65 of 
the corresponding cross section for free nucleons, 
without taking into account the processes of plural 
interaction. An analogous result has also been ob- 
tained for the quasi-elastic scattering of protons 
on protons (row 8). Introducing the corresponding 
correction for plural interaction, we obtain for y 
roughly the same value as that obtained from the 
total cross section of inelastic scattering. 

As can be seen from rows 5 and 6 of the same 
table, the cross section for meson production in 
collisions of protons with bound neutrons amounts 
to (1.3 + 0.5) x 10°?’ em?, which is approximately 
equal to the cross section obtained in reference 17 
for free neutrons.* 

The angular distribution of protons emitted in 
quasi-elastic scattering is shown in Fig. 4. For 
a comparison, the angular distribution of elastic 
scattering of protons on protons at 660 Mev is 
also given in the same figure. The comparison 
of the distributions shows that, in quasi-elastic 
scattering, a certain number of nucleons are 
ejected both at small and large (close to 90°) 
angles. The observed difference is probably due 
mainly to the Pauli principle. 

The form of the angular distribution of protons 

*The results obtained are in agreement with the data of 
Dzhelepov, Kiselev, Oganesyan, and Flyagin, reported at the 
1959 Kiev Conference in the paper of B. M. Pontecorvo. 
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TABLE II 
Cross | 
section ‘ 
Reaction Cross Cross g. - pernu- | Y= ay - 
section | section °NN  |cleon with NN 
per nu- per correction 
} cleus | nucleon | cece ae 
10% cm? | 10727 em?! i Pes, of 
a: a : iat 2 el =| — 
4 Inelastic scattering 126+14 | — = = = 
D p+n-+ He’ 
3 nttn-tn+He| 4624 | 2342 2 23 = 
4 |p-+ Het — n° + (p, n) +He? | 
5 xc +p-+ p+ He®| 1.3=0.7| , 4.5 = Poh rp vs 
: aU ppp ed) 1320.7) > 
7 Total quasi-free pn 
interaction 48+4 24+2 0.65 DOES 0,78 
8 ‘p+ He*—> p+ p+ Hs 2923 15=2 0.6 18+2 0.73 


ni Oy. 


FIG. 4. Angular distribution of 
quasi-elastic scattering of protons 
on protons: O—experimental dis- 
tribution, A —distribution calcu- 
lated by the Monte-Carlo method, 
solid line —angular distribution of 
scattering of protons on free pro- 


tons. 


was calculated by the Monte Carlo method, taking 


the bond into account. 


nuclear momentum distribution of nucleons was 
taken as a Fermi distribution with a limiting mo- 
mentum of 220 Mev/c. Plural interaction proc- 


esses were not taken into account. 


Results of 


the calculation are also shown in Fig. 4. It can 
be seen that the angular distribution obtained ex- 
perimentally is in satisfactory agreement with the 
Such a fit indicates that 


calculated distribution. 
the plural interaction processes which occur in 

helium do not, in the majority of cases, strongly 
distort the form of the distribution, but lead to a 
practically proportional ejection of protons at all 


angles. 


In conclusion, the authors express their thanks 
to A. G. Potekhin and V. F. Poenko for help in set- 
ting up the experiment, and also to E. A. Shvanev 
for help in reducing the experimental data. 
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Some characteristics of uranium fission induced 


by 9-Bev protons are obtained. These in- 


clude the magnitude of the cross section, the dependence of the yield on the ratio of the frag- 
ment ranges, data on the number of light particles involved in fission, and the angular dis- 


tributions of the fragments. 


EXPERIMENTAL CONDITIONS 


We used the photographic method. Nuclear emul- 
sions of type P-9ch with natural uranium intro- 
duced into the emulsion! were’ exposed to 9-Bev pro- 
tons in the internal beam of the proton synchrotron 
of the Joint Institute for Nuclear Research. In scan- 
ning the emulsions, we classified as uranium-fission 
events also those cases of disintegration in which, 
along with tracks of light charged particles, essen- 
tially protons and a particles, two tracks which 
are similar in the darkening intensity to tracks of 
fragments of fission by thermal neutrons are ob- 
served. The overwhelming majority of the regis- 
tered events has a light-to-heavy fragment ratio 
Lj/Lh < 2. We have, therefore, confined ourselves 
to that region of range ratios, particularly since for 
Lj/Lh > 2 the fragmentation admixture becomes 
substantial. A total of 1042 disintegrations classi- 
fied as uranium fission were analyzed. 


RESULTS 


1. The fission cross section of was calculated 
from the formula of = Nf/NnucNp, where Nf is 
the number of disintegrations per cubic centimeter, 
Nnuc is the number of uranium nuclei per cubic 
centimeter, and Np is the neutron flux. The amount 
of uranium introduced was determined by calculating 
the number of tracks of a particles due to uranium 
decay over a known time interval. The proton flux 
was calculated by comparison of the number of dis- 
integrations with fragments in the P-9ch emulsion, 
where the primary flux was not registered, but on 
which the basic experiment was performed, with 
that in the PR emulsion, in which the proton flux 
was determined by calculating the number of tracks 
in a known area. 

The value obtained for the fission cross section 
was of = (1.3 + 0.4) b. However, in the interaction 


O17 


of 9-Bev protons with nuclei of the elements con- 
tained in the emulsion, a considerable number of 
secondary particles of different energy, less than 

9 Bev, are produced and these also contribute to 
the fission of the uranium introduced in the photo- 
graphic emulsion. A rough estimate of this back- 
ground leads to a value of ~ 30%, and consequently, 
we have for the fission cross section of uranium by 
9-Bev protons of = 0.9 b. 
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FIG. 1 


2. The relations between the ranges of the light 
and heavy fragments in each individual fission 
event represent approximately the ratio of their 
masses.” Figure 1 shows the distribution of the 
fission events, accompanied by the emission of 
charged particles, as a function of the ratio of 
the ranges of the heavy and light fragments (the 
point of emission of the charged particles deter- 
mines the point of fission). The character of the 
distribution is found to be similar to that observed 
in the fission by protons of energies on the order 
of hundreds of megavolts.? Thus, in the fission 
of uranium nuclei by 9-Bev protons, the most 
probable is fission by fragments that are of nearly 
equal mass. 

Figure 2 shows the dependence of the average 
total range of fission fragments of uranium on the 
ratio of the ranges of the light and heavy fragments. 
The average total range of the fragments charac- 
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terizes the liberated kinetic energy corresponding 
to a given type of fission as a function of the mass 
ratio. Figure 2 shows three maxima which are 
outside the limits of statistical errors. However, 
we Shall not attempt so far to interpret them until 
more is known about their nature. 

3. We list the results of the investigation of the 
angular distribution of the fission fragments — num- 
ber of fissions N as a function of the angle @ be- 
tween the direction of motion of the proton and the 
projection of the line of divergence of the frag- 
ments* on the plane of the microscope table. 


@°=0—15 15-30 30—45° 45—60 60—75 75—90 
Nap 2 ts N=125 107 120 124 114 140 
Nap 20; NN =179 1741 179 185 173 155 


The first line refers here to the number of charged 
particles ngp, accompanying fission, starting with 
unity, and the second starting with zero. 

For the ratio of the number of events in the in- 
terval 0 — 30° to the number of events in the inter- 
val 60 — 90° we obtain 


N (0—36°) / N (60--90°) = 1.07 £0.11, 


i.e., an isotropic distribution within the limits of 
statistical errors. 


4. Figure 3 shows the distribution of fissions 
by the number of accompanying “black” rays (by 
“black” rays we mean tracks which are registered 
by the P-9ch emulsion). The same figure shows 
for comparison the data obtained earlier in our 
laboratory for an energy of 660 Mev. The average 
value Nig = 3.82 and E=9 Bev, where at E 
= 660 Mev we have Dap = 1.16. We can, therefore, 
conclude that the fissioning nuclei, obtained when 
9-Bev protons act on the uranium nucleus have a 
much higher average excitation energy. 

*As a rule, in the laboratory system of coordinates the angle 
between the fragments is less than 180°. As the line of diver- 
gence of the fragments in the system of the fissioning nucleus 
we used the line joining the ends of the tracks of two frag- 
ments.* 
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5. Among the disintegrations that are produced 
when 9-Bev protons act on the uranium nucleus, 
one encounters disintegrations into two fragments 
of commensurate mass and a third lighter one. 
The relative frequency of appearance of such 
“triple” disintegrations with respect to “double” 
disintegrations is approximately 0.02, whereas 
at a proton energy of 660 Mev the frequency of 
triplet appearance is ~ 0.005 (reference 5). The 
average number of prongs accompanying triple 
fission is 11.0 and 1.6 respectively at 9 Bev and 
660 Mev. We see that both the number of triple 
disintegration relative to the double ones, and the 
average number of charged particles accompany- 
ing the triple disintegration, increase consider- 
ably with increasing proton energy from 660 Mev 
to 9 Bev. 

In conclusion, the authors express their grati- 
tude to the staff of the high-energy laboratory of 
the Joint Institute for Nuclear Research for help 
in the irradiation. 
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The total ionization cross sections (o_) for single collisions between Ne’, Ne?*, (Nett .2. Kr, 
Kr. Kr Xes Xe**, Xe**+, Xe4* ions and inert gas atoms have been measured. In the in- 
vestigated voltage range from 3 to 30 kv, it was found that the ionization cross section is prac- 
tically independent of the charge of the primary ion for equal ion energy. For all ion-atom 
pairs, a continuous growth of the cross section with increase in kinetic energy of the primary 
ions was observed. In most cases the absolute values of the measured cross sections were 


close to those computed by Firsov’s formula. 


INTRODUCTION 


Information on the ionization of atoms by 
multiply charged ions is limited to the single 
work of Sherwin,’ in which the ionization cross 
sections of molecules of hydrogen and atoms of 
helium by singly, doubly and triply charged ions 
of certain metals were measured for two values 
of the accelerating voltage (6 and 24 kv). Sher- 


-_ win came to the conclusion that the ionization 


cross section increased in proportion to the 
square of the charge of the primary ion. As is 
well known, such a charge dependence is given 
by the theory of shock ionization for regions of 
high energy, when the condition v > Ve is satis- 
fied, where v _ is the velocity of relative motion 
and Ve is the velocity of the outer electrons in 
the atom. 

Studies carried out in recent years? on the ioni- 
zation of the atoms of a gas by singly charged ions 
in the velocity region v { ve have shown that the 
collisions accompanied by ionization do not reduce 
to the interaction of the ion with the individual 
electrons of the atom. It was established that the 
processes of ionization are realized in “penetrat- 
ing” atomic collisions and the interaction of the 
electronic shells of the colliding atomic particles 
possesses great significance. 

Recently a theoretical paper by Firsov! ap- 
peared, in which the ionization cross section for 
atomic collisions was calculated, on the basis of 
a quasi-classical representation, as a function of 
the number of electrons in the shells of the two 
particles. 

Thus it is not difficult to explain the data of 
Sherwin on the ionization by multiply charged ions 
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on the basis of recently developed ideas on the 
mechanism of ionization of atoms by singly charged 
ions in the region of velocities v <vg. The pres- 
ent research was undertaken with a view toward 
carrying out a further investigation of ionization 
by ions of different charge with the application of 
a more reliable indication of monckinetic beams 
of multiply charged ions and with a method of 
measurement of the ion cross section developed 
in our laboratory. 

In the present work, the study was limited to 
the ions Ne*, Ne**, Ne®**, Kr*, Kr**, Kr**, Xe’, 
Xe**, Xe?*, Xe4* and the atoms Ne, Kr, and Xe. 


INVESTIGATION PROCEDURE 


The study of ionization by ions of different 
charge was carried out on an experimental appa- 
ratus whose general description was given in our 
previous researches.*~® The primary ions were 
produced in an ion source which is a modification 
of the source of Ardenne.’ A narrow ion beam of 
definite charge, composition and energy was sepa- 
rated by a magnetic mass spectrometer and passed 
through a rectangular slit S; (1 x 4mm) in the 
collision chamber which was filled with the gas 
under investigation (Fig. 1). A sectionalized 
measuring capacitor, described in detail in ref- 
erence 8, was placed in the collision chamber. 
The free electrons arising in the gas and the sec- 
ondary ions were deflected by the electric field 
onto the plates 1— 12 of the capacitor and the 
plates 13, 14 of the Faraday cage F,. The plates 
of the measuring capacitor were screened by me- 
tallic grids with a transparency of about 90 per 
cent. A potential of +45v relative to the ground, 
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was applied to the grids and to plates 13 and 14, 
while an additional +25v relative to the grid was 
applied to plates 1—12. In this way, the second- 
ary electrons emerging from the plates were held 
back by the electric field. Plates 5 and 6 in the 
middle part of the capacitor were chosen as the 
measuring plates. It was established by control 
experiments that the current of electrons and 
secondary ions were known to reach saturation, 
and only the charged particles appearing in the 
gas in a section equal to the length of the meas- 
uring plate were drawn off onto plates 5 and 6. 

A typical volt-ampere characteristic of the cur- 
rents of the secondary ions and the free electrons 
on plates 5 and 6 is shown in Fig. 2. 


Llly, Yo 
ai Pm ee ae FIG. 2. Volt-am- 

! pere characteristic. 
4 The pair Kr?*—Kr, en- 
ergy 30 kev, gas pres- 
Sure p)—sl-oFx< 10m 
atm, I—current in 
the measuring plates, 
“0 ~20 -a0 ~4) ~50 WV I, —current of the pri- 
| mary beam. 
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The current of the primary beam was meas- 
ured on the entire system of electrodes forming 
the measuring capacitor and the Faraday cage, 
and also on the suppressor plate 16, which cov- 
ered the bottom of the cage at the time of meas- 
urement of the primary beam. 

For correction of the beam inside the measur- 
ing condenser in the measurement of currents on 
plates 5 and 6, the collision chamber could be ro- 
tated about the axis O (which passes through the 
center of the chamber) by a small angle relative 
to the initial direction of the beam.’ In this case 
the ion beam passed through the opening 15 into 
F, (8 x 12 mm) and the slit S, (6 x 10 mm), 
and was picked up on the monitor of the primary 
beam (not shown in Fig. 1). 

To verify the recordings of the primary mul- 
tiply-charged ions, measurements were made of 
the relative intensity of the lines of the different 
isotopes of the ions under study, which were then 
compared with the known tabular values. In addi- 
tion, the presence of a magnetic analyzer after the 
collision chamber permitted us to observe the mul- 
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FIG. 1. Measuring capacitor. 


tiply-charged ions by means of the additional lines 
which appear in the ion beam after transmission 
through the gas [as the result of partial charge 
exchange (see references 4 —6) ]. 

The currents on plates 5 and 6 and the primary 
current were measured with an EMU-2 ampli- 
fier. 

The experiments were carried out under con- 
ditions of single stage character of the collisions 
at gas pressures ~1x 1074 atm. The gas pres- 
sure drop amounted to ~1:50 at the slit S,;, and 
to ~1:15 at slit S,. The residual pressure in 
the apparatus after shutting off admission of the 
gas into the collision chamber did not exceed 1 
x 1078 atm. The pressure was measured by an 
ionization manometer controlled by a McLeod 
gauge. 


DETERMINATION OF THE CROSS SECTIONS 


In the present research we measured the nega- 
tive I. and the positive I, saturation currents 
to the plates of the measuring condenser. Meas- 
urement of these currents permitted us to deter- 
mine the total cross section for the formation of 
free electrons o_ and the total cross section of 
formation of secondary ions o, referred to a 
single charge: 


ou la/ Nie dig = eT aghN Ld (1) 


where I) is the current of the primary beam, z 
is the multiplicity of the charge of the primary 


ions, N is the number of atoms per cubic centi- 
meter of gas, I is the length of the measuring 
electrodes. 


The cross section o_, as also in reference 8, 
was of interest to us as the “total cross section” 
of ionization. Data on the cross section o, were 
frequently used by us for the comparison with data 
on cross sections of capture of electrons by ions 
of the primary beam, obtained in references 4—6. 

In the passage of a beam of singly charged ions 
through the gas, the cross sections o_ and Ge 
are composed of the cross sections of the separate 
processes of three groups: 
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IONIZATION OF INERT GASES 


The processes of group I have been named “pure” 
ionization of the gas atoms, those of the group II 
are known as ionization with capture, while those 
of group III as stripping of the primary ion. The 
processes of groups I and II can evidently exist 
simultaneously and lead to the release of electrons 
from the shells of both colliding atomic particles. 
Processes of group II are connected with the lib- 
eration of electrons from the shell of an atom and 
with partial neutralization of the primary ion. As 
the results of the existence of processes of groups 
I and II in the gas, secondary ions can be formed 
with different multiplicity of charge, and in the 
stripping (processes of group III), ions of much 
higher charge than that of the primary ions appear 
in the primary beam. 

Complete account of all possible processes 
leads to the result that 


hu ae eh a Cah (2) 


where 0g, is the “total cross section” of ionization 
with capture, while o7 is the “total cross section” 
of stripping, referred to a single charge. In the 
energy region under investigation, o7 « 0) and 


C5 — 6 Go. (3) 


In the general case of primary ions with i-fold 


FIG. 3. Total ionization cross section of gases 
(shown in the circles) by ions (shown on the curves) as 
a function of the energy. 
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charge, 
f=0 


i=, me U— J) Sy, (4) 


f=i-1 


where oj¢ is the cross section for formation of 
ions with charge from i-—1 to 0. The separate 


“ components of the sum (4) can be determined by 


analysis of the charge composition of the ion beam 
after passage through the gage” 

The currents I_ and I, entering into Eq. (1) 
were measured as the difference of the saturation 
currents in the gas under study and after pumping 
out of the collision chamber to the limiting vacuum. 

The relative crudeness of the measurement of 
the cross sections o_ and go, is estimated by us 
to be of the order of 20 per cent, starting from the 
reproducibility of the results. It is connected with 
random errors in the measurement of the currents 
and of the gas pressure, and with a certain insta- 
bility of the operation of the ion source. 


RESULTS 


The dependence of the total cross section of 
ionization of the gases under study by the various 
ions is shown in Fig. 3 as a function of the kinetic 
energy of the primary ions T. 
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In the ionization of neon by neon ions, o_ is 
somewhat larger for the Ne* ions at the same ki- 
netic energy (or the same velocity of the ions). 
For the ions Ne?* and Ne**, the cross sections 
are identical within the limits of error of the ex- 
periment. 

In two other cases of ionization of a particular 
gas by ions of different charge, and in particular 
ionization of krypton by krypton ions and ionization 
of xenon by xenon ions, the cross sections o_ are 
approximately the same for a given energy. 

A similar conclusion can be reached from a 
consideration of the data for the ionization of gases 
by strange ions: krypton by neon ions, neon by 
krypton ions and krypton by xenon ions (see Fig. 3). 

An uninterrupted increase in the ionization 
cross section was observed for all pairs of ions- 
atoms studied in the energy interval under consid- 
eration. In the middle part of the energy interval 
(T = 50 kev) the largest values were achieved for 
the ionization cross section of xenon by xenon ions 
and krypton by krypton ions (o_ = 6 x 107!® cm?), 
and the smallest ionization cross section was that 
of neon by krypton ions (o_ ~ 8 x 107!" em? a 

Two of the pairs studied by us, namely, Ne*-Ne 
and Kr*-Kr, were also measured by Gilbody and 
Hasted’? in the energy ranges from 0.1 to 3 kev and 
from 5 to 40 kev. The cross section o_ in refer- 
ence 10 for the pair Ne*-Ne is larger than ours 
by about 70 per cent, while that for Kr*-Kr is 
4—5 times larger. It should be noticed that these 
authors observed almost the same divergence for 
these pairs among the series of their own measure- 
ments completed in the region of small and high en- 
ergies. 

We carried out comparison of the difference in 
the cross sections o,-o_ determined in our pres- 
ent work with the charge-exchange cross sections 
049 measured by us in reference 4 by the method 
of recording fast neutral atoms. This comparison 
was made for the pairs Ne*-Ne and Kr*-Kr. The 
results of the comparison are shown in Fig, 4. A 


FIG. 4. Comparison of 
the capture cross section 
measured by the potential 
method o,—o_ and by the 
method of registering fast 
atoms (g,,). Pairs are 
Net-Ne and Krt-Kr. 
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similar comparison is shown in Fig. 5 for the pair 
Kr**-Ne, for which the cross section for capture 
of two electrons oy) is very small in comparison 
with the cross section of capture of a single elec- 
tron 0), (see reference 5) and, consequently, by 
(4), 0,-0_ © 09,1. AS is seen from Fig. 5, in the 
case of doubly charged ions, a close correspond- 
ence is also observed between the results of inde- 
pendent measurements. 
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DISCUSSION 


The results of our investigation of the ioni- 
zation of inert gases by multiply charged ions do 
not substantiate the quadratic dependence of the 
cross section on the charge of the primary ion 
found by Sherwin. It should be noted in passing 
that the cross sections in the work of Sherwin 
were compared, not for identical kinetic energy 
of ions of different charge, but for the same ac- 
celerating voltage. Thus a weaker dependence of 
cross section on charge actually follows from the 
data of Sherwin. In several cases (Cu’*, Cu?* -He; 
C*, C’*+-He), the cross sections are practically 
identical for singly and doubly charged ions. Some 
shortcomings in the method of the research of 
Sherwin were noted in reference 11. The absence 
of a reliable indication of multiply charged ions 
and the measurement of cross sections for com- 
paratively high gas pressure (~ 5 x 107° atm ) 
also reduced the reliability of the data of Sherwin. 

In the theoretical work of Firsov! which ap- 
peared recently, an estimate is given of the ioni- 
zation cross section in atomic collisions, starting 
out from a quasiclassical consideration of the 
problem of the motion of electrons in the region 
of overlap of the shells of the colliding atomic 
particles. The ionization cross section is repre- 
sented in the form of the approximate formula 


sarsone [| CarZaio]" | (5) 
(Zy + Z,)/s | 23,3-108e, { ‘ 


where €j; is the ionization energy, while Z, and 
Z, are the number of electrons in the ion and in 
the atom, respectively. 

Introducing the characteristic velocity vy and 
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the cross section o) for each pair of colliding 
particles 


23.3¢, oe 
(= ——— em/sec 
: (Z, + Zo) ls . 
B2ei = 2 
hy) = soo MO Creel 6 
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Firsov obtained a universal formula for the ioni- 
zation cross section for an arbitrary pair of collid- 
ing particles: 


Sy So 1(ay 09) 1]. (7) 


The dependence of g/o) on v/vo, given by Eq. (7), 
is represented in Fig. 6 by the dashed curve. The 
experimental data for all ion-atom pairs that we 
investigated are also plotted in the same drawing. 
As is seen, for heavy ions and atoms (curves 10 — 
19), and also for ions and atoms of neon (curves 
1, 2, 3), the experimental data are grouped about 
the theoretical curve. Departures from the theo- 
retical curve, as also for singly-charged ions !*3 
lie within a factor of 2. 
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FIG. 6. Universal curve of Firsov (dashed) and experimen- 
tal data on the ionization of atoms by ions of different charge 
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The essential experimental fact obtained in the 
present work, namely the absence of a significant 
effect of the charge of the primary ion on the mag- 
nitude of the ionization cross section, is in quali- 
tative agreement with the Firsov theory. Actually, 
inasmuch as Z, and Z, are large numbers in 
Eq. (5), a decrease in Z, by several units in 
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the case of multiply charged ions should not have 
a noticeable effect on the magnitude of the ioniza- 
tion cross section. Here it is interesting to ob- 
serve that the ionization cross section for singly 
charged ions is as a rule always somewhat larger 
than for ions with a charge larger than unity (see 
Fig. 3). | 

For the cases of ionization of neon by krypton 
ions, and of krypton by neon ions, the Firsov for- 
mula gives cross sections that are too high by a 
factor of 2—4. It is possible that this is connected 
with the fact that individual peculiarities of the 
electron structure of the colliding atomic particles 
are not taken into account in the theory. 

With the aim of further investigation of the 
phenomenon of ionization of gases by ions of dif- 
ferent charge, we propose to extend the investiga- 
tion to ions of elements of other groups of the 
periodic table, in particular to metallic ions. 

In conclusion, the authors express their grati- 
tude to Professor V. M. Dukel’skii for discussion 
of the results of the research and to A. M. Shchen- 
kov for practical assistance in carrying it out. 
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The relative intensities of the y transitions in Lu!® and Hf!" have been determined from 

the photoelectron spectra. The discrepancy between the experimental values for the relative 
y transition probabilities and the theoretical values derived by the Alaga rules is confirmed. 
A similar disagreement between the experimental and theoretical values is also found to hold 


for the Ib!” and w!® nuclei. 


Pe COnnING to the collective model the internal 
wave functions of different states of the rotational 
band of strongly deformed nuclei can be assumed 
to be identical. In this case the ratio of the reduced 
probabilities of y transitions going from some 
given state to various rotational states is found to 
depend only on geometrical factors, namely the 
Clebsch-Gordan coefficients (Alaga rules).! 

We have considered two nuclei with large defor - 
mation parameters: ae (6 = 0.28) and Hf” 

(6 = 0.26) (see reference 2). The experimentally 
established level schemes? of Lu!® and Hf!" are 
in good agreement with the collective model of the 
nucleus of Bohr and Mottelson and with the Nilsson 
scheme.’ The spins of the ground states and of the 
excited single particle levels correspond to the 
spins given by the Nilsson scheme with the corre- 
sponding 6. One observes rotational excitation of 
the ground states as well as single particle states. 
The deviation of the experimental values of the 
energy of the rotational levels from the values 
computed by the rotational formula is very small 
for both nuclei: A (E,/E,) = 0.5%. 

However, the relative intensities of the y lines 
obtained experimentally with scintillation®® and 
erystal’® spectrometers are very different from 
the values given by the Alaga rules. The data of 
references 5,6 and 7,8 are in slight disagreement. 
But it follows from either set of data that the y 
transitions to excited states of the fundamental 
rotational band are much more intensive than is 
required by the intensity rules. In Lu!” the 
transitions from the 396 kev level to the first 
and second rotational states of the fundamental 
rotational band are faster by a factor of 7 and 55, 
respectively, than is predicted by the theory. In 
Hf'"" the transitions from the 321 kev level to the 
first and second excited rotational states are faster 
by a factor of 1060 and 2200, respectively. 


For a confirmation of this fact we have deter- 
mined the relative intensities of the above-men- 
tioned transitions by a different method. We took 
the photoelectron spectra of Yb! and Lu!” with 
a magnetic lens spectrometer with a resolution of 
0.5%. We used lead targets with the thickness 1.9 
and 4.5 mg/cm? for Yb!™ and 2.2 mg/cm? for Lu!”, 
The relative intensities were determined by the 
areas under the photoelectron lines with account 
of the experimentally established spectral sensi- 
tivity of the apparatus. The values of the relative 
intensities of the transitions under consideration 
are given in Table I. 

It is seen from this table that our data are not 
in disagreement with the data obtained by other 
methods and, therefore, confirm the discrepancy 
between experiment and theory. In an effort to 
find analogous cases of disagreement between the 
experimental and theoretical values of the relative 
intensities we have investigated all nuclei with odd 
mass numbers in the region 150 < A< 192. Owing 
to the insufficient amount of experimental data, we 
were able to choose only six nuclei for which it 
was possible to verify the above-mentioned inten- 
sity rules (we considered the ratio of the intensi- 
ties of the competing transitions to the ground state 
and to the first two rotational levels from a level 
which does not belong to the basic rotational band 
Eo). 

Some of the data relative to the nuclei under 
consideration are listed in Table II. It appears 
that only for two (Ta'®!, Re!87) of the six nuclei do 
the relative intensities of the y transitions con- 
form to the Alaga rules. In the case of four nuclei 
(Yb'?, Lut, welt, w183) we observe consider-— 
able disagreement with the theory. It is interest- 
ing to note that the deviation from the theoretical 
values has uniform character: the transitions to 
the rotational states are faster than is predicted 
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a25 
TABLE I 
Relative intensities of the lines 
on the crystal on the scintilla- on the magnetic 
Nucleus E.,, key spectrometer tion spectrometer spectrometer 
- ip 7,8 5,6 | our data 
: 
%. 396 100. 100 100 
Luts 283 62 43 61 
145 | aa) 2 3 
peas 321 | 100 100 100 
208 7300 1500 6000 
fel | 67 10 ar 


*Because of the x-radiation of Pb and Hf in the neighborhood of the photoelec- 
tron lines, it was impossible to separate the photoelectron L line for E, = 71 kev. 


TABLE II 
Ratio of the intensities of the Enhancement co- 
Deformation “y, transitions ly,: ly, : ly, * efficient of the 
Nucleus parameter, 8 ae Eo ue ies 
(reference 2) theoretical by A aH 
Alaca’s rules experimental** fe fs 
—s . 1 
bie 0.29 100: 14:0.43 |.100: 1600: 250 ! 351 414 675 
ee te (fgere o/240) | ue 
atellveg 0.28 00S S23" ON1081) WOO TRS Ties 396 820 70 
pee ; (for E1) fe 
polltyan 0.26 100: 6.4 :0.025! 100: 9700: 83 | 324 | 1600 3300 
a (for E14) (e) 
eine | 0.23 100 : 15 (for £2) 100 : 17 482 Leal 
: ite 
Aa 0.24 100: 36.2:2.4 | 100: 910: 273 | 209 25 114 
187 (for M1) ea 
ag Ores 0.19 100 : 24 | 100: 24 686 1 
| i (for E1) Tez} 


*Y1,Y2, Ys are the transitions to the ground, first excited rotational, and second 
excited rotational states, respectively. 
**With account of conversion and the composition of the multipole mixture. 


by the intensity rules, where the enhancement co- 
efficent* of the transition to the second rotational 
level is greater than that for the transition to the 
first level. It may be noted that all transitions 
which violate the intensity rules are accompanied 
by a change of K by —1. We have been unable 
to detect regularities with respect to any other 
‘quantum numbers. 

The fact that the transition rates to the rota- 
‘tional state in the nuclei Lu!™ and Hf!” are en- 
hanced was noted by Marmier and Boehm® and 
also by Chase and Wilets.? Attempts were made 
to explain this enhancement by the argument that 
the El transitions are forbidden by the asym- 
ptotic quantum numbers but that the rotational 
motion leads to a certain violation of this forbid- 
denness rule. However, we do not find this a con- 
vincing explanation. Apparently there is some 
other reason for the systematic violation of the 


*By enhancement coefficient we mean the ratio of the experi- 


mental value of the relative intensity of a given y transition 
to the theoretical value. 


intensity rules. It may be that the adiabatic ap- 
proximation which has been used in the derivation 
of the intensity rules is not applicable for the nu- 
clei under consideration. In particular, the viola- 
tion of the adiabatic hypothesis may lead to the 
mixing of states with different K.! Similar in- 
stances of inaccurate theoretical values of the 
relative intensities of the y transitions are also 
observed in a number of even-even nuclei. Davy- 
dov and Filippov’? showed that the asymmetry of 
the equilibrium shape of the nucleus may lead to 
the violation of the Alaga intensity rules in even- 
even nuclei. Analogous calculations for nuclei 
with odd A are not available. 


! Alaga, Alder, Bohr, and Mottelson, Kgl. 
Danske Videnskab. Selskab, Mat.-Fys. Medd. 29, 
No. 9 (1955). 

2B. Mottelson and S. G. Nilsson, Phys. Rev. 99, 
1615 (1955). 

3Strominger, Hollander, and Seaborg, Tables of 
Isotopes, Revs. Modern Phys. 30, 585 (1958). 
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Spin-lattice relaxation of Cr** ions in corundum single crystals was studied at temperatures 
of 290, 77 and 4.2°K and at various magnetic dilutions. Continuous saturation of paramagnetic 
resonance absorption at a frequency of 9375 Mcs was employed. The spin-lattice relaxation 
times T,, determined from the saturation of the lines of various electronic transitions, were 
found to depend on the degree of magnetic dilution. T, varies between 107° —10~® sec for T 
= 77°K and between 107? — 107° sec for T = 4.2°K when the Cr** ion concentration increases 


with respect to that of the Al*+ ions from ~ 5 x 1074 to 6 x 1073. 


For a sample with a large 


magnetic dilution, the magnitude of T; at T = 4.2°K depends on the saturating power, increas- 
ing with increase of the latter. The anomalous character of spin-lattice relaxation in chromium 
corundum is probably connected with energy transfer processes from the spin system to the 
thermostat (liquid helium) such as spin-phonon interaction, including phonon diffusion proc- 
esses and transfer of energy from the lattice to the thermostat. 


1. INTRODUCTION 


lerepes in the study of relaxation processes in 
paramagnets has recently developed in connection 
with the development of masers. Relaxation phe- 
nomena are also of great physical interest in them- 
selves. 

The theory of spin-lattice relaxation developed 
earlier by Kronig and van Vleck was in the main 
confirmed by the experiments on non-resonance 
paramagnetic absorption by Gorter and his collabo- 
rators, and also by some experiments on the satu- 
ration of paramagnetic resonance absorption (see, 
for example, references 1 and 2 and the bibliogra- 
phy contained in them). Recently “anomalous” 
spin-lattice relaxation effects have been observed 
in some paramagnetic crystals at very low temper- 
atures (< AoK), 192 It appeared that the spin-lattice 
relaxation time could not be explained on the basis 
of the Kronig-van Vleck theory. In particular, the 
theory does not explain the temperature and con- 
centration dependence of the relaxation time. 

To explain the observed anomalies, Gorter, 
Townes, Strandberg, Anderson* and others! put 
forward various hypotheses based on the assump- 
tion that the mechanism of transfer of the phonon 
energy to the thermostat (liquid helium) plays an 
important (sometimes dominant) part at low tem- 
peratures. Although some experimental data can 


*Paper delivered by P. Anderson at the Physics Institute, 
Academy of Sciences, U.S.S.R., 1959. 
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be explained qualitatively by this mechanism, we 
should point out that the whole range of data on 
relaxation at low temperatures could not be ex- 
plained on the basis of these hypotheses. At pres- 
ent, no rigorous quantitative theory of spin-lattice 
relaxation has been developed which describes the 
anomalous low temperature effects mentioned. For 
such a theory to be developed it is now very neces- 
sary to collect experimental data on spin-lattice 
relaxation over a wide temperature range, espec- 
cially at low temperatures. 

In the present work we present results of an in- 
vestigation of spin-lattice relaxation of Cr** ions 
in single crystals of corundum (A1,03) by the 
method of continuous saturation. The measure- 
ments were made at a frequency of 9375 Mcs at 
room temperature, liquid nitrogen and liquid he- 
lium temperatures. The effect of saturation of 
different electronic transitions of the “parallel” 
Cr** spectrum (see figure) was studied, i.e., for 
the external steady magnetic field parallel to the 
trigonal axis of the crystalline electric field. 


2. EXPERIMENTAL METHOD 


The single crystal specimens of chromium 
corundum (Al,0O3*Cr,03) had chromium concen- 
trations (expressed as the ratio of the number of 
Cr®* ions to the number of Al** ions, which formed 
the diamagnetic diluent) 2.2 x 107°, 1.5 x 1074, 

5.3 410+ 0.9 xd0-*, 4% 10-*, and. 6.5 x100°, 
and were grown from the melt by the Verneuil 
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Energy levels and paramagnetic resonance spectrum for Cr°* 
in corundum, observed at a frequency of 9375 Mcs for parallel 
orientation of the trigonal axis. The arrows show the electronic 
transitions corresponding to the spectrum observed. 


process. Observation of the effect of saturation 
in the paramagnetic resonance spectrum of Cr 
was made with a superheterodyne radio-spectrom - 
eter, similar to that described by us previously.* 
An automatic tuner and a special resonator with 
variable coupling are used to observe the reso- 
nance lines at low temperatures.° 

The method of measuring the effect of satura- 
tion was the usual one, and consisted of measuring 
the line intensity of the absorption for various mi- 
crowave power levels fed to the resonator. As is 
well known, when saturation occurs, the absorption 
line intensity is given by the relation 


I= Jy] (1 +8). (1) 


where Jy is the intensity in the absence of satura- 
tion and £ is the saturation factor equal to 

2 HiT i Tow, y being the gyromagnetic ratio, Hy, 
the intensity of the microwave magnetic field in 
the resonator, T; the spin-lattice relaxation 
time, T, the spin-spin relaxation time, and w 
the square of the matrix element of the spin op- 
erator for the corresponding electronic transition. 
Two methods were used for determining the satu- 
ration factor. In the first B was determined from 
the ratio of the intensities of the Cr** resonance 
line for different levels of power fed to the reso- 
nator for constant power applied to the mixer of 
the superheterodyne receiver. In the second 
method 8 was determined from the ratio of in- 
tensities of the absorption line to an absorption 
line of a standard, the free radical diphenylpicril- 
hydrazine (DPPH), a specimen of which was in- 
cluded in the resonator with the substance under 


investigation. Our measurements showed that the 
DPPH line is not saturated at microwave power 
levels for which strong saturation of the Cr** line 
in corundum is observed. At T=4.2°K the DPPH 
line is noticeably saturated for a power of about 
30 mw and a loaded-resonator Q of 12 x 10°. The 
saturation factor for the DPPH line was then 0.5. 

The specimens were placed in the resonator in 
pairs to increase the accuracy of the determina- 
tion of the relaxation times for different Cr** con- 
centrations. The symmetry axes of the specimens 
were inclined at a small angle to one another (about 
10°) to prevent coincidence of the absorption lines. 
The saturation factors were measured on the two 
specimens for the same power level, and parallel 
orientations for each was achieved by rotating the 
magnet, thus avoiding detuning of the resonator, 
which usually happens when the specimen is ro- 
tated inside. We checked the linearity of the radio- 
spectrometer for all measurements (i.e., the de- 
pendence of the amplitude of the output signal to 
the oscillator on the power absorbed at resonance). 
Linearity was preserved in all cases, i.e., the ab- 
sorption signal observed on the oscilloscope was 
proportional to the magnitude of the absorption 
coefficient (i.e., the imaginary part of the suscep- 
tibility — y”). 

The relaxation time is determined by the rela- 
tion which follows from (1): 


TT. = 10-7W8 /8y2eQP, (2) 


where v is the frequency (cps) of the microwave 
source, V the volume (cc) of the resonator, Q 
the figure of merit of the loaded resonator, and 

P the power (w) fed to the resonator. 


3. RESULTS AND DISCUSSION 


As can be seen from Eq. (2), the spin-lattice 
relaxation time T, can be calculated if T, is 
known. T, can be derived from the line width if 
this is determined by homogeneous spin-spin in- 
teractions. However, for small Cr** concentra- 
tions the main contribution to the line width comes 
from the interaction of Cr** with Al?" nuclei, 
which leads to an inhomogeneous line broadening. 
As Portis® has shown, a formula different from 
(1) must be used for T,, and T, must be deter- 
mined only from the spin-spin width and not from 
the full line width. However, our investigation 
showed that the saturation effect in the Cr%* line 
in corundum followed (1),* i.e., we must assume 
that the value of Ty, in (1) and (2) is determined 
" *This test was made on specimens 3 and 4 (see Table II) 


at a temperature of 77° K. See below for deviations from equa- 
tion (Datel =4M 2K 
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TABLE I. Relaxation time of Cr** in corundum for a specimen 
with relative concentration Cr: Al = 5.3 x 1074 


- 4 dye 260, sec 

ransition T.° K = 293 | a7 4.2 | asec 

—'p > + 1/5 6.1-10-§ 3.2+10-4 Ae Os | 7 py 
Sines ain 8.4.10-8 4.5-10-4 2.74071 ** 5510-4 
1), > 3/5 6.6-10-° 3.0:10-4 | = 9.9-10-° 


*T, determined for a saturation factor B = 1. 
**T, determined for a saturation factor B = 1.5. 


TABLE II. Relaxation time of Cr**+ in corundum for specimens 
of various chromium concentrations. Electronic 


transition —5 


a sd 


—_—_—_————svss ss $< << 


Specimen Relative T,X2.5,, sec 5 
No. | concentration T,° K == 293 77 4.2 T, x 10", sec 
A 2.2-10-° 5.3-10 — — 9.5 
2 One 5.0-10-8 3.8-10-4 = 8.4 
3 5.3-10-4 6.4-40- 3-2-40-4 teed ke ell 
4 0.9-10-3 4.1-410-6 2.1-10-4 1.6-10-2 6.0 
5 410-8 626-1078 4.5-10-8 z.9 
6 6.5-10-3 — iO Os? Astle | ARS 


*T, determined for a saturation factor B = 1. 


by the full line width. Townes and his co-workers 
found an analogous situation in the effect of satu- 
ration for Cr** in cyanide.” We shall not discuss 
this effect here, although it is of interest in itself 
from the point of view of explaining the mechanism 
of saturation of the paramagnetic resonance line. 
Using the known line width to determine T,,* we 
have in this way applied the experimental data on 
the saturation factors to determine the relaxation 
time of Cr** in corundum. These data are given 
in Tables I and II. 

It can be seen from Table I that the values of 
T, corresponding to all three observed transitions 
of the “parallel” spectrum are not very different 
from one another. We should point out that be- 
cause of the high relative accuracy of the meas- 
urements, the small differences in T,, for differ- 
‘ent transitions at the same temperature, are out- 
side the limits of error. 

The small differences of T, for different tran- 
sitions can be explained by considering the mech- 
anism of saturation and spin-lattice relaxation in 
a system with many energy levels, as occurs for 
Cr** ions (four spin levels, corresponding to the 


*We have used the Lorentz formula for the line to calculate 
T,, 1, = 1/mAv, where Av is the half-width in the absence of 
saturation, although in chromium corundum the lines lie be- 
tween the Lorentz and Gauss shapes.’ However, since the 
values of T, for Lorentz and Gauss lines are little different, 
and the line shape is very little dependent on Cr?* concentra- 
tion,’ we have used Eq. (1) for T,. 


electron spin S = Of ). In experiments on satura- 
tion, the equilibrium distribution of the paramag- 
netic ions among the levels (the Boltzmann distri- 
bution) during the saturation of one transition is 
achieved in the spin-lattice relaxation time Ty, 
which depends on the probability of relaxation 
transitions between all the spin energy levels of 
the given paramagnetic ions. The relaxation can 
be considered to take place via all levels. For 
multi-level systems, the relaxation time T, de- 
rived from experiments on saturation will there- 
fore be an average over the relaxation transitions 
between all levels. It is then clear that although 
the probabilities of relaxation transitions between 
different levels may be very different, the differ- 
ence between the values of T,, determined by 
saturation of the lines of the corresponding tran- 
sitions, may be small, as occurs for Cr** in 
corundum. 

It can be seen from Table I that the tempera- 
ture dependence of T, is slight, indicating that 
even at fairly high temperatures first order proc- 
esses play an appreciable part in spin-lattice re- 
laxation. The strong dependence of T, on Cr* 
concentration is unexpected (see Table II) and 
this dependence is different at different tempera- 
tures. The dependence of T;, on concentration at 
T =4.2°K is considerably greater than at T = 77°K. 
In addition, there is a departure from (1) for the 
effect of saturation at 4.2°K in specimens with 
large magnetic dilution. In specimen 3 (Table II) 
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the value of B/P does not remain constant as B 
changes from 0.5 to 5, but increases by more than 
a factor of two. For the more concentrated speci- 
men 4, the value of B/P does not change as B 
varies from 0.8 to 4.5. 

The experimental results obtained cannot be 
explained by the usual theory of spin-lattice re- 
laxation. One must suppose that energy transfer 
processes from the spin system to the thermostat 
(liquid helium) are important, such as spin-phonon 
interaction, including phonon diffusion processes 
and energy transfer from the lattice to the thermo- 
stat. These anomalous relaxation processes in 
corundum are surprising as it has a high thermal 
conductivity, in contrast to crystals studied earlier 
in which such anomalous relaxation processes are 
found.!+? 

The authors thank A. S. Bebchuk, R. P. Bashuk 
and L. M. Kharitonova for providing the chromium 
corundum single crystal specimens. 
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A hydrogen-filled diffusion cloud chamber in a magnetic field was used to measure the angu- 

lar distribution of 128 and 162-Mev negative pions elastically scattered on protons. The total 
elastic scattering cross sections for these energies are (12.8 + 1.0) x 107?" and (21.4 + 1.2) 
10," cm, respectively. The angular distribution has the form a+b cos 6+ c cos’ 6 with 

the coefficients given in Sec. 5d. At the above energies the real parts of the forward scatter- 
ing amplitudes (in the c.m.s.) in h/myce units are 0.216 + 0.031 and 0.216 + 0.033, respec- 
tively. These values agree with those computed from the dispersion relations with a coupling 


constant f* = 0.08. 


1. INTRODUCTION 


Mac attention has been paid recently to an ex- 
perimental verification of dispersion relations. 
For the scattering of charged pions by protons, the 
dispersion relations were obtained first by Gold- 
berger, Miyazawa and Oehme.' These relations 
connect the real parts of the forward scattering 
amplitudes with the lengths of the S_ scattering 
and the integral over the total cross sections of 
T™’-p and a -p interactions over the entire range 
of energies. In the integration interval 0=w<yp 
a contribution exists from the “bound state,” i.e., 
a contribution from the neutron, as a possible in- 
termediate state of the system in scattering. This 
contribution can be expressed in terms of a renor- 
malization coupling constant f characterizing the 
pseudo-vector interaction. The derivation of the 
dispersion relations is also based on general phys- 
ical principles, such as the principle of micro- 
scopic causality (the requirement that there be 
no signals propagating with a velocity greater than 
that of light) and the hypothesis of charge independ- 
ence of nuclear forces. The correctness of these 
fundamental assumptions can be verified by com- 
parison with the experimental results. It is also 
possible to determine independently the coupling 
constant and the S-scattering lengths. 

A comparison of the dispersion relation with 
experiment, initially performed by Anderson, 
Davidon, and Kruse,’ has shown good agreement. 


*This work was reported upon at the 6th session of the 
Scientific Council of the Joint Institute for Nuclear Research 
(May, 1959) and at the Conference on the Physics of High- 
Energy Particles in Kiev (June, 1959). 
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However, in 1957 Puppi and Stanghellini® called 
attention to the fact that for negative pions one 
observes a discrepancy between the experimental 
and theoretical data. While for positive pions the 
real parts of the forward scattering amplitudes, 
determined experimentally in the energy interval 
up to 400 Mev, were in agreement with those cal- 
culated from the dispersion relations with a coup- 
ling constant f? = 0.09 + 0.01, for negative pions 
in the energy interval up to 200 Mev, better agree- 
ment is obtained if the coupling constant is taken to 
be f% = 0.04. It was shown at the same time by 
Agodi, Cini, and Vitale* that effects dependent on 
the charge, electromagnetic corrections, and the 
contribution due to hyperons and K mesons can- 
not explain the observed discrepancy. On the other 
hand, as is seen from the original work by Puppi 
and Stanghellini,® this discrepancy is based essen- 
tially on the results of one experiment — the meas- 
urements of elastic ma -p scattering by the Car- 
negie Institute group? at a m -meson energy of 150 
and 170 Mev, since the remaining experimental 
data have in this energy region a relatively low 
accuracy. In this connection, the obtaining of new 
experimental data on elastic. m -p scattering in 
the energy range from 100 to 200 Mev, and a com- 
parison of these data with the prediction of the dis- 
persion relations, are of undoubted interest. 

In the present article we report on the meas- 
urement of elastic scattering of negative pions by 
protons with energies 128 and 162 Mev, obtained 
with the aid of a hydrogen diffusion chamber. The 
use of such a procedure has made it possible to 
avoid many specific experimental difficulties, con- 
nected with the use of electronic measurement 
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methods, and made it also possible to operate with 
smaller scattering angles, an important factor in 
the determination of the value of the differential 
scattering cross section at 0° angle. 


2. EXPERIMENTAL CONDITIONS AND APPA- 
RATUS 


Experimental setup. A diagram of the experi- 
mental setup is shown in Fig. 1. A beryllium tar- 
get 3, 40 mm thick, was placed in the internal 
beam 2 (670 Mev) of the synchrocyclotron of the 
Laboratory of Nuclear Problems of the Joint Insti- 
tute for Nuclear Research. The negative pions 
generated in the target (4) were extracted from 
the vacuum chamber 1 by the magnetic field, 


FIG. 1. Diagram of experimental 
setup. 


passed through additional concrete shield 5, and 
were collimated by collimator 6, 3.6 meters long 
with inside diameter 50 mm, built in shielding 
wall 7. The negative-pion beam was then de- 
flected by clearing magnet 8 by 40° and entered 
the diffusion chamber 11, placed inside electro- 
magnet 10. An additional lead collimator 9, with 
a rectangular opening 350 x 50 mm, was placed 
in front of the chamber. The negative-pion beam 
was guided in the usual manner by a flexible cur- 
rent-carrying filament. A total of 90,000 stereo- 
photographs was obtained with the hydrogen cham- 
ber. This material, along with the elastic m -p 
scattering considered in this article, has made it 
possible to observe the 6B decay of negative pions 
(mm — e+ v) and to obtain certain data on the de- 
cays of neutral pions via the schemes 1° 
+ y (reference 7) and i) == 26a et (reference 8). 
Diffusion chamber. The diffusion chamber was 
constructed to operate with light gases at pres- 
sures up to 25 atm (reference 9). A schematic 
diagram of this chamber, placed in a magnet, is 
shown in Fig. 2. The chamber is built of stainless 
steel and comprises a three-part vessel. In the 
lower (principal) part of the chamber the re- 
quired temperature gradient is produced with the 
aid of a system of heaters and a coil carrying cooled 
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FIG. 2. Schematic diagram of the diffusion chamber, lo- 
cated in a solenoid magnet MS-4A. 1— armature of electromag- 
net, 2—coils, 3—diffusion chamber, 4—stereo camera, 5— 
illuminators. 


acetone. In the lower flange of the middle portion 
of the chamber there is a small trough for methyl 
alcohol, which is the working liquid of the cham- 
ber. 
temperature of + 10°C, the temperature distribu- 
tion produced in the sensitive volume of the cham- 
ber is approximately linear with a gradient of 7 
deg/cm. The height of the sensitive layer becomes 
in this case 6 or 7cm. The temperature is con- 
trolled and measured in various portions of the 
chamber with the aid of copper-constantan thermo- 
couples. 

The chamber was illuminated at an angle of 90° 
to the photography axis through side windows, cov- 
ered with plexiglas plates 30 mm thick. These win- 
dows were mounted on the ends of rectangular pro- 
jections 150 mm long, welded to the lower cylin- 
drical portion of the chamber, so that the working 
diameter of the chamber (380 mm) could be in- 
creased to a maximum for the specified opening 
diameter of 460 mm in the upper pole of the magnet. 

The chamber was illuminated by two pulsed 
xenon lamps IFP-500, through which 200 microfarad 
capacitors, charged to 2000 volts, were discharged 
at the instant of flash. The light from each lamp 
was shaped into a parallel beam by two parabolic 
reflectors. 

The photography was by means of astereo camera 
with two “Gelios-37” GOI (State Optical Institute ) 
lenses, of 62 mm focal length; Pankhrom-X 35 mm 
film, with a speed of 1000 GOST units, was used. 
The lens resolution was 50 lines per mm in the 
center of the field of view. The base of the stereo 
camera was 120 mm, and the photographs were 
taken from a distance of approximately 1 mm. The 
necessary depth of the photographed volumes was 
reached at a diaphragm setting of 5.6. 


| 
| 
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At a bottom temperature of —70° and a trough © 
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The operating cycle of the camera usually 
lasted eight seconds. The control of the time 
cycle was by means of an electronic system which 
performed the following principal operations: 

a) turning on the high-frequency voltage on the dee 
of the synchrocyclotron for a fixed number of 
cycles (usually 2—4); b) firing the pulse lamps 
at a delay of 0.2 — 0.3 seconds relative to the par- 
ticle pulse; c) advancing the film; d) turning the 
electric clearing field on and off. The necessary 
time delays between operations were produced by 
monovibrator circuits. The beam intensity was 
maintained by adjusting the number of cycles of 
acceleration in such a way that in each photograph 
approximately 30 negative pion tracks were reg- 
istered. 

Electromagnet. A constant electromagnetic 
field of 9000 gauss was produced in the working 
volume of the chamber by a solenoid magnet of 
type MS-4A,* designed to operate both with de 
and with pulsed excitation. The magnetic field was 
homogeneous within 3.5% along the height of the 
sensitive volume of the chamber and within 2.5% 
along the radius. The magnetization curve and 
the drop in magnetic field along the height and 
radius of the sensitive volume were plotted with 
a magnetometer, operating on the Hall-effect 
principle.t The instrument was calibrated by 
the proton-resonance method. 

Negative-pion beams. The average meson en- 
ergy in the beam and the energy spread were de- 


termined directly by measuring the radii of curva- 


tures of the tracks in the photographs. To reduce 
the track distortion due to convection currents in 
the chamber, the measurements were made on 
films exposed with the ignition of the pulsed lamp 
delayed by approximately half the usual time. The 
energies determined in this manner were (128 + 8) 
and (162 + 10) Mev, where the indicated indetermi- 
nacies represent the half width of the energy dis- 
tribution of the negative pions in the chamber. 
To determine the admixture of ~~ mesons and 
electrons in the beam, and also to monitor the en- 
ergy, absorption curves in copper were plotted by 
means of scintillation counters. The average en- 
ergies of the beam, determined by these two meth- 
ods, agreed with good accuracy. The total impur- 
ity of ~~ mesons and electrons in the beams 
amounted to (16 + 2) %. 


*The solenoid magnet MS-4A is a modification of the MS-4 
magnet. These magnets were developed at the EFA Scientific 
Research Institute by N. S. Strel’tsov, A. V. Ugamm, N. N. 
Indyukov, Yu. P. Semenov, V. I. Sergeeva, and A. G. Studen- 
nikova. 


+The authors are grateful to D. P. Vasilevskaya and Yu. N. 


Denisov for allowing them to use this instrument. 


3. SCANNING OF PHOTOGRAPHS AND DATA 
REDUCTION 


The photographs obtained were scanned with 
stereoscopes. All the films were scanned twice 
by several workers independently. Some of the 
films were scanned a third time with particular 
care, to estimate the effectiveness of the double 
scanning, which was found to be 97%. An investiga- 
tion of the angular distributions of the omitted cases 
has shown that this effectiveness does not depend 
on the specific type of scattering event (scatter- 
ing angle or azimuth angle). 

As a result of a double scanning, 379 scattering 
events were observed at 128 Mev and 1113 cases 
at 162 Mev. The processing of these events was 
carried out by the reprojection method. Both 
frames of the stereoscopic pair were reprojected 
through the same optical system, with which the 
photographs were taken on a screen provided with 
an angle-measuring device. The structure of the 
reprojector is analogous to that described in ref- 
erence 10. For each case of scattering, the fol- 
lowing were measured: a) coordinates of the point 
of interaction (x, y, z) and the coordinates Zq of 
the reference marker on the bottom of the cham- 
ber; b) scattering angles of the meson, 0,7, and 
of the recoil proton 6p, accurate to approxi- 
mately 1°); c) azimuth angle g of the scattering 
plane, accurate to approximately 2° (g =0 cor- 
responds to the case when the scattering plane is 
horizontal); d) range of recoil proton (in those 
cases where this was possible). 

The coordinates x, y, and z were corrected 
for shrinkage of the film, usually amounting to 
5—7%. For each case this correction was deter- 
mined as a ratio of the true distance from the 
bottom of the chamber to the principal point of 
the objective and that measured. The effect of 
film shrinkage on the measurement of angles 0 
and ~ was very small and was neglected. 

Simultaneously with processing the scattering 
event, we measured on the same frame the z co- 
ordinate of the track of the random negative pion. 
A comparison of the distributions over the altitude 
of the sensitive volume, h, of the scattering cases 
with the corresponding distributions of the same 
number of random tracks has shown that there was 
no noticeable omission in the scanning of scatter- 
ing cases, located near the bottom of the chamber 
and near the upper boundary of the sensitive layer 
(Fis, 3). 

-For further analysis we selected the events that 
satisfy the following criteria: 

1. The particle tracks must be coplanar accu- 
rate to 2°, i.e., the angle between any one track 
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and the plane formed by two others must not ex- 
ceed 2°. 

2. The scattering angles of the negative pion 
and of the recoil proton should satisfy the kine- 
matic requirements accurate to 2°; the curvatures 
of the tracks, the ionization density, and the recoil- 
proton range (in those cases when it can be meas- 
ured) should also correspond to the kinematics. 

3. The scattering angle of the negative pions 
should be more than 8° (laboratory system ) 

(10° c.m.s.) i.e., greater than the maximum angle 
in wm -u decay. 

4. The length of each of the three tracks should 
be not less than 5 mm. 

5. The point of interaction should not be located 
in an insensitive region measuring more than 5 
mm or obscured by an accumulation of drops meas- 
uring more than 5 mm. 

6. The point of interaction should be more than 
1 cm away from the chamber walls. 

7. The incoming negative pions should not be de- 
flected from the principal direction of the beam by 
more than 5°. 

8. Cases on frames having any defects and on 
frames with very large intensity were disregarded. 

The foregoing selection rules were satisfied by 
344 scattering events at 128 Mev and 941 events at 
162 Mev. All further results on the angular dis- 
tributions are based on this statistical material. 


4, TOTAL ELASTIC SCATTERING CROSS 
SECTIONS 


The total elastic m -p scattering cross sec- 
‘tions were determined by calculating the total 
length of the negative pion tracks. The calculation 
was made in the rectangular region S, separated 
in the central portion of the chamber (Fig. 4). In 
this region we counted all the scattering events 
satisfying the foregoing selection criteria. The 
coefficients 8, which take into account failures 
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FIG. 4. Region S, sep- 
arated in the chamber 
to calculate the total 
cross section of the 
elastic scattering. 


to register cases whose scattering plane was close 
to vertical, were determined from the distributions 
over the azimuth angle gy, plotted for these cases 
(Fig. &). 
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FIG. 5. Distribution of the scat- pp 
tering events located in region S 
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The total number of tracks in the region S was 
determined by counting the tracks in all frames 
whose number was a multiple of 25; the resultant 
figure was multiplied by 25 and corrected for the 
number of tracks located on the frames at the end 
of each film. The total track length L (cm) is 
given by the formula 


Lei 15336 Toyeos wet; (1) 


where T is the total number of tracks, 15.36 is 
the width of the region S (in centimeters), day 
— the average angle of inclination of tracks rela- 
tive to the edges of the region S (Fig. 4), and 6 

is a coefficient, that takes into account the substi- 
tution of a chord for the length of the are (in our 
case we assumed 6=1). A correction was intro- 
duced in the total track length for broken tracks, 
the lengths of which were measured directly when 
counting the number of tracks. This correction 
does not exceed 4%. The total cross sections 
were determined from the formula 


Sexp = NB / Ln eff (1 —_ q) iE (2) 


where N and L are the number of scattering 
events and the total track length; ness — effective 
number of hydrogen nuclei in one cubic centimeter; 
B is the coefficient that accounts for failure to 
register cases with gy near to 90°; q is the im- 
purity of » mesons and electrons in the beam; 

r is the film scanning efficiency. Table I lists 

the quantities used to calculate the total cross 
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TABLE I. Determination of total elastic-scattering cross sections 


| 128 Mev 162 Mev 
Quantity DO Quantity - | 4,% 
Number N of scattering events in 
the region S 190 ai pe 449 +4.7 
Correction for ¢ inefficiency, 6 lis £2.59 1,10 ede 
Total number of tracks, T 0.9914 - 10 1.446-10° 
Total length of tracks, L 15.3-108 em aif 22,.3-108 cm at 
Effective pressure inthe chamber, peff 22.5 atm 23.0 atm 
Number of nuclei per cubic centimeter, 
Neff, at a pressure Peff 4.22-1071 cm eZ, 1.24-1021 cm= #2 
Admixture of ~~ mesons and electrons 
in beam, q 0,16 +2 0,16 =2 
Scanning efficiency, r 0.97 +4 0.97 +1 
; Total cross section, Jexp 14 2-40-27 cm? ston |) 9.40727 cm? BEY es 
Total cross section of Coulomb scat- 
tering by angles 0 > 8° (Ls.) (heal OQeOUaesee 4.1-10-27 cm? 
Correction for scattering in the angle | 
interval 0 < 8° (1.s.) | 0.24-10-27 cm? 0.35-10-27 cm2 
Total elastic scattering cross sec- | 
tion, ey 12.8-10-27 em? | +8.2 |24.4-10-27 cm? #508 
sections, along with the absolute mean-square 5. ANGULAR DISTRIBUTION OF ELASTIC 
error A (in percent). After subtracting the SCATTERING 
Coulomb corrections from the cross sections 
calculated by formula (2) (the method of calcu- The negative-pion scattering angles were re- 
lating these corrections is given in Sec. 5b) and calculated in the center-of-mass system, and then 
introducing corrections for scattering in the angle all the cases were grouped in eight angle intervals 
interval from 0 to 8° (laboratory system) (Table I), of 20° each from @=10° to @=170° (c.m.s.). 
we obtain the total cross sections of elastic 1~-p The scattering cases obtained in the interval A@ 
scattering for 128 and 162 Mev. As can be seen = 0—10° (one case for 128 Mev and nine cases 
from Table II, the cross sections determined in for 162 Mev) were disregarded (see selection 
the present paper (p.p.) are in good agreement rules, Section 3), owing to the extremely low ef- 
with the other experimental data. ficiency of observation, since the recoil protons 


have a very small range when the mesons are 
scattered by 6@< 10°, and the scattering cases 
could not be distinguished from 7m -u decays. 
In addition, the Coulomb scattering cross section 


TABLE II. Total cross sections of elastic 
@ -p scattering in the energy 
interval 100 — 200 Mev 


| ot ir ama rere is very large in this angle interval. The interval 
E, Mev Gigi7 te cm E, Mev Oe i 2 5 : ; 
Aé@ = 170 — 180° was also disregarded owing to 
ici onl , O= °, was 
ag 6.15+0.22 [1] 163 ere the low efficiency (only one case, 9 = 173°, w 
118 9.642.0 [}2] 165 22.54£1.5 [9] observed although the expected number was 3 to 
1.0 41.3+1.6 [33] 169 24.242,0 [19] 5) 
128 12.841.0(@. p) 170 23.5+1.0 [>] , 
430 12.04) ie eat ""] Columns 1 and 2 of Tables III and IV list the 
Dean 86 23.021. ; 
ie Ns te 1 56 ioe ie angles @ corresponding to the centers of the angle 
152 18.8['4] 210 28.743.1 [?*] intervals, and the number of scattering cases AN 


TABLE III. Differential cross sections of elastic 1m -p 
scattering at 128 Mev 


| do do - 

(c ae ) tok a | aa) exp nee Ee (a). has 
20 61 1.22+0.06 | 3.63+40.50 2.01+0,54 
40° 78 1.14+0.05 2,.31+0.28 220028 
60° 44 1,08+0,02 0.91+0.14 0.85+0,14 
80° 37 1.084+0.02 (1.00+0.08)x0.68+0.14 (14.00+0.08)x0.66+0.114 

100° 33 1.08+0.02 0.60+0.10 0.6040. 10 
420° 3a) 4.08+0.02 0.69+0.12 0.700.412 
140° 34 1,08+0.06 0.95+40.17 0,98+0.17 
160° 23 4.254+0,10 4.40+0.31 4.43+0.31 
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TABLE IV. Differential cross sections of elastic m -p 
scattering at 162 Mev 


i 


do 2 do_ 2? cm? 
(ens AN a (3) , 40=77em?/sr Gale 10-2? cm?/sr 
20° 139 1.20+0.04 4.76+0.43 3.60+0.46 
40° 175 1.02+0.01 Aa thie). 721 2,00+0.24 
60° 159 1.09=0.01 1.€6+0.16 4.91+0.16 
80° 6 4,09+0.01 (1.0040. eons 040.11 (1.00+0.06)x1.02+0.11 
100° 86 1,09+0.01 0.93+0.10 0.92+0.10 
205 102 1.09+0.01 1.26+0.12 4.2640. 12 
140° 124 1.12+0.03 2,11+0.20 2.1320.20 
1605 60 1.20+0.06 2.06+0.28 2.09+40.28 


in each interval. To obtain the differential cross 
sections from these data, it is necessary to take 
into account the failure to register cases with ~ 
close to 90°, Coulomb corrections, and correc- 
tions for averaging over the angle interval A@. 


a. Corrections for g Ineffectiveness 


The scattering cases, whose planes were close 
to vertical (g ~ 90°) are more likely to be 
omitted in the scanning than cases located in 
planes close to horizontal. Here obviously the 
effectiveness should be lower for small and for 
very large scattering angles 6. Figures 6 and 7 


i O= 30-15 
Z 
a 
j 

se 3 60 9 we 3 60 90 
i u45-185° A O=135-150" 
wn st . FIG. 6. Azimuthal distribu- 
P tion of SOON events at 128 
HM yo 1 9 Mev for different angular inter- 

15+ 6=150-180° vals A@. 
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show the distributions of the scattering cases by 
azimuth angle g for different angular intervals 
Aé. The registration effectiveness obtained from 
these distributions for events in the interval A@ 
= 45 —135° amounts to 92 —93%, and drops to 

80 — 83% for the angular intervals A@ = 10 —30° 
and A@ =150—170°. The coefficients @, which 
take into account the g ineffectiveness, are 
listed in column 3 of Tables III and IV. 


b. Coulomb Corrections 


The Coulomb corrections were calculated using 
relativistic Coulomb-scattering amplitudes, ob- 
tained by Solmitz.'% The differential scattering 
cross section due to Coulomb interaction can be 
written in the form 


ds , (3) , 3) 
— = @Q@ “4 — +1 @ Oeste 
(a oe 7 Sin 5 2 S1n 5) Sint 4 Sin 


where @ is the scattering angle in the c.m.s. The 
first term in (3) is the cross section of the pure 
Coulomb scattering, and the remaining terms are 
due to interference between the Coulomb and nu- 
clear scatterings. The coefficients @ are calcu- 
lated from the following formulas 
@, = A?(B+C)?, 
@, = 4A* D?— 4A°C(B4+C)+A(B+C)(E+F), 
@; = 4A” (C? — D*) — 2AC(E + F) 

— 2AF(B-+-C) —4ADG, 
O, = 4A (CF + DG), (4) 
where 
A=¢/2pc(Bx +B), B=1++6.8,— 


C = Ba Bp + | Bp (2p—1), 


D= = Up BrBp + = Bp (2up 


F= oa k-* (2sin 2a, + sin 2a, + 4 sin 2013 + 2sin Qa36),, 


—1), E=< e+ (2 sin 2a, + sin 2a), 


G = +k (2sin 2a,, + sin 2033 — 2 sin 2e,, —sin Qo) Oo). 


SCATTERING OF 128- AND 162-Mev NEGATIVE PIONS BY PROTONS 


In these formulas p = hk is the momentum in the 
c.m.s., Br and fp are the velocities of the nega- 
tive pion and the proton in the c.m.s., Mp is the 
magnetic moment of the proton in nuclear magne- 
tons. We give below the values of the coefficients 

® (in 107° cm?/sr) for negative pion energies of 
128 and 162 Mev, calculated from the foregoing for- 
mulas, and use for the calculation of E, F, and G 
the meson-nucleon interaction phases obtained by 
Chiu and Lomon:?° 


104 D, 10? d, 10? d, 10? D, 
E = 128 Mev 2.18 3,64 —9.33 3.21 
E = 162 Mev 1.54 2.07 —7.26 DSS 


The integration of (3) from 10° to 180° yields the 
corrections to the total elastic-scattering cross 
sections (see Table I) 

180° 
SCoultint= 27 \ (3 


10° 


) _ sin Od6 

Coul tint 

fe nab cm? for 128 Mev, 
1.1-10-27cm? for162 Mev. 


To obtain the differential cross sections of pure 
nuclear scattering from the experimentally - 
obtained values (do )exp; we calculated the cross 
sections 
d 
(ds) couttint = 27 \ (S 
Ae 


) sin 68, 
Coul tint 


in which the errors were determined by varying 
the phase shifts that enter into (5) over reason- 
able limits. 


ec. Correction for the Averaging Over the Angular 
Interval A@ 


Since the midpoint of the interval @ is assigned 
a cross section value which is averaged over the 
finite angular interval A6, the true value of the 
eross section for the angle 6 will differ from the 
average one by an amount 


d(#) = —} (A8)? [ds (9) /dQy’, (6) 


where [do(@)/dQ]” is the second derivative of 
the differential cross section. As a first approxi- 
mation we calculated d(:0) from the expressions 
do (@)/dQ =a’ + b’ cos 6+’ cos’ @, obtained by 
the least-squares method from the experimental 
differential cross sections, corrected for Coulomb 
scattering. Then 


d (0) = = (A0)* 6’ cos 0 + 2c’cos 28). (7) 
The maximum error as calculated by formula (7) 
did not exceed 2.5%. 
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d. Differential Cross Section of Elastic Scattering 


The differential cross sections (do/d2 )exp 
(columns 4, Tables III and IV) were obtained from 
the angular distributions dN/dQ by normalization 
to the total cross section Sexp (Table I), with al- 
lowance for the coefficients @. Columns 5 of 
Tables III and IV list the differential cross sections 
of elastic a -p scattering, due to purely-nuclear 
interaction. They were obtained by subtracting 
from (do/d® )exp the Coulomb-scattering cross 
sections and by introducing corrections for aver- 
aging over the angle intervals. These errors are 
mean-square errors, due principally to statistical 
errors and to small indeterminacies due to intro- 
duction of corrections. The general factor in front 
of the cross sections is the error in the normalized 
total cross section. 

Through the experimentally obtained cross sec- 
tions (do/dQ)nuc, the curves of the form do/dQ 
=a+bcos 6+ c cos* 6 were drawn by the method 
of least squares. We give below the values of the 
coefficients a, b, and ec (in 107%" em?/sr ), and 
also the quantity M = Dy (e; /Aoj)* which is the 


sum of the squares of aie deviations ¢€j; of the 
calculated cross sections from the experimental 
points, expressed in units of experimental errors 
Aoj, and the number of degrees of freedom M, 
=n-—m (n — number of experimental points, 

m — number of parameters of the curve). The 
fact that M is close to M, indicates good agree- 
ment between the drawn curves and the experimen- 
tal cross sections 


a=0.55+0.07 

E = 128 Mev b=0.8420-12} <(1.00£0.08); M=5.8; M,=5; 
c=1, 3020.24 
a=0.93+0.07 

E —162 Mev b=0.5150. 2p <(1.0040.06); M=5.2; M)=5 
C= 228 R22 


The error matrices 10+ Gi, calculated by the 
method given in the paper by Klepikov and Soko- 


lov,” have the following form 


128 Mev 162 Mev 
58), ae) —=3,fo0 —118,45 49.78 0.76 —101.65 
404.0, adodson 86.48 0.9% 140,28 39535 
—66,3% 28.6% 593.87 --64,.8% 14.9% 494.60 


The errors in the coefficients a, b, and c 
are the square roots of the diagonal elements of 
the matrices. The non-diagonal elements are the 
products of the corresponding standard deviations, 
multiplied by the correlation coefficient. In one 
half of the matrices, the non-diagonal elements 
are replaced by the correlation coefficients be- 
tween a, b, and ¢ (in percent). 
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The curves obtained, together with the experi- 
mental points, are shown in Fig. 8. They agree 
with the angular distributions of elastic m™ -p 
scattering, measured by Ashkin et al.° at 150 and 
170 Mey, and also with the results of Kruse and 
Arnold at negative-pion energies of 130 and 
152 Mev. 


27 ie 
10 x ycom?/sr 


FIG. 8. Angular 
distributions of elas- 
tic 7~-p scattering at 
128 and 162 Mev. 
Curves a and b are 
found by the least- 
squares method with 
allowance for S and P 

| waves only. 
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e. Determination of the Real Part of the Forward 
Scattering Amplitude 


The differential forward-scattering cross sec- 
tions do(0)/d2 =a+b+c for 128 and 162 Mev 
are respectively equal to (220 + 0.32) x 10~*" and 
(3.73 + 0.32) x 1072" cem?/sr. These errors take 
into account, in addition to the mean squared devi- 
ations of the coefficients a, b, and c, the cor- 
relation between the coefficients (non-diagonal 
elements of the error matrices). The magnitude 
of the real part of the forward-scattering ampli- 
tude Ref(0,w) can be readily obtained from the 
optical theorem 


Im f (0, @) == ks; / 4x, (8) 


where o; is the total cross section of m -p inter- 
action. Then 


k? - 


“d ; 

DL = Ref (0, 0) = VY (0) — peaor. (9) 
The values of o; were taken from the curve of the 
energy dependence of the total cross sections, ob- 
tained by Klepikov, Meshcheryakov, and Sokolov” 
by analyzing all the experimental data on the total 
cross sections of m*-p and 7m -p interactions 
over a wide range of energies. 

3, (128Mev) = (39.7+1.0)-10°2? em?, 

cs, (162 Mev) — (63.3 + 1.0)- 1072? em?. 


Then the real parts of the forward-scattering am- 


Yue Ac “BUDAGOWVGe tral 


plitude in the center-of-mass system (in units of 
fi/m,,c), are 
D®_ (128 Mev) = 0.261 + 0.031, 


D? (162 Mev) = 0.216 + 0.038. 


The great relative error in DP (162 Mev) is due 
to the fact that the formula for the error D con- 
tains D in the denominator, and therefore when 
resonance is approached, as D—0, the relative 
error increases without limit. 


6. DISCUSSION 


During the performance of this experiment, 
several theoretical papers appeared??~ 31 in which 
possible causes of the discrepancy observed by 
Puppi and Stanghellini are discussed. Zaidi and 
Lomon”’ have shown that the value of DP depends 
greatly on the course of the curve of total cross 
sections of m -p interaction near resonance. A 
detailed analysis of the errors that arise when the 
dispersions relations are applied to m-p scatter- 
ing was carried out by Hamilton” and by Schnitzer 
and Salzman.”® The latter have shown that by using 
the energy dependence obtained by Anderson*® for 
the total cross sections, it is possible to reduce 
the discrepancy between the experimental and 
theoretical values of DP by a factor of approxi- 
mately 2. In addition, allowance for the normali- 
zation factor in the differential cross sections and 
for the correlation between the coefficients a, b, 
and c leads to an increase in the errors in the 
experimental values of DP at 150 and 170 Mev, by 
a factor of approximately 2, compared with the er- 
rors indicated by Puppi and Stanghellini. In spite 
of this, a slight discrepancy still remains, and to 
explain it it is necessary to obtain more precise 
experimental data on the total cross section near 
resonance and to obtain new values of DP,28-30 

Most recently, Klepikov, Meshcheryakov, and 
Sokolov” have calculated the curve DP (w) for 
f* = 0.08, using new data on the total cross sec- 
tions over a wide range of energies, including 
measured values of o¢(m -p), accurate to 2 —3%, 
obtained by Zinov, Konin, Korenchenko, and Ponte- 
corvo*’ in the pion energy range 160 — 330 Mev. 
Figure 9 shows the curve by Klepikov et al. drawn 
with a solid line, while the dotted line represents 
the curve of Schnitzer and Salzman?® for f? = 0.08. 
The solid bullets denote the values of D? obtained 
in the present investigation. In addition, the figure 
shows recent results by Barnes et al. (41.5 Mev),*4 
Edwards et al. (98 Mev),!! and Kruse and Arnold 
(130 and 152 Mev), !4 and also the values of DP at 
150 and 170 Mev,? the errors of which were recal- 
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FIG. 9. Dependence of the real part of the forward scatter- 
ing amplitude, D> on the energy (@ —total negative-pion ener- 
gy, T —kinetic energy). Solid curve — by Klepikov et al.” 


(f? = 0.08), dotted curve — by Schnitzer and Salzman” (f = 0.08). 


culated by Schnitzer and Salzman.”® As can be seen 
from Fig. 9, the results of our experiments and the 
data of all the later experimental investigations of 
elastic m-p scattering in the energy range up to 
resonance agree quite satisfactorily with the new 
theoretical curve, calculated with a coupling con- 
stant f? = 0.08. 

Thus, one can assume at present that the ex- 
perimental data on elastic scattering of negative 
pions by protons also agrees with the dispersion 
relations at f* = 0.08, as was already established 
earlier for the scattering of positive pions. 

The authors express their gratitude to L. I. 
Lapidus, S. N. Sokolov, V. A. Meshcheryakov for 
useful discussions, to L. I. Krasnoslobodtseva, 


T. S. Sazhneva, and Yu. L. Saikina forhelp in scanning 


the photographs, and to A. A. Andrianova and G. D. 
Malysheva for calculating the error matrices. 
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By simultaneous investigation of 7 -meson production in pd and pp collisions, information 
is obtained on the magnitudes of the total cross sections and angular distributions for the 

pn — pnr? reaction in the energy region from threshold up to 665 Mev. Comparison of these 
cross sections with those of other reactions shows that the condition imposed on the relation 
between the total cross sections of various meson productions by the isotopic invariance hy- 
pothesis is fulfilled (to within 10 per cent) in the investigated energy region. Production of 
m™ mesons in a state with isotopic spin T = 1 is almost twice as intense as that in states with 
T = 0. The angular distribution of 7’ mesons produced in nucleon-nucleon collisions at an 
energy of about 650 Mev was found to be approximately isotropic, in contrast to 

the distribution of charged 1* mesons which is essentially anisotropic.'® This difference 
contradicts the hypothesis of isotopic invariance. 


1. INTRODUCTION 


‘Tae investigation of the reaction of production of 
neutral m+ mesons in pn collisions is of consider- 
able interest at the present time in connection with 
the possibility of explaining by this means the role 
of transitions with isotopic spin T=0 in processes 
of inelastic nucleon collisions. In addition, compar- 
ison of the magnitudes of the reaction cross sections 
mentioned with the cross sections of production of 
qm mesons in other previously studied reactions per- 
mits one to establish the degree of validity of the 
hypothesis of charge invariance of nuclear forces. 
Although the second of the two reactions for the 
production of n> mesons in nucleon collisions 


0.0 — pp, (1) 
pin 


bs (2) 


is the more intense, its investigation has encoun- 
tered significantly greater difficulties than in the 
case of reaction (1). The reaction (2) remains at 
the present time one of the least studied among 
processes of the type “nucleon + nucleon — 7 
meson.” This reaction can be studied by two 
means: by bombardment of a hydrogen nucleus by 
neutrons, !~? and by experimental comparison of 
the reaction cross sections of 

p--d-—>7°-++ nucleons (3) 


with the cross sections of reaction (1).4~’ In the 
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first case, difficulties both of a methodological 
character (low intensity of neutron beams, etc) 
and in principle (large width of the neutron- | 
energy spectrum?) arise. In the second case, 

the measurements are methodologically simpler 

but the interpretation of the experimental data is 

made much more difficult by reason of the motion 

of the nucleons in the nucleus of deuterium (which 

is equivalent to the problem of a broad neutron 
spectrum in the first case) and by reason of other 
effects brought about by the coupling of nucleons 

even in the presence of an extra nucleon in the final 
state of the reaction (3) in comparison with the re- 
actions (2). 

For a study of the reaction (2), we chose the 
second of the two possibilities pointed out above. 
Joint investigation of reactions (3) and (1) was 
carried out under identical experimental condi- 
tions over a wide range of energies. Measurements 
of the cross section were carried out both above and 
below the threshold of production of + mesons in 
the collision of free nucleons (280 Mev) with the 
aim of establishing the momentum distribution of 
the nucleons in the deuteron without which interpre- 
tation of the results of measurement in the region 
adjoining the threshold would be impossible. Chief 
interest in the work was devoted to the study of the 
angular distribution of 7° mesons. This charac- 
teristic of reaction (2) was studied less: previously, 
at energies 400 and 590 Mev, the angular distribu- 
tion was measured’>"? for the second reaction chan-: 
nel (where the deuteron is produced in a final 
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TABLE I 
ee Se ee 
E, Mev 6° << opn>>=" pd“ pp’ % Ong" % dof 4/42, 40-27 cm?/sr 
16 20.724-0 ye eetl 3, PO, 810) 
20 20.5245 pana aedl ers) 3.41+0.30 
33 19,4=0.7 34.5+0.9 2,620.16 
45 20.441.3 34.9024 37 2.20+£0.25 
665 60 16.4=0.7 29.1+0.9 1.34=0.08 
75 19°44 0 S10 esd gas AAT ORO 
96 13.9=4 0 2 ieee) 0.89+0.06 
120 1631.3 XO ysl A 0,66=0.05 
135 15.5=1.4 24,721.7 0,56+0.04 
145 WA eel A 2320s el 0.52+0.04 
160 GR 2320 Zone = om 0.54+0.07 
16 ie eat le 34.4=1.6 2.37£0.20 
34 22. Ved 4 315 =16 1,96=0.13 
560 60 16,.7=0.9 24,2241.2 0.70=0.06 
80 AG Ont 24.4+0.9 0.47+0.03 
130 Ae laz0E9 Donal, 0.31+0.02 
150 1OROE=ANO: DS Sheesh os 0,33+40.03 
16 Plea (0) 26.6=1.4 0.96+0.09 
oe) Olea) 26.4214 0,79£0.06 
485 60 16.0+1.0 DAN ayaa} 0.41+0.04 
90 13.6=0.8 ‘Ney Aleeal atl 0.2320.02 
130 Gro =4e4 20.5+1.6 0.19+0.02 
150 I) Deel oe 233, Yael) 0.1920.02 


state) and the total angular distribution for both 
channels of the reaction was determined with low 
accuracy at an energy of 660 Mev.® 


2. METHOD OF MEASUREMENT 


The general setup and the method of measure- 
ment employed in the current research is similar 
to that described in our previous article.!! Infor- 
mation on the angular distributions of 7’ mesons 
and on the magnitudes of the total cross sections 
for the reaction (2) were obtained by measurement 
of the yield of gamma quanta from the decay of “i 
mesons produced in targets upon transmission 
through them of a beam of protons. The experi- 
ments were completed on the external unpolarized 
proton beam of the sixty meter proton synchrotron 
of the Joint Institute for Nuclear Research. A y 
telescope with a low energy threshold was used 
for recording the y quanta; this telescope con- 


tained scintillation counters and a Cerenkov counter. 


As targets, we used heavy and light water, poured 
in thin-walled containers, and also plates of light 
graphite and polyethylene (CH,)y. Determination 
of the y-quantum yield from these targets per- 
mitted us to find the values of the relation of the 
differential cross sections for the deuteron and 
hydrogen: 

og = (do%, [ dQ) | (dex, | dQ) 


and the differential cross sections for the deuteron 
(cross sections for hydrogen were measured ear- 
lier!!), For the determination of the values of opq 
in the region of low proton energies, the data! ob- 


tained with a liquid hydrogen target were also used. 


3. DIFFERENTIAL AND TOTAL CROSS SEC- 
TIONS FOR THE REACTION p+d— n° 
+ nucleons 


The angular dependences of the relative cross 
section Opd and the differential cross section of 
the reaction (3) were measured in detail at proton 
energies E = 665, 560 and 485 Mev* (see Table I). 

Here @ is the angle of emission of the y pho- . 
tons in the laboratory system of coordinates (l.s.). 
For other proton energies, the ratios Opd and the 
differential cross sections for hydrogen were 
measured either at the “isotropic” angles (see, 
for example, Table II), or at angles around 60 and 
120° in the 1.s., which permitted us to determine 
the magnitudes of the total cross sections without 
making assumptions on the character of the angular 
distribution of the 7’ mesons.'!*8 The values of 
the total cross sections on for the reaction (3) 
thus found are given in Table III. In the determi- 
nation of the cross section at the point E = 175 
Mev, the extrapolated value is opq = (10 + 4) per 
cent. 

In the energy region 580 — 660 Mev, the relative 
cross sections Opd found in the present work dif- 
fer somewhat from those found earlier.® The rea- 
son for this discrepancy is evidently a local heat- 
ing of the poor heat conducting target of LiD in 
irradiating it in the external beam of the acceler- 
ator, which produces a systematic error in the 
calorimetric method of determination of proton 
flux employed in reference 6. Heating of the tar- 


*E —effective energy of the beam, determined with account 
of the energy loss in the target and of the dispersion of the 
beam.*? 
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4 
TABLE Il. 3=55"* | 
E, Mev Ka D 70 Fg. % LE, Mev << pn?» % Spd’ % | 
2 
665 19.4=0.7 34,5=0.9 370 AGpoesties sib gays les) 1 
645 21.0+1.4 Ply eet ao) 330 a oye Sh ee?) Lon tede | 
610 19544 2 30°8=1.3 290 10.021.8 10.021.8 | 
560 22.41+1.4 oul ase! AUG} 230 9.4+2.0 9.442.0 | 
485 PA eed ees VoL) 26) 4247 4 PN) 13+4 1324 | 
440 18.9+1.0 Pll Orie, 175 (extrap.) 10+4 10+4 | 
Seek ae 
*§ = angle of flight of y photons in the center of mass system of the colliding 
nucleons. | 
TABLE III 
E, Mev ona 10-27 cm? ony tel. units E, Mev ony 10-27 cm? ond? rel. units | 
al 
665 7.9+0.4 1.00 489 2.35+0.18 0.30+0.02 
652 600 0.96=0.06 440, dUguay feet Oe abe) 0.19+0,01 
645 8.0+0.9 4.01+0.04 AS ASO N22: — 
630 7,640.4 0.96=0.03 400 1.0+0.4 0.13+0.01 
620 7.0+£0.6 0.89+0.06 370 0.68+0.08 0.086+0.008 
610 6.8=0.4 0.86=0.04 340** 0.59+6.15 — 
597 6.12025 0,77=0.05 330 0,38+0.06 0.04820 .007 
590 9,0+0.4 OM d= 0208 290 0.19=0.04 0.024+0.005 
560 4,.45+0.30 0.56+0.02 250 0.08+0.02 0.010+0.002 
520 Salis OEZ 0.39=0,02 215 0.06+0.02 0.008=0,002 
508 Pass ja 572 0.37=0.02 17d5¢extrap.)| 0.025=0.010 0.003+0.001 


*According to the data of Stallwood et al.’ 
** According to the data of Hales and Moyer* and reference 11. 


get decreases rapidly with decrease in the working 
radius of the target and the error should then dis- 
appear. Actually, at energies below 580 Mev, the 
values of opq obtained in the present work and 

in reference 6 agree within the limits of error of 
measurement (equal to 20 per cent in reference 6). 


4. TOTAL CROSS SECTIONS OF THE REACTION 
(2) 


A comparison of the cross sections obtained 
for the reaction p+ d— 7’ with the cross sec- 
tions of the reaction p+ p— nm obtained earlier! 
permits us in principle to determine the cross 
section of the reaction (2) of interest to us, after 
calculation of the effects of the binding of the nu- 
cleons in the deuteron. The binding of the nucleons 
changes the values of the cross sections, as a re- 
sult of which the cross section for the deuteron is 
not equal to the sum of the cross sections for the 
proton and the neutron. In the energy region under 
consideration, which is located not far from the 
threshold of the reaction of meson production, the 
change in the values of the cross sections because 
of the motion of the nucleon in the deuteron is fun- 
damental because of the effect brought about by 
the coupling of the nucleons. In researches pre- 
viously completed,***>* the effect of the coupling 
was not taken into consideration. The cross sec- 


1 


tion for the neutron was found by simple subtrac- 
tion “D—H,” which is valid only at a rough first 
approximation. Use of a similar approximation 

in these researches was quite correct, since the 
experiments were carried out in the high-energy 
region where the corrections which take into ac- 
count the effect of binding were commensurate 
with the errors of determination of the cross sec- 
tion, which amounted to about 15 — 30 per cent in 
the researches mentioned. In order to make prog- 
ress in the region of low energies, and also to de- 
crease the crudeness of the determination of the 
cross section for high energies, it is necessary, 
if only approximately, to take into account the 
coupling of the nucleons. For the solution of this 
problem, it is necessary to know the momentum 
distribution of the nucleons in the deuteron. 

In the energy region around and below threshold, 
the energy dependence of the cross sections of the 
reaction which takes place on the nucleons of the 
deuteron, and in particular the reaction (3), is en- 
tirely determined by the character of the momen- 
tum distribution of the nucleons, especially by the 
shape of its high momentum “tail.” With decrease 
in the energy of the emitted proton, a more signifi- 
cant role is played in the reaction by the nucleons 
of a deuteron possessing high momenta at the mo- 
ment of collision, whiie the contribution from the | 
low energy part of the momentum distribution 
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quickly disappears. For this reason, the investi- 
gation of the energy dependence of the cross sec- 
tion of reaction (3) in the region around threshold 
is a sufficiently sensitive method of studying the 
shape of the momentum distribution (and espe- 
cially of its “tail”). The momentum distribution 
for the deuteron was found by this method in ref- _ 
erence 14 from the data of Table III of the present 
work. It was shown to be close to the function cal- 
culated by Salpeter and Goldstein.!® Knowing the 
momentum distribution, we can establish the mag- 
nitudes of the cross sections of reaction (2) by 
starting out from the data on the cross sections 

of reactions (3) and (1):'4 


= 


oon = ond / kg, 


‘< ae {Opn (4) 


The functions Sp and Spp» which characterize 
the change in the values of the cross sections be- 
cause of intranuclear motion, and the coefficient 
k, which takes into account all other effects, are 
connected with the presence of a “spare” nucleon, 
computed in reference 14. By making use of these 
and the data of Table III, we obtain the total cross 
sections of the reaction (2) (Table IV). 


TABLE IV 
E, Mev eh. 40-27em? Da rel. units Tm 
665 6.3+0.4 4.00 4.90 
652 6.4025 0.97=0.06 1.86 
645 (eae= (OAS) 4.03+0.04 1.84 
630 6.1=0.4 0.97=0,,03 1.79 
620 DOOko 0.89=0.06 176 
610 ay ae O74 0.87=0.04 {13 
597 4.9+0,4 0.79=0.06 1.69 
090 4.6+0,3 0.75+0.03 1.66 
060, ona =O) 20 0.54=0.02 1.56 
020 Legal ee) 0.35+£0.,02 WerAs 
o08 ZO22- (0) di 0.32=0.02 1.38 
489 4 Wests feak Oras [ep 0.250=0.015 1.30 
440 0,95+0.10 0.191=0.010 eZ 
400 0.56+0,06 0 ,.089=0.007 0.95 
370 0.34+0.04 0.065=0.007 | 0.81 
330 0,15=0.03 0.033=0.006 0.59 
290 0.011=0,003 | 0,0020=0.0005] 0.25 


*Here 7 is the maximum momentum 
of the 7° mesons in the center of mass 
system, in units of the meson mass m,c. 


5. ANGULAR DISTRIBUTIONS OF y QUANTA 


The angular distributions of y quanta from 
decay of mn” mesons produced in reaction (3) were 


measured by us in the energy region 400 — 665 Mev. 
For these energies, the effect of coupling of nucle- 


ons in the deuteron on the angular distribution was 
still small and could be simply taken into account 


by means of the introduction of an effective center- 


of-mass system whose velocity in the laboratory 


coordinates, Bc, differs slightly from the velocity 
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of the center-of-mass system for the case of a 
collision with a nucleon at rest. The quantity Be 
was determined by integration over p, of the 
velocity of the center of mass of the emerging 
proton and nucleon, moving in the deuteron with 
momentum p,, with account of the Salpeter- 
Goldstein momentum distribution and the energy 
dependence of the cross section (these calcula- 
tions are similar to those carried out in reference 
14). The angular distribution of 7’ mesons in the 
effective center-of-mass system introduced in such 
fashion practically coincides with the angular dis- 
tribution (in the center-of-mass system) of T 
mesons produced by collision of free nucleons. 
The measured angular distribution of y quanta 
produced in pd collisions at energy 665 Mev is 
shown in Fig. 1. As is seen from the drawing, the 


_ oti 
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FIG. 1. Angular distribution in the effective center-of-mass 
system of y quanta from the decay of 7° mesons produced in 
pd collisions at an energy of 665 Mev. The dashed curve was 
obtained by the method of least squares with account of a 
small correction for screening.*'’ 


distribution ia (3) is slightly asymmetric rela- 
tive to 90°, while the angular distributions for re- 
actions (2) and (1) should be symmetric if the hy- 
pothesis of isotopic invariance is valid. The asym- 
metry arises by virtue of the absorption of the 7 
meson at the emission of a proton. In such a sim- 
ple and “porous” nucleus as the deuteron, the ab- 
sorption must be small and the asymmetry of the 
angular distribution is not large. Actually, the 
contribution of the term proportional to cos # in 
the distribution thd (3) (Fig. 1) amounts to 5 per 
cent at most. This small correction can be suffi- 
ciently accurately taken into account (in view of 
its smallness) on the basis of a simpler model of 
a homogeneous nucleus with account of experimen- 
tal data on the absorption of a mesons and nucle- 
ons in nuclear material. In the case of a compli- 
cated nucleus (carbon), where the absorption is 
large and the contribution of the asymmetric term 
to the angular distribution amounts to 30 per cent, 
the dependence of the coefficient k on the angle 
computed in such a fashion is in poor agreement 
with experimental datas. >! 

The angular distribution fon +pp (3) obtained 
from the distribution iq (3) after introduction 
in it of a computed correction to the absorption 
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is well described by the polynomial 
Fintpp (8) ~ 1/5 +- (0.07 + 0,02) cos? 9. 


By computing from it the distribution found for 
the reaction (1) in reference 11, one can obtain 
the angular distribution of y quanta in the reac- 
tion (2), fin (3), for E = 665 Mev. This distri- 
bution is approximated by the polynomial 


fin (3) ~ V5 + (0.08 + 0.02) cos? . 


The distribution fin(?) was shown to be symmet- 
ric relative to 90°. If it is approximated by a poly- 
nomial, which in addition to the zero and second 
order terms also contains an asymmetric term 
proportional to cos #, then the latter is shown 

to be insignificant: (0.01 + 0.01) cos J. The cor- 
rection to the total cross section is also small and 
of a much higher power of the cosine than the sec- 
ond. From this it follows (see reference 11) that, 
in the energy region up to 660 Mev, the distribu- 
tion of y quanta in the reaction (2) has the form 


mm (3) — 1/3 aie by cos? >. 


The quantities by obtained for different proton 
energies are shown in Table V. 
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D. PROKOSHKIN 
6. DISCUSSION OF RESULTS 


Total cross sections and the hypothesis of iso- 
topic invariance. A well known consequence of the 


hypothesis of isotopic invariance is the relation 
connecting the total cross sections of formation 
of neutral and charged a mesons in nucleon- 
nucleon collisions: 


(Ga eioe (5) 


Making use of the values of the total cross sections 
of the reaction (2) found in the present work and of 
the cross sections of other reactions studied ear- 
lier, !!,18-22 one can verify the feasibility of Eq. (5) 
in the wide energy range from threshold to 665 

Mev. As is seen from Fig. 2, this ratio is actually 
close to unity in the energy region under discussion. 


+ 0%) 


/ 700 | eeerreoN ee 
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TABLE V ” 00 £00 $00 £00 700° 
, FIG. 2. Ratio of the total cross sections for production of 
E, Mev Y E, Mev b, ; ri 
charged and neutral 7 mesons at different proton energies: 
: | : e@— according to the data of the present work and references 
es 0.08=0.02 | 908 | 0.16=0.06 11, 18-22; O—according to the data of Batson et al.,”° 
30 | 0.11=0.05 | 485 | 0.48+0.05 : 
590 | 0.10=0.04| 440 | 0.13=0.05 E = 970 Mev. 
560 | 0.1820.05 | 400 | 0.12=0.06 
9 Hie o\=4 ° 
520 | 0.14=0.05 For energies ~ 600 Mev, where the total cross sec- 
TABLE VI 
E, Mev oy, 10727 em? Oy), 10-2? cm? 64, 10-2? em? 6), 10-2? cm? oy, 10-2? cm? 
660 17241 10,.920.5 3.220.417 5d a3 88 47.1+0.6 
645 2.641.4 10.2£0.5 2.9340.17 782373 16.0+0.6 
630 3,120.9 Oat Oe 5 2.74£0.16 9.32227 14,5£0.6 
620 DTA 8.520,5 2.55+0.17 8,123.3 13.540.6 
610 2.920.9 S005 2.2540.44 See DRY 12.5+0.6 
597 2.30.9 TbEO® 4.9620.14 6.9£2.7 11.5+0.6 
SOON ert pea reg 7.320.5 1.840.412 5.62.4 11.020.6 
560 0.920.6 6.020.4 1.24+0.08 PES 8,440.5 
520 J) Oars 4,540.4 0.7540.06-—4| 013753 6.1+0.4 
485 | 0.44.8 3,440.3. |. 0.2520,03>qiOvsie 4,240.3 
440 | 0.140-4 2732022 0,2020. 024) 14 0s8ny 4 2,720.2 
400 | 0.149-9 12202 0:09#0:02/5 290587152 1.4+0.2 
0.22+0.08* 0.65=0.25* 
S10 tie Oe 0.8+0.2 0.0420:04-, 10, 30S 0.8+0.2 
330 = 0.3320.04 | 0.014=0.006 a 0.3520.04 
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tions were measured with the least error, Eq. (5) 
is satisfied with an accuracy to within 8 — 10 per 
cent. Of the quantities entering into this equation, 
the least studied is the cross section San experi- 
mental information on which has been obtained only 


at two energies (400 (reference 20) and 590 Mey"'), 


For other values of the energy, the values of Oost 
used in Fig. 2 were found by means of an approxi- 
mation”? of the energy dependence of the cross 
section oon by the power function nf)45. The 
errors connected with the use of a similar approxi- 
mation cannot be large, since the contribution of 
the cross section Opin to Eq. (5) is comparatively 
small in the energy region under consideration. 

In the region of higher energies, the ratio (5) was 
recently measured at E = 970 Mev.”? The cross 
section ohn at this energy was shown to be unex- 
pectedly large, which led to a value of the ratio 

(5) differing somewhat from unity (Fig. 2). 

Making use of the cross section obtained for the 
reaction (2), it is possible to determine the value 
of the partial cross section’ o9, (which corre- 
sponds to the transition Ty =0 — Tn=1; TN 
is the isotopic spin of the nucleons ) 

Soi 2ar + om == ope (6) 


at different energies (Table VI). The cross sec- 
tion 09; can also be obtained from the relation 


Sor == cr, — cee (7) 
The values of oy; marked in the table by an as- 
terisk were found by the latter method. Along 
with the partial cross sections, values of the 
cross sections of production of 7 mesons in 
nucleon-nucleon collisions are given in Table VI 
for total isotopic spin T=1 and 0: oj = Bin 
+ on and do = 3094. 

Comparison of the magnitudes of the cross sec- 
tions given in Table VI shows that in the energy re- 
gion from threshold up to 665 Mev, o, is approxi- 
mately double oy (Fig. 3). Better agreement. with 
experimental data is obtained if, following Rosen- 
feld,?2 we assume that 0); Changes with the en- 
ergy as tn: 

G91 = 0.3 4f,- 1072? em’. (8) 

The total cross sections of the reaction (2) found 
in the present work are close to the cross sections 
computed on the basis of the resonance phenomeno- 
logical theory of Mandelstam”4 (Fig. 4). At ener- 
gies E > 660 Mev, the increase of this cross sec- 
tion slowed down, in agreement with the theory of 
Mandelstam. 

The angular distributions of mesons and the 


hypothesis of isotopic invariance. The angular dis- 
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FIG. 3. Ratio of the cross section of production of 7 mesons 
by nucleons in states with isotopic spin T=0 and T =1: 
e—obtained from the relation (6) from the data of the present 
work and references 11, 18, 19, and 22; 0 —obtained from the 
relation (7) from the data of references 11, 20, and 21; O—ob- 
tained by starting out from the total cross sections.** The 
curve corresponds to the dependence (8). 
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FIG. 4. Total cross sections of the reaction pn > pn7®: 
e—data of the present work; 0 —data of reference 2; O—data 
of reference 3. The solid curve was computed on the basis of 
the resonant theory of Mandelstam, the dashed curve takes into 
account the non-resonant transition (8) in the state with T = 0. 
The arrow indicates the reaction threshold. 


tributions of 7° mesons in the reaction (2), £Bn(s), 
can be established according to the measured angu- 
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lar distributions of the y quanta.!! In the energy 
region from threshold up to 665 Mev, the function 
fin (3) as also the function fin (*) has the form 


fo, (0) tg be c0s? O 


The values obtained for b, are given in 
Table VII. 

As is seen from this table, the isotropy of the 
angular distribution of the 7 mesons in reaction 
(2) increases along with increase in the energy of 
the emitted proton. This result agrees qualita- 
tively (Fig. 5) with the predictions of the Mandel- 
stam theory (private communication). The agree- 
ment with the theory is complete if, in addition to 
resonant transitions, we also take into account the 
non-resonant transition (8) from the state with 
T =0, for which the isotropic angular distribu- 
tion is characteristic.!!>?! 


b=1f(t+8, 0) 
0 


400 500 600 700 


FIG. 5. Angular distributions of 7° mesons produced from 
pn collisions. The quantity 6 is the fraction of 7° mesons dis- 
tributed isotropically. The curve 1 was computed by Mandel- 
stam on the basis of his resonance theory; curves 2 and 3 
were computed with account of the non-resonant transition (8) 
under the assumption of an isotropic and ~cos? @ distribution, 
respectively. 


If the hypothesis of isotopic invariance is valid, 
then the total angular distributions of neutral and 
charged ma mesons produced in nucleonic collisions 
must be the same [i.e., ren) = fpp+pn(?) 1. 
Since these angular distributions are accurately 
described for energies ~ 650 Mev by a polyno- 
mial of the type ve + by cos? wv, then the latter 
confirmation is equivalent to the equation 


bx = Og (9) 


Here bzo and bz, are the sums of the coefficient 
by; normalized over the cross sections in angular 
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The angular distribution of the mn’ mesons for en- ‘| 


ergies ~ 650 Mev are close to isotropic: b70 

= (0.16 + 0.04 for E = 665 Mev according to the 
data of the present research and reference 11. At 
these energies, the distribution of charged 7 
mesons produced in pn collisions is quite iso- 
tropic.?! In contrast, the charged m-meson dis- 
tribution produced in pp collisions is quite aniso- 
tropic: b7z+ = 0.61 + 0.09 according to the data of 
Neganov and Savchenko.!® The difference between 
the value of the ratio b,9/b,4+ and the units char- 
acterizing the degree of violation of isotopic in- 
variance is shown to be significant here: 


bnofbns =,0.38-+ Ol I. 


The difference shown between the angular dis- 
tribution of neutral and charged m mesons is to- 
day perhaps the only violation of the hypothesis of 
isotopic invariance.”® However, it should be noted 
that this difference is still not conclusively es- 
tablished experimentally. One must regard the 
value of the ratio b,o (bee given above as a tenta- 
tive one. On the other hand, the angular distribu- 
tion of * mesons can be shown to be more iso- 
tropic, as was observed in the recent experiments 
of Meshkovskil, Shalamov, and Shebanov.”° How- 
ever, the angular distribution of neutral mesons 
in the reaction (2) can differ somewhat from that 
given in the present research, inasmuch as inter- 
ference is possible between the nucleonic state in 
the deuteron which leads to a change in the distri- 
bution of 7° mesons in comparison to that which 
is the case for collisions of a proton with free nu- 
cleons. In this connection, accurate experimental 
data on the angular distributions of charged 1 
mesons and the completion of researches on the 
angular distribution of 7° mesons formed in free 
pn collisions are both necessary. 

The reaction pn — 7+ + nucleons. Making use 
of the values of the cross sections of reaction (2) 
obtained in the present research and the cross 
sections of production of + mesons in pp colli- 
sions, !>18>19,22 Gne can determine the cross sec- 
tions of the reaction pn— 7+ over a wide energy 
range on the basis of Eq. (5). This is of consider- 
able interest, inasmuch as direct studies of the 
reaction pn— 7+ entail great experimental diffi- 


distributions of neutral and charged a mesons. culties. The values found for the total cross sec- 
TABLE VII 
| 
E, Mev bro E, Mev | Ox E, Mev Dxx0 E, Mev bx0 
f 7 

665 | 0.1720.04 | 569 eee 508 | 0.64:0.23 400 | 0.9+1-3 
630 | 0.26£0.12 | ©. 0.4820.22 | 485 | 0.85+0.30 ah 
590 | 0.25+0.10 | °° 440 | 0, 7479-48 


| 


—0,34 


CE tpn, pnw 


tions oR (or, what amounts to the same thing, 
Opn) are given in Fig. 6. As is seen from the 
drawing, the energy dependence of the cross sec- 


tion ofn is well described by the function 


a, == (1.70.4) Were: (10) 
Gn) em? FIG. 6. Total 
50 cross sections of the 


reaction pn > nnzt 


Jo found under the as- 
20 sumption of the va- 
lidity of the hypoth- 

10 | esis of isotopic in- 
ma variance: ®—accord- 
Gi ing to the data of the 
Gor present work and 

ae references 11, 18, 19, 
; 22; @—are the results 
Q2 


of direct measure- 
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Cascade y transitions induced in cesium nuclei by thermal neutron capture were studied. 
The scheme of low energy Cs'*4 levels of excitation energies up to 320 kev is discussed. 


INTRODUCTION 


A large number of odd-odd nuclei are known; how- 
ever, the excited states of most of them have been 
little studied. Also, theoretical ideas on the struc- 
ture of the energy levels of such nuclei have not 
been developed, which is evidently connected both 
with the difficulty of the problem and with the lack 
of experimental material. At the same time, the 
character of the energy states of odd-odd nuclei 

can give additional information on the interaction 

of the odd proton with an odd neutron,! and also of 


these nucleons withthe even-even core of the nucleus. 


In the present work, the low-lying excited states 
of the odd-odd nucleus Cs!‘ (55 protons, 79 neu- 
trons) are studied. 

Almost all odd-odd nuclei are radioactive. The 
energy states of similar nuclei can be studied in 
nuclear reactions and also by investigating the y 
radiation emitted by nuclei in neutron capture.” 
The soft y radiation emitted by nuclei in the ra- 
diative capture of thermal neutrons has been stud- 
ied by us previously.3*4 Here the position of the 
energy levels and their quantum characteristics 
were determined non-uniquely. More complete 
data can be obtained by measurement of cascade 
y quanta, as has been shown by a number of au- 
thors.*»°» In the present work, cascade y radi- 
ation of radiative neutron capture has also been 
investigated. 

For measurement of cascade y quanta, use 
is made of a luminescence coincidence spectrom- 
eter. The method of the work and the subsequent 
results are described below; these results make 
it possible to establish the system of the low ex- 
cited levels of Cs!¥4, 


APPARATUS AND METHOD OF MEASUREMENTS 


The block diagram of the luminescence coinci- 
dence spectrometer developed by one of the au- 
thors’ is shown in Fig. 1. The spectrometer con- 
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FIG. 1. Block diagram of the luminescence coincidence 
spectrometer: M—target, Amp— amplifier, A— amplitude ana- 
lyzer, C—coincidence circuit, BP — bandpass filter, AA — 20- 


channel amplitude analyzer. 


sists of the control and main channels. In the con- 
trol channel, the pulses entering from the lumines- 
cence counter [FEU-11 with Nal(T1) crystal], 
are fed after amplitude selection to the coincidence 
circuit which controls the bandpass filter. Pulses 
in the main channel [FEU-13 with NaI(Tl) crys- 
tal] are directed by the bandpass filter to the 
multi-channel amplitude analyzer. The spectrom- 
eter makes it possible to measure the spectrum of 
pulses that are coincident in time with the chosen 
energy interval (the resolving time of the coinci- 
dence selector was 8 x 107° sec ). For measure- 
ment of the spectrum of random coincidences, a 
delay was introduced for the pulses in the main 
channel. 

The target of CsF (a disk of diameter 20 mm 
and mass 0.25 g) was placed in the beam of neu- 
trons emerging from the shield of the heavy-water 
reactor of the U.S.S.R. Academy of Sciences. The 
luminescence counters in the shield of lead and 
B,C were located in a plane perpendicular to the 
beam of neutrons. In the absence of the target, 
the number of coincidences was negligibly small 
in comparison with the number of coincidences in 
the presence of the target. With the CsF target, 
the total number of coincidences amounted to 
20 — 60 pulses/sec for an intensity of light in the 
channels of 2 —5 x 10‘ pulses/sec. Approximately 
half the total number of coincidences were random. - 
The spectrum of the random coincidences was 
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FIG. 2. Pulse spectra in the control channel for the 
following radiations: a— unfiltered and passed through 
2 mm lead (curves 1 and 2, respectively) , b— absorbed 
in 2 mm lead; the spectra of the coincidence pulses with 
the region 120 kev for control of the pulses; c— unfil- 
tered and passed through 2 mm lead, curves 1 and 2 re- 
spectively, and d—absorbed in 2 mm lead. I, II, II, IV rv 
correspond to separate series of measurements. The ex- 
posure for measurement of the spectrum in c amounted 
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similar to the spectrum of the pulses in the chan- 
nels. Each measurement of the spectrum of the 
total number of coincidences was accompanied by 
measurement of the spectrum of the random coin- 
cidences. The desired spectrum of true coinci- 
dences was obtained by finding the difference of 
these two successively measured spectra. In what 
follows only the spectra of the pure coincidences 
will be discussed. 

Gamma radiation which takes place in the beam 
along with the neutrons can in the scattering pro- 
duce noise readings in the counter. In experiments 
with a single crystal luminescence spectrometer? 
for consideration of this effect, the beam of neu- 
trons at the exit of the neutron collimator was in- 
tercepted by a thin layer of B,C. In the measure- 
ment of coincidences, this layer lowers the num- 
ber of coincidences up to several per cent of the 
number of coincidences with an uninterrupted 
beam. In the experiments described, this correc- 
tion was neglected. 

The method of measurement is illustrated by 
the curves of Fig. 2. Curve 1 in Fig. 2a demon- 
strates the characteristic spectrum of pulses in 
a control channel produced by y radiation of a 
CsF target. The peaks of the soft y lines appear 
on a sizable “base” of Compton distribution of the 
harder y lines. As was shown earlier? [by means 
of measurement with lead filters in the collimator 
of the y rays (curve 2 in Fig. 2a)], one can sepa- 
rate the spectrum of the soft y radiation. The 
curve of Fig. 2b shows the y-ray spectrum ab- 
sorbed in a lead filter of thickness 2mm. The 
corresponding spectra of coincidences, obtained 
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in one of the experiments, are shown by the curves 
of Fig. 2c and 2d. In these measurements, coinci- 
dences with light peaks of y rays of energies 120 
kev were neglected (the gap in the control channel 
is shown by the shaded region in Fig. 2a). Curve 1 
of Fig. 2c was obtained in measurements without 
the filter. Curve 2 of the same drawing, which 
takes into account coincidences with the “base,” 
was measured with a lead filter in the y-ray 
collimator of the control channel. The difference 
of curves 1 and 2 in Fig. 2c, obtained in successive 
measurements, gives the coincidence spectrum 
(Fig. 2d) with soft y radiation absorbed in a lead 
filter of 2 mm (see Fig. 2b). 

The resulting coincidence spectra of the type 
shown in Fig. 2d will be discussed in the paper. 
In certain cases, control experiments were car- 
ried out with a lead filter in the y-ray collimator, 
placed in front of a luminescence counter of the 
base channel; this served to make more accurate 
measurements of the low-intensity y lines. These 
controls of measurement made it possible to re- 
duce the noise in the coincidence spectra of the 


given type. 


ISOMERIC TRANSITION OF Cs34™ 


A peak appears in coincidence spectra, along 
with the peaks from the y lines whose energy 
(31 + 2) kev is equal to the energy of the x radi- 
ation of the Cs atom. This radiation is explained 
principally by internal conversion of y quanta in 
the K shell of the atom, and in part by the photo- 
effect of y quanta in self-absorption in the target. 


550 


For a thin target of CsF employed in the work, 
the effect of self-absorption was taken into account; 
it was not large. By comparison of the area of the 
peak from the x radiation with the area of the 
light peak, the coefficient of internal conversion 
of y rays aK inthe K shell of the atom was 
determined. In this case, corrections®4 were in- 
troduced for the effectiveness of the luminescence 
counter for y rays (€), absorption of radiation 
on the path to the crystal of NaI(T1), (k), and in- 
side the target (x). The experimentally measured 
values of a,x were compared with the theoretical? 
for determination of the multipolarity of the corre- 
sponding radiative transition. 

With a view toward testing the accuracy of 
the determination of aK in the introduction of 
the listed corrections, a control experiment was 
carried out with Cs4™ (Ty. = 3.1 hours), the 
radiation of which was studied in researches of 
other authors.’ In the experiments under consid- 
eration, the isomer was obtained in a sufficiently 
long exposure of the working target of CsF bya 
neutron beam. The spectrum from the induced 
activity was measured after turning off the beam 
with the same target and with the same geometry 
as for the measurement of the y-ray (n, y) re- 
action. The coincidence spectrometer was used 
in these experiments as a single crystal lumines- 
cence spectrometer. A y-ray peak with energy 
127 kev and a peak with energy 31 kev-(x radia- 
tion of Cs) were observed in the spectrum. Com- 
parison of the areas of these two peaks made it 
possible to determine the value of the coefficient 
of internal conversion of the y rays of an iso- 
meric transition in the K shell of the atom, ax 
= 2.8 + 0.3, which is in excellent agreement with 
the value obtained in the research of Sunyar, Mi- 
helich and Goldhaber,? and with the theoretical 
value Qtheor = 2-82 for the E3 transition.® 


y RADIATION OF RADIATIVE NEUTRON CAP- 
TURE IN Cs 


In the investigation of cascade y transitions 
that arise in the radiative capture of neutrons in 
Cs, four series of experiments were carried out 
(I, Il, III, and IV in Fig. 2b) which differ in en- 
ergy intervals isolated in the control channel. 
These experiments were supplemented by meas- 
urements with a single crystal spectrometer. As 
a result, the previous data‘ on energies and inten- 
sities of the y quanta of the reaction Cs'38 (n, y) 
Cs'*4 were made more precise, a number of new 
y lines were revealed, and the coincidences be- 
tween them were tested. A summary of the data 
is given in Table I. 


Ae SU MELIORANSKTiseteans 


TABLE I 
Num- Number of y 
ber | Energy, quanta per Appeared in 
of y kev ee coincidences 
lines trapped, 
E per cent 
——_ —Se— '—+™..T | 
rn She2 30=8 Ob. GUE AAY 
%1 63=2 Oe 1GEOY 
vo (ess Cad 50) I, does not con- 
tradict I and II 
13 12023 12S ioe 
an 138=4 De Ill, V, does not 
contradict I 
a3 {8424 9+2 V 
16 195—-260) 3=2 I 
7 215=4 7x2 V 
Xs 2084 Deen| V 
of:) 310=5 4=1 V 


In the supplementary experiment, a crystal of 
Nal(Tl) 4 cm thick was inserted in the lumines- 
cence counter of the control channel. Pulses cor- 
responding to y quanta with energies close to the ' 
binding energy of the last neutron in the Ca *antis 
cleus, equal to Ep = 6.8 Mev (width of the gap 2 
Mev) were selected. The y lines observed in 
these experiments are listed in the last column 
of Table I by the symbol V. All the radiative tran- 
sitions appearing in the measurement of coinci- 
dences have a lifetime of less than 4 x 107° sec, 
which is demonstrated by an estimate of the life- 
time according to the method of lagging coinci- 
dences. Thus, the y transitions under consider- 
ation are of the El, M1, and E2 type. The M2 
transitions or those of higher multipolarity would 
have a much longer lifetime. 

In the series of experiments IV, the coincidence 
spectrum with light peaks from 258-kev y quanta 
was measured. No coincidences of these y lines 
with any other soft y quanta were observed. 

In series III, coincidences in the region of the 
peak from y quanta with energy 184 kev were 
selected (see Feg. 2b). After introducing cor- 
rections in the spectrum of coincidences, peaks 
from two low intensity lines with energies of 75 
and 138 kev and x radiation, whose intensity nx 
was approximately three times the intensity of the 
y quanta with energy 138 kev, were observed. As 
has already been noted, introduction of transitions 
of higher multipolarity contradicts the estimates 
of the lifetimes. For an explanation of the ob- 
served intensity ny, it is necessary to take into 
account the conversion of the two previously men- 
tioned y lines in the K shell of the atom. In this 
case, the intensity of y quanta with energies 75 
kev is shown to be ~ 1.5 per cent for a single 
trapped neutron, which does not contradict the 
estimates of the intensity obtained in other re- 
searches. The transition with energy 75 kev can 
be E2 or a mixture Mi+E2. In the chosen scheme: 
of transitions, preference is given to the latter. 
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In the series of experiments II, the spectrum 
was measured of coincidences with y quanta of 
energies 120 kev. The results of one of these ex- 
periments are shown in Fig. 2d. Sharp peaks were 
discovered of x radiation, and a peak of y quanta 
with energy 63 kev. Peaks from low intensity y 
lines with energies 75 and 138 kev were also ob- 
served. Moreover, in the energy region 195 — 260 
kev, unresolved y lines appeared with a total in- 
tensity (3 + 2) per cent per single trapped neutron. 
The intensity of the x radiation nx relative to 
the number of 63-kev y quanta, ngs, was 
found to be equal to ny /ng3 = 4.9 + 0.6. The co- 
efficient of internal conversion of the 63-kev y 
quanta was obtained with allowance for the possible 
conversion of the low-intensity y lines appearing 
in the measurements. The corrected value of ax 
is shown in Table II, as is also the experimental 
value. Comparison with theoretical values of ax 
leads to the conclusion that the 63-kev, transition 
is electric quadrupole. 

In series I, the spectrum of coincidences with 
the 63-kev y line was measured. The result of 
one of these measurements is shown in Fig. 3. 
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FIG. 3. Spectrum of coincidence pulses with 63-kev y line. 


Peaks from 120-kev y quanta and a peak of x 
radiation are seen. The relative intensity of x 
radiation is nx /nj) = 0.81 + 0.20. The coefficient 
of internal conversion of the 120-kev y quanta in 
the K shell of the atom can be obtained here by in- 
troducing corrections for the possible conversion of 
the 75- and 138-kev y quanta. This correction 
reduces the accuracy of the determination of ax 
(120 kev). As is seen from Table II, an unam- 
biguous choice between the transitions of type M1 
and E2 cannot be made. In the most probable 
scheme of transitions, the 120-kev y quanta are 
regarded as dipole. 


DISCUSSION OF THE LEVEL SCHEME 


A proposed scheme of excited levels of the 
Cs!24 nucleus and the transition between them is 
shown in Fig. 4. In the construction of the scheme, 
consideration has been given to the coincidences 
which appeared in the research and to the antico- 
incidences of the separate y transitions (see 


FIG. 4. Scheme of nuclear 
levels of Cs?**, 


Table I). The values of the energy and the inten- 
sity of the transitions, lifetimes, spin, and parity 
of the levels (both those known previously and 
those assumed on the basis of the experimental 
data of the present research) are also taken into 
account. In addition to the levels whose existence 
has been established in this research, the levels 
10.5 and 137 kev, known from the decay of the iso- 
meric state Gg 84m: were also included in the 
scheme. The numbers of the y transitions in 
Fig. 4 correspond to the numbers of the y lines 
of Table I. The total probabilities of radiative 
transitions, including the intensity of the y tran- 
sition and the internal conversion in the K and L 
shells of the atom, are shown at the breaks of the 
arrows in the scheme. The accuracy of these data 
is defined by the accuracy of measurement of the 
intensities of the y lines (Table I). 

The most intense cascade, 63 — 120 kev, is fun- 
damental in the construction of the scheme. It fol- 
lows from intensity considerations that the 120-kev 
transition dominates the 63-kev transition. The 
large value of the absolute intensity of the latter 
suggests that it is located close to the ground state. 
The hypothesis that it terminates on the 10.5-kev 
level leads to worse agreement between the ener- 
gies of cascade and direct transitions. In this case 
difficulties also arise in the choice of possible spin 
of the level from which the 63-kev transitions takes 
place. 

The 63 --120 kev cascade is not divided into in- 
termediate levels, since there is a direct 184-kev 
transition, found in anticoincidences with the cas- 
cade in question. On the basis of coincidence 
measurements, levels are introduced in the scheme 
the energies of which, 258 or 320 kev, are equal, 
respectively, to the sums of the energies of 184- 
and 75-kev, or 184- and 138-kev y lines. 
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In regard to direct transitions with energies of 
258 and 310 kev, there is not sufficient convincing 
evidence that they terminate on the ground and first 
excited states, respectively. Furthermore, the 
doublet of these y lines (transitions from corre- 
sponding levels can also lead to the ground and to 
the first excited levels) does not contradict the 
experimental result. 


TABLE II 


Energy of the 


5 2 
transition, kev | 63 | 120 


Theory M t | DESD 0.46 
B2 | 4.47 0.685 
Experiment eo ONGual ON6220e25 


In the proposed scheme, the characteristics of 
the 63-kev level are determined by the multipolar- 
ity of the transition found experimentally (Table II) 
with account of the characteristics of the isomeric 
and ground states. The characteristics of the 184- 
kev 3* level make it possible to explain the com- 
parable intensities of transitions from it, if it is 
assumed that these transitions are magnetic dipole 
in nature. 

The moment of the level with excitation energy 
258 kev is selected from the same considerations, 
although less uniquely. The positive parity of this 
level follows from the fact that the 75-kev transi- 
tion does not change the parity. The presence of 
concurrent transitions from the 320-kev level and 
consideration of their intensities makes it possible 
to assume the most appropriate characteristics of 
this level (3* or 47). 

Measurements of the hard y quanta of the re- 
action Cs}33 (n, y) Cs!4, carried out ina recently 
published work,!° confirm the existence in Cs!*4 of 
levels with energies 184 and 320 kev. In addition, 
transitions from the initial state to the level with 
energy 63 kev were not found. Therefore, the state 
which is realized in the capture of a thermal neu- 
tron probably has the characteristics of 4*, not 37. 

As is seen from the scheme of transitions, 
55CS73, has many excited levels around the ground 
state; this is characteristic for odd-odd nuclei. We 
shall attempt to explain these levels by comparison 
with the levels of neighboring even-odd and odd- 
even nuclei. The configuration (g7/2, d3/.) corre- 
sponds to the ground state of Cs!*4, where the 
shells of the last proton and neutron are indicated. 
The angular momentum and parity of the ground 
state 4* do not contradict the weak rule of Nord- 
heim! for the addition of total momenta of the odd 
neutron and proton. The configuration (S7/2> A372) 
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assumes states with characteristics 5*, 4*, 3”, 
and 2*. The level with excitation energy 10.5 kev 
was previously assigned to this configuration.’ 
The level with excitation energy 63 kev also prob- 
ably refers to it. Here we meet up with the multi- 
plet structure of nuclear levels.!! However, the 
probability of transition of type E2 from the 63- 
kev level is more than 200 times greater than the 
probability of a single particle transition. 

Like the isomeric levels of the neighboring 
odd-even nuclei, the isomeric level of Csis4m 
(137 kev) is interpreted as the first excited level 
of the neutron. The isomeric level is ascribed to 
the configuration (dz/2, hy1/.). However, the en- 
ergy of this level differs markedly from the energy 
of the isomeric transitions in the neighboring even- 
odd nuclei with the number of neutrons N=79 the 
same as in the Cs!*4 nucleus (232 kev — kenny 
268 kev — 5.B'*°). Probably the interaction is that 
of odd nuclei. 

The energy of the first excited level of the odd 
proton in the state ds/. in odd-even isotopes of 
Cs is equal to 82 kev (Cs'8%) and 250 kev (Cs!*). 
In this region of excitation energies, one can ex- 
pect the appearance of a multiplet structure corre- 
sponding to the configuration (d5/2, d3/.) with char- 
acteristics 4*, 3*, 2*, and 1*. It is possible that 
the levels of Cs'*4 with excitation energies 184 and 
258 kev refer to this configuration. Unfortunately, 
there are no theoretical values with which one could 
compare the splitting of the levels of the nuclear 
multiplet. 

In conclusion the authors thank their co-workers 
operating the physical reactor for their assistance 
in the research. 
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Gamma radiation with energy above 2mc” from Ce 
ternal pair-conversion positron spectrum of decaying La 
= 1596, 2330, and 2525 kev have been determined by com- 


ties of y quanta with energies E 


40 was investigated by measuring the in- 


+40" The multipolarities and intensi- 


parison with the corresponding K -shell electron-conversion lines. It is shown that for tran- 
sitions involving energies above 2mc? such a method of determining y-quantum character - 


istics has certain advantages. 


An investigation of y quanta of energy greater 
than 1 Mev, which accompany the transition of nu- 
clei from the excited state to the ground state, en- 
tails many difficulties. The principal method of 
investigating low-energy y rays, by means of the 
internal-conversion electrons, has little effective- 
ness at energies > 1 Mev, since the internal con- 
version becomes very small and in addition de- 
pends weakly on the multipolarity of the transition. 
Gamma rays with energy Ey > 2mc* can also be 
investigated by internal conversion with production 
of electron-positron pairs, but the probability of 
this process is relatively low. Consequently, y 
radiation from nuclei was investigated by means 
of the internal pair-conversion process only ina 
few cases.! 

In the present work we investigated the hard y 
radiation from Ce‘? by simultaneously measuring 
the spectrum of the pair-conversion positrons and 
the corresponding K -shell conversion lines. This 
method has several advantages. Thus, for example, 
in determining the multipolarity of the y radiation 
by the absolute value of the conversion coefficient 
one must have not only the conversion spectrum but 
also data on the y-ray intensity. On the other 
hand, when determining the multipolarity by the 
ratio of the internal pair coefficient (Fp) and the 
electron conversion on.the K shell (ax), no data 
on the y-ray intensity are necessary, and both the 
spectra of the positron pair conversion and of the 
electron conversion can be obtained with the same 
instrument. Furthermore, as seen from Table I, 
the ratio of the coefficients of pair conversion to 
electron conversion depends more strongly on the 
multipolarity than on the absolute values of these 
coefficients. Thus, for example, for Cel! at Ey 
= 5mc? the conversion coefficients from the K 
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shell, for M1 and E2 radiations, differ by 10%, 
whereas the ratio Ip /ax differs in this case by 
50%. 

The spectrometer used for the measurements 
has been described earlier.”*? The La? sources 
were obtained by bombarding lanthanum oxide, de- 
posited on an aluminum foil 5, thick, with thermal 
neutrons. The source density was 1—2 mg/cm’, 
the source dimensions 25 x 10 mm. The spectrom- 
eter resolution A(Hp)/Hp was 1.5%. 
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Positron spectrum of internal conversion of Ce!*°; a,b,c,d,— 
partial positron spectra, due to internal pair conversion of trans- 
itions with respective energies 1597, 1902, 2527, and 2332 kev. 


The spectrum of the internal-conversion posi- 
trons is shown in the diagram. As can be seen, 
the positron spectrum is complex. Many steep 
drops, observed in the spectrum, are due to the 
presence of corresponding energy transitions for 
the Ce'° nucleus. The transition energies, ac- 
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cording to our data, are 1597, 1902, 2332, and 
2527 kev. These values are in good agreement 
with those obtained by others.* The partial spec- 
tra (see diagram) were separated by the value 

of the steep drop in the summary positron spec- 
trum. It was assumed here that the energy dis- 
tribution of the internal pair-conversion positrons 
for Ce!" (Zz = 58) differs little from the distribu- 
tion for Z = 84. 


As already noted, the multipolarity of the y rays 
_ was determined from the ratio Tp /aK. The calcu- 


lated and the experimental values of [p/oK are 
listed in Table I. The values of ax were calcu- 
lated from the Sliv and Band tables.? The I'p/aK 
ratios listed in Table I are given for two values 
of Tp (for Z=0 and Z = 84), since calculations 
are available at present only for these values of 
zZ.° The experimental ratio of the coefficients of 
pair conversion and electron conversion was de- 
termined from the ratio of the areas of the corre- 
sponding partial positron spectra and the conver- 
sion K lines. Since the internal-conversion elec- 
tron spectrum was measured only partially, data 
on the weakest conversion lines were taken from 
the work of Dzhelepov, Prikhodtseva, and Khol’- 


nov.‘ 


TABLE II. Data on y radiation from Ce 


As can be seen from Table I, y quanta with 
energy 1597 and 2332 kev have multipolarity of 
type E2, while the y quantum of energy 2527 kev 
is of type M1. Knowing the multipolarity of y 
quanta from the ratio I'p /QK, one can determine 
the values of Tp. 

Since the intensities of the partial positron 
spectra are known, then, by knowing Ip; one 
can determine the intensity of the y quanta. 
These data are listed in Table II. The same table 
gives the results of references 4 and 7. As seen 
from the table, our data on the energy, multipolar- 
ity, and intensities of the y rays are in good 
agreement with those of Dzhelepov et al. 

It was established recently* that the 1902-kev 
transition is a 0—0O transition. Our results con- 
firm this. The experimentally obtained value of 
the ratio of the conversion probabilities on the K 
shell and with pair production was WK /Wp =160-0% 
At the same time, calculation by the Thomas for- 
mula® gives for this case a value close to the ex- 
perimental, WK /Wp = 7.6. 


1k. Siegbahn, Beta- and Gamma-Ray Spectro- 
scopy, North Holland, Amsterdam, 1955. 
2D. L. Kaminskii and M. G. Kaganskii, [Ipupoppi 
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Our data Data of Dzhelepov et al.*’” 
Relative Be r ; Relative 
rae Multipolarity| 1% lp jateasity ae Multipolarity Intensity 
1597 18 4.45 100 1597 EZ 100 
2332 Be iw) 0.9 | 2343 Mi BZ 0.78 
2527 M1 One 5.0 2025 M1 Sail 
2900 Ono 2910 E2, M1 0.08 
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The effect of a large angular momentum on the emission of nucleons by an excited nucleus is 
determined in the independent particle model. The mean characteristics of neutron emission 
as a function of temperature and angular momentum are calculated. An estimate is made of 
the mean excitation energy which remains after the emission of the nucleons and which is car- 


ried off by the y quanta. 


ik recent times experiments have begun to be per- 
formed in which heavy ions are used as bombarding 
particles.!~3 The compound nucleus formed in these 
reactions usually has a relatively high excitation 
energy and a large angular momentum. The exist- 
ence of a large moment of inertia has a great effect 
on the physics of the decay processes of the com- 
pound nucleus and, in particular, on the emission 

of nucleons. 

We shall assume that the compound nucleus 
formed in the reaction is in thermodynamic equi- 
librium, which is in fact the condition for the exist- 
tence of a compound nucleus. Then the excitation 
energy of the nucleus, E, can be written as 


E=E(T) + Erot Erot= j? h? / 21, 

where E(T) is the thermal energy, E;,; is the 
energy of rotation, j is the angular momentum, 
I is the moment of inertia of the nucleus, and T 
=V10E(T)/A_ is the temperature of the nucleus 
of mass A. 

Generally speaking, the nuclear moment of in- 
ertia is not equal to the moment of inertia of a 
rigid body and depends on the formation of pairs 
on the Fermi surface.*® However, even for rela- 
tively small thermal excitation these pairs are 
destroyed, and consequently the nuclear moment 
of inertia becomes equal to the moment of inertia 
of a rigid body. The effect of the rotation of the 
nucleus on the formation of pairs is similar to the 
effect of a magnetic field, i.e., the increase of the 
moment of inertia counteracts the formation of 
pairs, and starting from some angular momentum 
je, all pairs are destroyed. The quantity je can 
be estimated by comparing the energy of rotation 
with the change of energy connected with the for- 
mation of pairs: 


hj: / 21 ~ A’ p /4, 


where A is the magnitude of the gap and p is 
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the level density on the Fermi surface; jg ~7 
for nuclei with A~ 50 and jg~ 15 for nuclei 
with A ~ 250. Even for vanishing thermal excita- 
tion energy the moment of inertia of the nucleus 
therefore becomes equal to the moment of inertia 
of a rigid body I) already for relatively small 
angular momenta (the compound nucleus usually 
has the maximal angular momentum j 2 30 for 
A~ 50 and j 270 for A~ 250). We shall as- 
sume in the following that the nucleus has spher- 
ical shape, i.e., I) =’;uAR?, where yw is the 
mass of the nucleon, and R= r Avs is the radius 
of the nucleus. 

The probability for the evaporation of a nucleon 
from a nucleus with small angular momentum per 
unit time is usually determined (by using the prin- 
ciple of detailed balance or the reciprocity theo- 
rem) from the cross section of the reverse proc- 
ess, in this case from the cross section for com- 
pound nucleus formation, which is known experi- 
mentally. Since no experiments have been per- 
formed to determine the cross section for nucleon 
capture by a nucleus with high angular momentum, 
the decay probability for such a nucleus must be 
found directly. 

The characteristics of the emission of nucleons 
by a nucleus with large angular momentum can be 
found in the independent particle model. We shall 
regard the nucleus as a set of spinless particles 
moving in a spherical square well of depth V and 
radius R. In the ground state of the nucleus all 
nucleons are distributed pairwise over the levels 
such that their angular momenta compensate each 
other and give the total angular momentum zero. 
If the nucleus has nonvanishing angular momentum, 
some of the nucleons must be placed on higher 
levels such that the total angular momentum of the 
nucleons is equal to the given one. For given an- 
gular momentum the state with the lowest energy 
corresponds to the state in which the energy of 
thermal motion is zero. 
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As the angular momentum increases, more and 

more nucleons go to higher levels, and for suffi- 
ciently high angular momentum it becomes possible 
that some of the nucleons find themselves above 
the well and can leave the nucleus. This process 
of emission of a nucleon from the nucleus has 
nothing in common with the usually considered 
process of evaporation and is only due to the ro- 
tation of the nucleus. Since the orbital angular 
momentum of the nucleons above the well is differ- 
ent from zero, the emission of neutrons will be 
hindered by the centrifugal barrier and that of the 
protons by the centrifugal and Coulomb barriers. 
The lifetime of these states will therefore be 
greater than the characteristic nuclear periods. 
To obtain a rough qualitative estimate for nucleons 
above the well, we can thus use the expression for 
the single particle level density in a spherical well 
of infinite depth. 

In the quasi-classical approximation the num- 
ber of particles within the interval de with orbital 
angular momentum 7 and projection m ina sys- 
tem with the total angular momentum j and tem- 
perature T is equal to® 


Oia = = [exp | 


SN aa ae 
-1| ee — (h+ 4f)*de, 


(1) 
where y = jh?/I), and @ is the chemical potential 
of the rotating system, which up to terms of order 
Erot/A is equal to 6), the chemical potential of 
a system with angular momentum zero. In what 
follows this correction will be neglected. 

The width for the emission of a nucleon is of 
the order of magnitude of the quantity 


ray \ rim T,(E)e, 
i,m 
where T7(E) is the penetrability of the barrier 
and E is the kinetic energy of the nucleons at in- 
finity. For neutrons with E/e «<1 we may use 
the approximate expression for T7 (E):! 
T(E) = (4x | X) 07 (x); 


x=V WR*E /h; X =V WR /h; 
0: (x) = 2/ mx (Jez, (x) + Nis, (x)), 


J]+1/2(%) and Nj,1/2(x) are the Bessel and Neu- 
mann functions. Tables of vj(x) are given in 
reference 8. 

In the case of protons we used the formula for 
the penetrability of the Coulomb barrier with ac- 
count of the angular momentum of the proton ob- 
tained in the quasi-classical approximation:® 


Gi A. PIK=PIlCHArk 


T,(E) = exp (— 2C;); 
G 4 
wee = -- tif 5 + are sin 


2t \— 
& Vit 4yt 


{966 (feet) 
V1-+ 4yt j 


y =1(£+ 1)/ 2, 


—Vi+y—tt+yéln 


g = 2QuZe?R [h*, t= E / Bo 


and Bc = Ze*/R is the Coulomb barrier for a 
nucleus with atomic number Z. 

The penetrability of the centrifugal barrier 
becomes close to unity for E= nl?/2uR?. On the 
other hand, the probability of finding a particle in 
the given interval de [formula (1)] is close to 
unity for «€ <@+ ym. Therefore, in order that 
the lifetime of the compound nucleus be greater 
than the characteristic nuclear period, the in- 
equalities 


V+? / eR? >u+ylSu+ ym 


must be fulfilled for all Z. This leads to the con- 
dition 
Ero = BA, 


where B=V- 4, is the binding energy of the 
neutron. 

If the thermal energy is equal or close to zero, 
a nucleon can be emitted only if the change of the 
energy of the nucleons at the Fermi surface due to 
the rotation of the nucleus exceeds the binding en- 
ergy: 

B< ym, Syl, = 1 V WR? /h. 


For Erot > EXot = B2A/106) the rotating nu- 
cleus will emit neutrons. For Ey). < Eyot there 
will be no emission of nucleons, and the nucleus 
will be in an excited state until the excitation en- 
ergy is carried off by the emission of y quanta. 
If this state of the nucleus is the result of the 
emission of several particles, the excitation en- 
ergy of the nucleus will with equal probability 
take on any value inside some interval of excita- 
tion energies which is larger than B. The average 
excitation energy of a nucleus with small angular 
momentum is therefore equal to the known value 
B/2, while it is equal to Bk — B/2 for a nucleus 
with large angular momentum (T = 0). 

In heavy-ion reactions the compound nucleus 
may have arbitrary angular momenta — from zero 
up to some maximal value.- For small values of 
the angular momentum, when the exponential in 
the denominator of (1) can be expanded in terms 
of y after which the exact expression for the 
penetrability of the centrifugal barrier is replaced 
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FIG. 1. The numbers at the curves 
give the temperature in Mev. Dotted 
curves — for protons, solid curves — 
for neutrons. 
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by its classical approximation, the probability for 
evaporation depends on the kinetic energy of the 
neutron in the same way as usual.’ The only dif- 


‘ference is that we use the temperature of the ini- 


tial nucleus instead of that of the final nucleus. 
This inaccuracy can be easily taken account of, 
however, by taking the correct temperature (this 


‘was done in the calculation of the cascade emission 


of neutrons). Since the replacement of the pene- 
trability of the centrifugal barrier by its classical 
approximation is legitimate if the denominator of 
(1) changes slowly as compared to T;(E), the 
condition of applicability of the formulas obtained 
in references 10 and 11 is not determined by the 
smallness of the parameter Erot/TA (the param- 
eter of the thermodynamic perturbation theory ) 
alone. 

We calculated IT. numerically for the nucleus 
with 2uR2/n? = 1 Mev~!, V =40 Mev, B=8 Mev, 
Beo= 6 Mev, ¢=8 (Ax 50, Z 225, r= 1.23 
x 10713 em). Figure 1 shows the dependence of 
the logarithm of the neutron and proton emission 
widths on the temperature and angular momentum 
of the nucleus. It is seen from the figure that the 
proton emission probability is almost independent 
of the angular momentum, whereas the neutron 
emission probability depends very strongly on it, 
especially at small temperatures.. This behavior 
of IT, and Ip as functions of the angular mo- 
mentum has as a consequence that the number of 
protons emitted by a rotating nucleus is smaller 
than in the case where the nucleus has a small 
angular momentum. 

Figure 2 gives the energy distribution of the 
neutrons. The scale of the curves is arbitrary. 
The existence of separate energetical groups of 
neutrons for T =0 is due to the discrete values 


of m. 
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FIG. 2. Curve 1: T =1 Mev, y=2 Mev; 2: T = 2 Mev, 
y= 1 Mev; 3: T =3 Mev, y =0; 4:-T =0, y=3 Mev. 

FIG. 3 The numbers at the curves give the temperature in 
Mev; the dotted curves are calculated with T;(E) taken from 
references 10 and 11. 

FIG. 4. The numbers at the curves give the temperature 
in Mev. 


Figure 3 shows the behavior of 


E= Dy | drm Ta (E) 8E /T 
lm 
the average kinetic energy of the neutron as a 
function of temperature and angular momentum. 
We note that even for (Epot/TA) «1 the quan- 
tity E is quite different from that obtained in 
reference 10. 
Figure 4 shows the behavior of 


m = ¥}\ drum T:(E)em /T 
lm 
the average projection of the angular momentum 
as afunction of y and T. For small T, an in- 
crease of y leads to a decrease of the admissible 
projection m of the emitted neutrons and hence 
also to a decrease of m. 

The average excitation energy carried off by 
the neutron is equal to B+E. Since the neutron 
changes the angular momentum of the nucleus by 
m, the rotational energy carried off is equal to 


(i? / 21.) (7? — (i — m)"] = (7 / 21,) Qj = ym. 
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Hence the change in thermal energy of the nucleus 
is equal to B+ E — ym. If the thermal excitation 
energy of the nucleus is zero, the neutron carries 
off only mechanical energy and for T=0 we have 
B+E-=-ym. This equation may serve as a check 
on the accuracy of the numerical calculations. It 
turns out that it is satisfied with an accuracy up 
to 6%. 
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Knowing the mean characteristics of the neu- 
tron emission process, we can find the approxi- 
mate behavior of the nucleus during the time of 
the cascade process. In Fig. 5 we show an ex- 
ample of a cascade process with an initial total 
excitation energy of 80 Mev. The initial points 
correspond to identical values of the intervals 
AEyot: It is seen from the figure that the ratio 
y/T increases during the course of the cascade 
process. This leads to a large average excita- 
tion remaining after the emission of the neutrons 
and hence to a displacement of the maximum yield 
of a given isotope toward higher excitation ener- 
gies of the nucleus. In the given case this dis- 
placement turns out to be equal to ~ 8 Mev for 
the maxima of the yield of the isotopes corre- 


sponding to the emission of 5 to 6 neutrons. The 
average excitation energy remaining in the nu- 
cleus is also equal to ~ 8 Mev. 

In conclusion I express my gratitude to B. T. 
Geilikman, V. M. Galitskii, and V. M. Strutinskii 
for a useful discussion of this work and for valu- 
able comments. 
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A study was made of the change of magnetic moment o and electrical resistance R under 
hydrostatic compression for iron, nickel, iron-nickel alloys with nickel contents of 34% or 
more, and nickel-copper alloys containing up to 48% copper; the study was made at helium 
temperatures using magnetic fields up to 8600 oe. It was established that, in iron-nickel 
alloys with nickel contents between 34 and 45% (Invar alloys), the change of o and R under 
pressure was approximately an order greater than in the other alloys and metals studied. 
In all the metals and alloys studied the magnetic moment decreased under hydrostatic com- 
pression. The electrical resistance decreased under hydrostatic compression for iron and 
nickel, and increased for Invar alloys. Possible reasons are considered for the changes of 
o and R which were found, and it is shown that the comparatively large changes of these 
quantities under pressure and the other peculiarities of Invar alloys can be explained by the 
existence of “latent” anti-ferromagnetism, existing due to the negative sign of the exchange 
integral between atoms of iron in the face-centered lattice. : 


Vine authors have previously shown! that the quan- 
tity (1/0))Ac/Ap =Kg (where 9g, is the saturation 
magnetic moment of unit mass) does not tend to 
zero at T=0°K for Invar alloys. It was also es- 
tablished that the change of magnetization under 
hydrostatic compression cannot be completely at- 
tributed to a displacement of the Curie point. 

For pure ferromagnetic metals Kg is much 
smaller than for Invar alloys. The values of Kg, 
quoted in the literature by various authors for 
nickel and iron at room temperature, differ greatly 
from one another. This is associated with experi- 
mental difficulties arising because of the smallness 
of the effect sought for (Ad/o) ~ 107* at 1,000 


atm?~4). With regard to data on the behavior of 


this quantity at low temperatures, there has been 
only one attempt® to determine (1/%))AW/Ap for 
iron at liquid nitrogen temperature (W is the mag- 
netic flux through the specimen). 

In the present work we have studied the effect 
of hydrostatic compression on the saturation mag- 
netization of nickel, iron, a single crystal of me- 
teoric iron, and iron-nickel and copper-nickel 
alloys, at temperatures of 20.4° and 4.2°K. It 
was also of interest to find what connection Kg 
had with the effect of hydrostatic compression on 
the electrical resistance of these metals, i.e., the 
quantity (1/Ry) AR/Ap = Kp. 
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MEASUREMENT PROCEDURE AND RESULTS 


The arrangement for measuring the quantity 
(1/¥) A¥/Ap is shown schematically in Fig. 1. 
A bomb of beryllium bronze containing the speci- 
men, 1, is situated in the field of a water-cooled 
solenoid, 3. A pressure of approximately 150 atm 
was provided by gaseous helium which was supplied 
to the bomb from a gas cylinder through a capillary, 
4. The measuring coil, 2, disposed outside the 
bomb, had two sections, an internal and an external. 
The sections were connected in series in opposite 
sense. The number of turns in each section was 
chosen so that, on reversing the magnetic field in 
the solenoid with no specimen present, the signals 
arising in each section cancelled one another out. 
The change of magnetic moment of the specimen 
was recorded because of the different number of 
turns in the inner and outer sections; the difference 
in the number of turns in our case was 7643. The 
measuring coil was connected to a photoelectric 
fluxmeter with sensitivity 5 maxwells/division. In 
the experiment, the movement of the fluxmeter 
pointer, due to the change of magnetic flux through 
the specimen on applying and removing the pres- 
sure, was measured directly. The error of the 
measurements, referred to unit cross-sectional 
area of the specimen 6 [(1/4m7s) AW/Ap], was 
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FIG. 1.. Diagram of the basic part of the apparatus. 


0.2 x 1074 gauss/atm. The specimens used were 
in the form of cylinders 112 mm long and 5.9 mm 
in diameter. The specimens were fabricated from 
technically pure materials. After fabrication they 
were subjected to a vacuum anneal for 8 hours at 
a temperature of 1,000°C and were subsequently 
cooled in the furnace. 

For the measurements on Kp, the pressure 
was created by freezing an aqueous solution of al- 
cohol (~ 3%) at constant volume. We used the 
same method as in references 6 and 7. 

The main results are shown in Fig. 2. Curves 
1 and 2 display, respectively, the dependence of 
(1/¥)) AW)/Ap and Kp on specimen composition. 
The specimens were at a temperature of 4.2°K, 
and a field of 8600 oe was applied, magnetic satu- 
ration being obtained. The quantity (1/%)) A¥/Ap 
had the same value at 20.4° and 4.2°K within the 
limits of accuracy of our measurements. The 
value of KR generally depended on the tempera- 
ture, and for all the ferromagnets studied the de- 
pendence was such that 8/8T(AR/Ap) < 0. In 
the region of Invar alloys where (1/%)) AW/Ap 
and Kp are large, the behavior of curves 1 and 
2 is approximately similar, and while the 
magnetization of the specimen decreased under 
hydrostatic compression, its electrical re- _ 
sistance increased. The increase of (1/%)) AY/Ap 
for nickel-copper alloys with increasing copper 
content is associated with the decrease of W, as 
can be seen from the table. Kg is related to 
(1/¥)) AW/Ap by the relationship 
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FIG. 2. Values of the quantities (1/¥,)AV,/Ap (curve 1) 
and (1/R,)AR,/Ap = Kp (curve 2) for iron, nickel, iron-nickel 
and copper-nickel alloys in the magnetic saturation region. 
, is the magnetic flux of the specimen obtained by extrapola- 
tion to absolute field, R, is the residual resistance. 


K, = (1/8) AW /Ap + 3/3 AV/VAp. 


Since both the terms on the right-hand side have 
negative signs, |Kg| > |(1/W)) AW/Ap|. The 
calculated values of Kg* are given in the table. 

The values of Kp for pure electrolytic nickel 
(Rgq90 /R4.20 = 250) and for technically pure nickel 
(Rgo90/Rg.20 = 6) are equal. 

The variation of (1/V)) AW)/Ap with magnetic 
field H at 20.4°K is given in Fig. 3. Curve 1 re- 
fers to a specimen of polycrystalline nickel, curve 
2 to a specimen of single-crystal meteoric iron 
(5.5% Ni) cut in the direction of the [100] axis, 
i.e., along the direction of easy magnetization. In 
Fig. 4 are given the curves showing the variation 
of the electrical resistance of nickel with magnetic 
field at a temperature of 4.2°K for two pressures, 
atmospheric (curve 1) and 1380 atm (curve 2). 
The curves cross at low magnetic fields. This is 
associated with the increase of (1/¥)) AW/Ap on 
reducing the magnetic field H. 


DISCUSSION OF RESULTS 


The authors have previously! enumerated the 
possible reasons for the changes of specific spon- 
taneous magnetization o, and residual electrical 
resistance Ry close to absolute zero under hydro- 


*We took the values of 4,AV/VAp for T = 300°K from refer- 
ence 2. 
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a ee 


Nicontent Ss f Specific 
in NiFe aturation | electrical |_1 AY eae See 
alloy magnetiza- resistance po| ims Ap W gw ae | Ke 310%, Kp ive, 
specimens tion Io, at T=4.2°K gauss kena cm? kg™*cm?| kg7*cm? 
% eeu pohm cm kg™* cm? : 5 
0 shy fay lee 2.58 —1.9 —1.1+0.2 —3.1 |} —1,4+0.3 
10,0 1750 — —6.7 —3,8+0.4 —5.9 _ 
Sai 1250 50 —131 —105+15 —109 +38+3 
38.0 1360 alae —68 —50+8 —d4 +45+3 
44,9 1380 18.8 —9,66 —7+1.5 —11 +13.5+2 
909.9 1100 10,4 —2.03 —1,.9+40.2 —4.4| 4+2.6+0.5 
76.0 948 6.15 —1.01 —1.1+0.25 —3.6 | —2.9+0.5 
90,2 680 — —0,57 |—0.85+0.3 —3 _— 
400 512 0.034** —0,56 —1.1+0.4 —2.9 | —4.7+1.5 
Te1S*e* 
Cu content 
in NiCu 
alloy 
specimens 
% 
10.2 415 — —0.63 —1.5+0.5 — — 
19.6 350 — —0,60 —1,7+0.6 —4,3 — 
29.0 235 — —0.64 —2.7+0,8 —5.6 _ 
48.4 82.5 _— —0.65 —7,9+2.5 => Ss 
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*Value for I, for iron from reference 8. 


**For electrolytically pure nickel. 
***For technically pure nickel. 
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FIG. 3. Variation 
16 of the relative change 
of magnetic flux under 
12 pressure on magnetic 
field at T = 20.4°K: 
I 1—nickel, 2—single- 
crystal meteoric iron 
6 (magnetic field di- 
rected along the [100] 
J axis). 
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FIG. 4. Variation of the electrical resistance of nickel 
(R in relative units) with magnetic field at T=4.2°K: 1—at 
atmospheric pressure, 2—at pressure of 1380 atm. 


static compression.* 

1. A change in the value of the d-d exchange 
integrals Jgq on changing the interatomic dis- 
tances under pressure. If some of these integrals 
are negative (“latent” antiferromagnetism), the 
change of Jqdq involves a change in the number of 
anti-parallel spins in the lattice; consequently, 
there is a decrease (or increase) of the sponta- 
neous magnetization. Therefore the electrical 
conductivity decreases (or increases); this can 
occur due to the change in degree of magnetic 
order and the change in the value of the spontane- 
ous magnetization. 

2. A change in the values of the s-d exchange 
integrals Jgq on changing the interatomic dis- 
tances. Changing Jgq alters the molecular field 
acting on the conduction electrons, which affects 
their contribution to the spontaneous magnetiza- 
tion.? In this case the electrical conductivity can 
either decrease or increase, because the degree 
of scattering of the conduction electrons at inhomo- 
geneities of the magnetic moment depends on the 
quantities Taare and because there are changes 
in the effective mass and mean free path of the 
conduction electrons associated with their polari- 
zation in the molecular field.® 

3. The transfer of electrons from the s_ into 
the d band or vice versa under lattice compres- 
sion. Here the number of unfilled sites in the d 
band changes, as well as the number of s_ elec- 
trons, which alters the magnetic moment and the 
electrical conductivity. In this case the electrical 
~~ *The order in which these are enumerated is different from 
that in reference 1. 
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conductivity changes because the number of car- 

riers alters and because there is an increase or 

decrease of the number of “holes” and the degree 
of scattering of electrons at “holes.” 

Electrical conductivity changes can also be due 
to a “smoothing” of irregularities in the potential — 
which is possible under hydrostatic compression. 

According to the way in which oy) and Ro 
change under hydrostatic compression, the metals 
and alloys studied can be divided into two groups: 
a) iron-nickel alloys with nickel contents of 34, 38, 
and 45% (Invar alloys), in which the absolute val- 
ues of Kg and Kp are approximately an order of 
magnitude greater than in the other materials stud- 
ied, and in which these quantities have opposite 
signs (Kg <0, KR >0); b) iron, nickel, iron- 
nickel alloys with nickel contents 10, 60, 76, and 
90%, and copper -nickel alloys, in which the abso- 
lute values of Kg and Kp are comparatively 
small and both are negative — Kp being approxi- 
mately the same for specimens with different val- 
ues of residual resistance. The difference referred 
to between the quantities Kg and Kp shows that 
the changes of oy and Ry observed under hydro- 
static compression in materials of the first and 
second groups, are due essentially to different 
factors. 

A. The changes of oy and Rp under hydrostatic 
compression for materials of the first group (In- 
var alloys). It has been remarked above that the 
absolute values of Kg and KR in Invar alloys 
are an order of magnitude greater than in other 
iron-nickel alloys, iron, and nickel. It is well 
known that Invar alloys also show a number of 
other anomalies (anomalous coefficient of ther- 
mal expansion, high electrical resistance, etc). 

It is natural to look for a general explanation of 
all these anomalies. In reference 11 we have 
shown that such an explanation can be given start- 
ing from the hypothesis of a negative exchange 
interaction between the d electrons of iron in the 
face-centered lattice. This hypothesis is based on 
experimental data obtained in reference 12, where 
it was established that an alloy of iron, nickel and 
chromium with face-centered lattice, containing 
72% iron, becomes antiferromagnetic at a temper- 
ature of about 40°K. 

As shown in reference 11, small changes in the 
exchange integral for d electrons on neighboring 
iron ions displaces the transitional concentration 
region (i.e., the alloy concentrations lying inter- 
mediate between antiferromagnetic and ferromag- 
netic) towards nickel, and therefore strongly af- 
fects oy). With decreasing interatomic distance 
the absolute value of the negative exchange inte- 
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grals increases more rapidly than it decreases; 
therefore, under hydrostatic compression a dis- 
placement of the transitional region towards the 
nickel side and, consequently, a decrease of mag- 
netic moment would be expected. Due to the in- 
crease in the number of anti-parallel spins, the 
electrical resistance of the alloys would thus be 
expected to increase. Therefore, if the hypothe- 
sis on the role of antiferromagnetism in iron as 
an explanation of the anomalies in Invar alloys is 
true, and if the first of the reasons enumerated 
above for the change of oy and Ry is the most 
potent, then the quantities Kg and KR in iron- 
nickel alloys should attain their greatest absolute 
values in the same concentration region as that 
in which the fall of magnetic moment with in- 
creasing iron content is observed, and they should 
have different signs in this region. From the 
curves given in Figs. 2 and 5, it is seen that the 
greatest values of Kg and KR do, in fact, cor- 
respond to the concentration region referred to, 
and these quantities have different signs in this 
region, and Ao) /Ap < 0. 


p.s2cem _ 


Ip, gauss 
‘50 10°? 


400) | 


FIG. 5. Saturation 
magnetization I, and 
residual specific elec- 
trical resistance p, of 
iron-nickel alloys; 800 
x, A—the authors’ data; 

oO —data from reference 8. gy 


Another fact supporting the explanation given 
of the effect of pressure on oy and Ry in Invar 
alloys is obtained by comparing the change of 
these quantities under hydrostatic compression 
with their changes during a small decrease of the 
strong magnetic field which magnetizes the alloys 
to saturation. If the cause of the changes dis- 
cussed is the increase of the number of anti- 
parallel spins, then the ratios (ARy/Ry), (Ady /op) 
in both cases should be approximately equal in 
magnitude and sign. As the comparison made by 
us in reference 1 shows, these ratios in fact lie 
close to one another for Invar alloys. 

The considerations given support the idea that 
the most probable basic reason for the changes of 
Oy and Ry in Invar alloys under hydrostatic com- 
pression is the first of the reasons enumerated 
above. If it were assumed that the basic cause of 
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these changes lay in the second or third reasons, 
then it is difficult to explain, without artificial 
assumptions, why in Invar alloys the variations of 
Oo) and Ry under pressure are an order greater 
than in other iron-nickel alloys and in metals. 

B. The changes of oy and Ry under hydrostatic 
compression in iron, nickel, and alloys belonging 
to the second group. It was remarked above that 
in metals and alloys belonging to the second group, 
both Kg and Kp are negative. At the same time 
it is well known that (1/o0)) Ao/AH and (1/R)) AR/ 
AH for these materials in strong fields have dif- 
ferent signs. A comparison of the ratio KR /Kg, 
calculated for specimens of the metals according 
to our data, with the ratio [(1/R))(AR/AH]/ 
[(1/0),) Aco/AH] at room temperature, derived 
from data in the literature,!*~ shows that these 
ratios in a number of cases differ significantly 
from one another. The first is insensitive to the 
quantity Ro, but the second varies with change of 
this quantity. Thus, in the materials considered, 
changes of Jgq cannot be the basic cause of 
changes in oy and Ry under hydrostatic com- 
pression. 

It follows from the usual ideas about the rela- 
tion between the magnetic moments of ferromag- 
netic metals and the degree of filling of the d band, 
that on transferring electrons from the d band to 
the s_ band, together with a fall of electrical re- 
sistance, a rise of magnetic moment should be ob- 
served (at least in cobalt and nickel, where the 
conductivity is mainly due to s electrons). Thus, 
(Aoy/o))g—s ¥ — @ARg/Ry, where aq is the ratio 
of the number of electrons to the number of unfilled 
sites inthe d band (for nickel a=1). It is seen 
from the table that for electrolytic nickel Kp is 
approximately 15 times greater in absolute terms 
than Kg. Consequently, without additional assump- 
tions on the various mechanisms of compensating 
(Ac/ O))d—s, this assumption contradicts the ex- 
perimental data on the effect of pressure on Kg 
in nickel. The reverse assumption — that, under 
the influence of pressure, electrons are trans- 
ferred from the s into the d band, and that this 
is the basic cause of the fall of oy under hydro- 
static compression observed in iron and nickel — 
leads to a quantitative contradiction of the experi- 
mental data on the effect of pressure on the elec- 
trical resistance of iron. 

Thus, the third of the possible reasons enu- 


merated above, as well as the first, cannot be the 
basic reason for the changes of oy) and Ry in the 
metals under hydrostatic compression. There re- 
mains the assumption that the basic cause for these 
changes in the metals is the second one (i.e., the 
effect of pressure on the values of the Jgq s-d 
exchange integrals), and that in Invar alloys 
this effect exceeds the effect of the first one. Un- 
fortunately, it is at present difficult to estimate 
how the electrical resistance would change during 
variations of oy associated with changes of Jgg. 
We note that, if the basic reason for the ob- 
served fall of electrical resistance in the metals 
under pressure is “smoothing” of irregularities 
of potential, then the quantity Kp should be in- 
sensitive to the value of the residual resistance; 
this is confirmed by the measurements for pure 
electrolytic nickel and technically pure nickel. 
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The energy and angular distributions of photoprotons produced in a Cu® -enriched sample by 
bremsstrahlung with maximum energies Eymax = 17.9, ~ 20, 24.5, and 28.5 Mev were studied 
by means of photographic emulsions. The dependence of the Cure photoproton yield on Ey max 
was measured and the excitation curve for reactions involving proton emission was determined. 
An analysis of the experimental data shows that at least 80% of the proton yield is due to a mech- 
anism other than evaporation. If this mechanism is assumed to be a direct photoeffect in which 
all the gamma-ray energy minus the binding energy is imparted to the ejected proton it is found 
from the energy distributions that only a small fraction of the protons results from the photo- 
effect at the highest nuclear level, the principal contribution being due to transitions from lower- 
lying shells. Two proton emission peaks are observed, Bier ee ed and ~ 6.0 Mev. The angular 
distributions are represented by a+b sin® 6 for Ey max = 17.9 and 20.0 Mev, and by a+b sin? 6 
+c sin? @-cos? 6 for Ey max = 24.5 and 28.5 Mev. This indicates dipole absorption of gamma 
rays for E, < 20 Mev, with quadrupole absorption becoming appreciable at higher energies. 


INTRODUCTION 


Ly investigating the mechanism of interactions be- 
tween gamma rays and nuclei valuable information 
is obtained by studying angular and energy distribu- 
tions and the yields of photonuclear products. The 
observed departures from statistical theory for the 
(yp) reaction!~* have suggested the existence of a 
direct nuclear photoeffect, although details of this 
mechanism and the part it plays in giant resonance 
have thus far not been determined. It is of special 
interest to investigate the (yp) reaction in iso- 
topes where proton evaporation is not favored. The 
direct photoeffect is an important participant in the 
(yp) reaction for Z = 28.98 For example, ina 
natural mixture of copper isotopes it accounts for 
20 —40% rather than 5 — 10% as previously esti- 
mated.*»’ We used a Cu®™ -enriched sample for 

the purpose of verifying these results. 

According to statistical theory, if all other con- 
ditions are identical proton evaporation is limited 
by competition with neutron evaporation and is 
strongly dependent on the difference between the 
neutron binding energy By and the proton binding 
energy Bp. The ratio of proton to neutron emission 
probability wp/wp contains the factor exp { By 
—Bp}.* On the basis of the binding energy ratio in 
Cus and Cu® the proton evaporation yield from 
Cu® should be only about one-tenth as large as 
from Cu®?, 

~~ *At Saratov State University. 
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We may therefore expect that the contribution 
of the direct photoeffect to the (yp) yield from 
copper should increase with the Cu® content. 
Preliminary data? have shown that the ratio of 
(yp) yields in Cu® -enriched and natural copper 
samples for Eymax = 29.0 Mev is considerably 
greater than that predicted by the statistical the- 
ory. An estimate of ~ 85% for the direct photo- 
effect in Cu and ~ 40% in Cu® was confirmed 
by an analysis of angular and energy distributions 
of photoprotons from natural copper.® A subse- 
quent more careful measurement of the photopro- 
ton energy distribution from Cu® for Ey/max = 
19.5, 24.5, and 28.5 Mev revealed separate peaks 
in the spectrum,?? although the statistical accuracy 
was unsatisfactory and additional measurements 
were performed to provide the necessary confir- 
mation. All data for Cu® are summarized in the 
present paper. 


EXPERIMENTAL PROCEDURE 


Nuclear emulsions were used in this work. 
Figure 1 shows the experimental arrangement in- 
cluding the interior geometry of the chamber con- 
taining the target and plates. The target was a 29 
mg/cm? foil containing 93.5% Cu®® and 6.5% Cue, 
The plates were positioned on both sides of the 
target at angles @ equal to 30, 50, 70, 90, 110, 
130, and 150° with respect to the gamma-ray di- 
rection (Fig. la), except in the case of Ey max 


FIG. 1. Experimental arrangement: A -— lead colli- 
mator, B—lead shield, C sweeping magnet, D—vac- 
uum chamber containing target and plates, E— monitor, 
F — paraffin, G—lead. a—interior geometry of chamber; 
dashed lines represent plate positions for yield mea- 
surements; b—the same for irradiation at Ey max = 20.0 
Mev; 1—target, 2—plates. 


= 20.0 Mev, the geometry for which is shown in 
Fig. 1b. Plates located close to the target were 
also irradiated in order to determine the yield 
curve at low energies (Ey, max < 18 Mev) and to 
determine the photoproton yield ratio from Cu® - 
enriched and natural copper samples. 

Protons were registered in NIKFI Ya-2 and 
T-3 emulsions of 300 and 400 thicknesses. 
Dosages were monitored by an integrating ioni- 
zation chamber which was calibrated by a thick- 
walled ionization chamber of known sensitivity. 

The results given below were corrected only 
for the scattered gamma-ray background, which 
was measured in the absence of the target. This 
background was small (1—5%) and was concen- 

F(E), % 


a 


FIG. 2. Energy distributions of photoprotons 
from Cu®> for different values of Emax. Statis- 
tical errors are indicated. 
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trated mainly iri the low proton-energy region €p 
<= ol 7 Mev. 

An additional background associated with the 
target cannot easily be evaluated quantitatively. 
We shall now proceed to estimate the contribu- 
tions of the principal processes. 

1. (yd) and (ya) reactions. The emulsions 
used in the present work do not permit very good 
discrimination of charged-particle tracks. There- 
fore we assigned to the effect in question all tracks 
starting at the emulsion surface, moving in the 
required direction and having lengths correspond- 
ing to proton energies €p = 3 Mev. We thus ac- _ 
tually measured the results of the combined reac- 


tions (yp) + (ynp) + (yd) + (ya). 
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Rough estimates of the contributions of the (yd) 
and (ya) reactions, based on measurements ob- 
tained from natural copper, °? 1112 indicate that the 
photodeuteron contribution is not greater than 10% 
(for Eymax > 25 Mev) while the contribution of 
alpha particles may be disregarded altogether. 
For lower values of Ey max this contribution will 
obviously be still smaller. 

2. Contribution from Cu®*. The sample con- 
tained about 6.5% Cu®’. An estimate based on the 
measured photoproton yield ratio of natural and 
Cu® -enriched samples indicates that Cue scon- 
tributed 10 —15% for all four values of Eymax. 


EXPERIMENTAL RESULTS 


The proton energy spectra in Fig. 2, for Eymax 
=17.9, ~20, 24.5, and 28.5 Mev, represent com- 
bined measurements obtained with plates that were 
placed at different angles @ with respect to the 
gamma-ray beam. The total numbers Np of 
tracks used in plotting the spectra were 1140, 
10,480, 11,780, and 7394, respectively, for the 
different values of Eymax. Relative units are 
used. F(e) is the ratio of the number of tracks 
in the Ep + 0.1 Mev interval to the number with 
€p = 3.0 Mev. Arrows indicate the proton energy 
limit below which the spectra may be distorted by 
photodeuterons. 

The spectra were plotted with special care in 
order to determine whether a structure is present. 
We first plotted for each plate a histogram of the 
track number N(L) in the length interval AL 
= dy as a function of measured track length L. 

A correction for proton energy loss in the target 
was then introduced by shifting the range scale 
toward larger values by an amount / equivalent 
in a given plate to half of the target thickness. 
(The average energy loss was 0.5 Mev for Ep 

= 5 Mev and ~0.3 Mev for €p =11 Mev.) Using 
the ranges L’ = L+J1 and the corresponding en- 
ergies with 0.2-Mev intervals in accordance with 
the range-energy curve we computed the number 
of tracks in each energy interval and subtracted 
the background. The range-energy curve for 
ford C-2 emulsions! was used for the NIKFI 
Ya-2 emulsion. The NIKFI T-3 emulsion, which 
contains a little less AgBr than the Ilford C-2, 
was calibrated according to the recoil-proton 
range produced by 14-Mev neutrons and the afore- 
mentioned range-energy curve was corrected. 
Range intervals AL’ corresponding to energy 
intervals €p +0. Mev were determined very 
carefully, with special attention to the monotonic 
increase of these intervals with €p- The proton 
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FIG. 3. Angular distributions of photoprotons from Cu®* (in 
relative units): (a) Eymax = 17.9 Mev, (b) 20.3 Mev, (c) 24.5 
Mev, (d) 28.5 Mev. The number of protons with energies 
€, > 4 Mev is taken as 100. Statistical errors are indicated. 


spectra were thus free of possible peaks resulting 
from systematic errors associated with inaccurate 
determination of the intervals AL’. 

Figure 3 shows the angular distributions of pho- 
toprotons for the different energy groups. The con- 
tinuous curves represent the following distributions: 


I (8) =a-+0sin?@ (Fig. 3a and b) (1) 
I (8) = a+ bsin? 6+ csin?8cos6(Fig. 3c andd) (2) 


The following table contains the least-squares val- 
ues of b/a and c/b. 

In Fig. 4 the photoproton yield of a Cu® -en- 
riched sample is shown as a function of Ey max; 
data obtained at different times are connected by 
the curves. The yield is given for unit solid angle 
and identical ionization in a thick-walled ionization 
chamber. The curve may be attributed primarily 
to (yp) and (ynp) reactions in Cu®, the cross 
section for which (denoted by Oyp for brevity) 
is shown in Fig. 5. The cross sections were cal- 
culated from the yield curve by the method of pho- 
ton differences.'4 The absolute normalization of 
this curve will be discussed below. 
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Parameters in the Angular Distribution of Protons. 
ea eee a cn cea a Sa A DS 
heey Ey max =17.9Mev | 20.0 Mev 24.5 Mev 28.5 Mev 
bja b/a b/a | c/b b/a c/b 
>4 0.81 0.68 0.76 0.79 0.52 0.86 
4—T 0.50 0.87 0.40 b ON83) O22 0.49 
7-9 1,60 0.75 1.20 | 0.69 0.47 0,42 
>9 83 10.0 4.90 0.87 1.23 0.94 
FIG. 4. Cu®® photo- Gm mb 
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different sets of data. 
The broken lines were 
calculated from the 
statistical model: 
curve 1 for a= 16 
Mev~';?® curve 2 for 
a= 8 Mey~.’® 
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DISCUSSION OF RESULTS 


1. Photoproton yield from Cul? Using the 
measured photoproton yield ratio for natural cop- 
per anda Cu®-enriched sample (1.5 + 0.2 for 
Ey max = 25.2 Mev) and the fractional isotopic 
abundance of Cu®*? and Cu® in the samples, the 
photoproton yield ratio from these isotopes at the 
given Eymax was found to be 1.9. By compari- 
son, the statistical theory of nuclear reactions 
_ gives the value 9 for the ratio. The calculation 
resembled that of Byerly and Stephens,’ assuming 
w(ER) ~ exp (aER)!/? for the level density in 
both final nuclei Ni® and Ni®‘. The following con- 
stants were used: a; = 3.35(A—40)!/? ~ 16 Mev7}, 
a8 Mev *;* ir, = 1.5 x 10° em; Oyn was taken 
from reference 17. The proton binding energy Bp 
and the neutron binding energy Bn were taken to 
be 6.5 and 11.0 Mev, respectively, in Cu®* and 
7.5 and 10.0 Mev in Cu®, 

It should be noted that the assumption of equal 
level densities in Ni®* and Ni® is not strictly jus- 
tified. There are indications of considerable fluc- 
tuations of nuclear-level density near magie num- 
bers.819 If it should be found that the level density 
in Ni* is 4 or 5 times greater than in Ni® the ob- 
served proton yield ratio for Cu® and Cu would 
not disagree with statistical theory. However, ni 
and Ni® differ only’ by the circumstance that in 
the unfilled 4f,/, neutron level the former contains 
two neutrons while the latter contains two vacancies; 
we can therefore hardly expect the level densities to 
differ so strongly. The statistical theory also can- 
not account for the sharp rise of the photoproton 
yield in the region Eymax = 20 —25 Mev (Fig. 4). 
To account for these facts it must be assumed that 


dashed curve provides 
comparison with the 
cross section for 
Cu®$(yn)Cu™.?” 


most of the Cu® proton yield results from a mech- 
anism other than evaporation. A calculation based 
on the assumption that the proton yields from Cu? 
and Cu® as a result of evaporation differ by a fac- 
tor of 9 indicates that this additional mechanism 
contributes at least 80% to the Cu® photoproton 
yield. 

2. Energy distributions. The photoproton spec- 
tra in Fig. 2 are marked by the following charac- 
teristics: 

a) Although a large fraction of the proton yield 
is apparently produced by a mechanism different 
from evaporation (at least for Eymax = 24.5 and 
28.5 Mev) a considerable fraction of the protons 
is found at relatively low energies (€p = 4—6 Mev). 

b) The fraction of protons close to the maximum 
possible energy, €pmax = Eymax — Bp, is small 
and falls off sharply as Eymax increases. It 
therefore is a relatively infrequent occurrence 
that the entire energy of a gamma ray, minus the 
binding energy, is transferred to a proton from 
an upper level. This conclusion follows even more 
convincingly from an examination of proton spectra 
produced by gamma rays in narrower energy inter- 
vals. In work on bremsstrahlung such spectra can 
be obtained by taking the differences between pro- 
ton spectra measured at two values of Eymax and 
normalized to unit solid angle and identical ioniza- 
tion in a thick-walled ionization chamber. Figure 6 
shows such differences between proton spectra, 
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Y and F(e€) are taken from Figs. 2 and 4, re- 


spectively. The corresponding bremsstrahlung 
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FIG. 6. Differences between proton spectra: a—for 
ED ax = 20.0 Mev and EV yiax = 17.9 Mev; b-—for 


ik EN ax = 24.5 Mev and EU ex = 20.0 Mev; c—for 
b EY) .ax = 28.5 Mev and EY}ax = 24.5 Mev. The dashed 
b + lines represent the differences between the correspond- 
‘+ b ing bremsstrahlung spectra. 
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also reduced to identical ionization. The differ- 
ences of the proton and gamma-ray spectra are 
given in arbitrary units, with the gamma-ray en- 
ergy scale shifted by an amount equal to the pro- 
ton binding energy Bp =7.5 Mev. It is conse- 
quently evident that protons emitted from the upper 
level should overlap the gamma-ray spectrum. 
Figure 6a shows a considerable fraction of these 
protons overlapping the gamma-rays from 17 to 
20 Mev. For E,, > 20 Mev this fraction is small 
(Fig. 6b and c). 

The proton spectrum in Fig. 6b, corresponding 
to gamma rays from 19 to 24 Mev, contains a large 
number of slow protons with €p from 3 to 8 Mev. 
Therefore the sharp rise of the yield in this gamma- 
ray region (Fig. 4) results mainly from the emis- 
sion of low-energy particles which cannot be attrib- 
uted to evaporation, since (as already indicated) 
the statistical theory does not account for the ob- 
served rise of the yield; no important change re- 
sults when the (ynp) process is taken into account. 
In the case of direct interactions the presence of 
a large number of slow particles may result either 
from the large part played by processes in which 
gamma-ray energies are transferred to two or 
more particles simultaneously or because there 
is a large probability for nucleon extraction from 
deep shells. 


The available experimental data do not definitely 
favor either of these explanations. If we assume 
that a single-particle mechanism exists, then from 
the difference AE between the proton and gamma- 
ray peaks in Fig. 6b we can roughly estimate the 
proton binding energy at the level making the 
principal contribution to the Cu® photoproton yield. 
In the case of copper this is most likely the filled 
4f7/2 level. It is easily seen that Bp (4f7/2) ~ AE 
~15—16 Mev. 

It is of interest that in the spectrum of protons 
from gamma rays with energies 24 — 28 Mev in 
Fig. 6b there are no particles with ep < 9 Mev 
and that AE derived from this figure is also 
~ 15 Mev. Gamma rays in the given energy re- 
gion thus evidently extract protons from the 47/2 
level. 

c) In the proton spectrum for all four energies 
two peaks are observed at €p ~ 4.7 and 6.0 Mev, 
which are most pronounced for Ey max = 20.0 Mev. 
We attempted to approximate the proton spectrum 
in the region €p = 4—7 Mev for the given value 
of Eymax by means of the smooth curve repre- 
sented by the broken line in Fig. 2b. The y? good- 
ness of fit of this curve is defined by 

2? = S) (Felt) — yi) | 00, 
where Fj(¢€) is the experimental value, yj is 
the curve ordinate and oj is the root-mean- 
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square error of Fj(€). The probable validity of 
the curve was estimated to be about 10%. 

Statistical fluctuations can therefore evidently 
not account for the observed peaks in the proton 
spectrum. All other errors associated with finite 
target thickness and experimenters’ errors would 
result in the smoothing of the spectral shape rather 
than in peaks. 

The presence of two peaks in the energy distri- 
bution might be attributed to the observation of 
two spectra with noncoinciding maxima. Possible 
sources could be, for example, 1) (yp) and (ynp) 
reactions; 2) photoprotons from Cu® with Ccu® 
admixture; 3) photoprotons resulting from evapora- 
tion as well as from a direct photoeffect. 

The first of these possibilities cannot account 
for the presence of two peaks, which are most pro- 
nounced for Ey max = 20 Mev, where the (ynp) 
reaction in copper is possible energetically only 
with €p< 4 Mev. When a correction is made for 
protons from Cu® (from measurements on natu- 
ral copper” ) or for the evaporation contribution 
the observed peaks do not disappear, since in both 
instances it is necessary to subtract the spectrum 
with a broad peak in the €p region from 4 to 6 
Mev. The observed peaks therefore do not appear 
to result from the superposition of two noncoincid- 
ing spectra. 

Separate peaks in the proton spectrum might 
also result from transitions between distinct states 
of the initial and final nuclei, accompanied by pro- 
ton emission. In our case nuclei are irradiated 
with continuous bremsstrahlung; therefore distinct 
initial states can be excited only if the gamma-ray 
absorption cross section exhibits resonances. 

It would be strange if distinct final states were 
singled out, because of the high nuclear-level den- 
sity for A> 50. It should be noted, however, that 
proton spectra from the (np) reaction with 14-Mev 
neutrons and A> 50 also sometimes exhibit 
peaks.?!»22 
| 3. Angular distributions. Figure 3a shows that 
the angular distributions of photoprotons for Eymax 
= 17.9 and 20.3 Mev is quite well approximated by 
(1). For Eymax = 24.5 and 28.5 Mev (Fig. 3b) the 
peaks are shifted forward and these distributions 
are represented by (2). 

The table shows that the anisotropy b/a is 
always appreciably different from zero and that 
for given Emax it increases with €p. This rise 
is most pronounced for Eymax = 17.9 and 20.0 
Mev, where the angular distribution of the most 
energetic pronouns, resulting from the photoeffect 
involving the upper level (€p > 9 Mev ), becomes, 
as in the case of ordinary copper,°*”® practically 
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completely anisotropic: 1(@) ~ sin? 9. According 
to the models of Courant‘ and Wilkinson”*® such a 
distribution corresponds to transitions from the 

S shell and cannot be the result of a photoeffect 

in the upper 3P3/2 proton level in copper. How- 
ever, it was shown in reference 24 that a com- 
pletely anisotropic distribution may accompany a 
photoeffect ina P shell if interference of the 
l1—1+1 and 1—J1-1 transitions is taken into 
account. It is significant that the angular distri- 
bution of fast photoprotons from silver, which also 
has an upper p level, is likewise represented by 
1(6) ~ sin? 9.%° The diminished fast-proton aniso- 
tropy as we go to Ey max = 24.5 and 28.5 Mev 

is, as in the case of natural copper,° apparently 
associated with the fact that a photoeffect in the 
lower-lying 4f;/2 level begins to play a part. 

It follows from the 90° peak of the angular dis- 
tributions for Emax =17.9 and 20.0 Mev that 
for Ey < 20.0 Mev gamma-ray absorption is of 
dipole character. The forward shift of the peak 
(c = 0) at higher values of Eymax indicates 
that quadrupole absorption is beginning to appear. 
It can easily be shown that the lower limit of the 
ratio between the integrated quadrupole and dipole 
gamma absorption cross sections is given by 
olpt/adie (c/b)?/10 (3a/b + 2), which is esti- 

mated to be ~ 1% for Eymax = 24.5 and 28.5 Mev 
(for €p > 4 Mev). 

4, Proton emission cross section. The cross 
section yp is represented in Fig. 5, with the 
Cu® (yn)Cu®! cross section shown for compari- 
son.’ oy,» has a half-width of about 7 Mev and 


peak Eyp = 20.0 Mev, shifted upward by about 
1.5 Mev compared with oyn. 

By using the known!" ratios of the photoproton 
and photoneutron yields from Cu? and Cu" t0- 
gether with our own data we determined the absolute 
maximum of o.,, through a comparison with the 
cross section for Cu® (yn) Cu®.!7 From oyp* 
(Cu®) = 27 mb obtained in this manner we have 
Ly (eu) = 190 Mev-mb. 

It was shown above that at least 80% of the Cu® 
proton yield results from a mechanism other than 
evaporation. If gamma rays are absorbed through 
a single-particle mechanism we can assume that 
about half of the integrated gamma absorption 
cross section oyt x oant + oat represents ab- 
sorption by proton shells. The fraction of these 
absorptions resulting in direct proton emission is 
thus dexp © 0.8 out / (ast /2) ~ 20% when oe 
(Cu®) = 1110 Mev-mb.!7 

The Wilkinson model”? was used to estimate the 
same quantity, following the procedure of Lokan.”° 
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It was assumed that transitions from the 4f7/. shell 


are most important and that they determine the po- 
sition of the maximum Ey5'*. From the spectrum 
of protons emitted as a result of gamma irradia- 
tion with energy close to Eyp (Fig. 6b) it follows 
that particles emitted from the 4f7/. shell have 

an average energy of 6—7 Mev. We have found 

6 + 10%, using rp =1.5 x 10713 em and W, the 
imaginary part of the complex potential, given by 
2W = 4 Mev.” The agreement with experiment is 
satisfactory, considering the roughness of the es- 
timate. 

The authors are deeply indebted to N. A. Po- 
nomareva and R. D. Rozhdestvenskaya for scanning 
of the plates and assistance with the treatment of 
the data. 
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An equation of state for metals is considered, which differs from the Mie-Griineisen equation 
of state for a solid body in taking into account the electronic components of the energy and 
pressure. New data from the dynamic compression of metals are presented, on the basis of 
which equations of state are derived for aluminum, copper, and lead in the high pressure 


region. 


INTRODUCTION 


‘Tae behavior of metals under pressures of sev- 
eral million atmospheres and temperatures of 
some tens of thousands of degrees may be de- 
scribed by an equation of state, if their compress- 
ibility curves at the absolute zero of temperature, 
the specific heats of the lattice and the electron 
gas, and their Grtineisen coefficients (defined as 
the ratio of the thermal pressure to the thermal 
energy density) are known. Such equations of 
state cannot be obtained theoretically, since 
quantum -statistical calculations of the compress- 
ibility by the Thomas-Fermi and Thomas-Fermi- 
Dirac methods lead to an increased pressure which 
does not reduce to zero at normal density. Solid 
state theory also does not allow the calculation of 
Griineisen coefficients for the lattice, establishing 
merely the connection between these coefficients 
and the extrapolated “cold” compression curve.!~ 
For the non-transition metals, our knowledge of 
the thermal components of energy and pressure 
caused by the excitation of the electron gas is 
quite complete and reliable. The validity of the 
theoretical results in this field are confirmed by 
measurements of the electronic specific heat at 
temperatures close to absolute zero. At the pres- 
ent time, of course, we can deal only with semi- 
empirical equations of state, based on direct ex- 
perimental measurements of the compressibility. 
As a source of information about the pressure 
region of interest to us, the authors have made 
use of data from individual single dynamic com- 
pressions. The transition from a dynamic adia- 
batic to the general equation of state connecting 
the pressure with the density and temperature is 
possible if additional data is available, for ex- 
ample on the shock compressibility of porous 
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bodies,‘ or with the aid of the theoretical relation- 
ships, mentioned above, between the Griineisen co- 
efficients and the curve of cold compression. This 
second method has been put into practice in a work 
by Walsh and his collaborators,” devoted to the 
state equations for metals up to pressures of 5 

x 10° atm. 

The main difference between our work and the 
above consists in the considerably wider range of 
pressures and temperatures covered, and in taking 
into account the electronic components of energy 
and pressure, which cannot in any case be neglected 
for temperatures of 1—2 ev. In this paper we also 
present data on the dynamic compression of alumi- 
num up to pressures of 2 x 10° atm and the results 
of new measurements of the compressibility of 
copper, lead, and iron at pressures of 10°, 2 x 10°, 
and 4 x 10° atm. 


1. DYNAMIC ADIABATS OF ALUMINUM, COPPER, 
LEAD, AND IRON 


The dynamic adiabats of copper and lead up to 
5 x 10° atm have been described by Walsh? and in 
reference 6. In the present paper we also present 
the results of dynamic compression measurements 
on these metals up to pressures of 3.5 X 10° atm. 
For aluminum the observed range of pressures has 
amounted to 5 x 10° atm.®»"»® In this section we pre- 
sent the results of the compression of aluminum by 
strong shock waves up to 2 x 10° atm, obtained in 
the authors’ laboratory, and new results on copper, 
lead, and iron in the pressure range from 10° to 4 
x 10° atm. To improve the precision, it was nec- 
essary to make new measurements for the follow- 
ing reason. The dynamic adiabat for iron, used in 
reference 6 as a reference standard for determin- 
ing the compressibilities of other elements at 1.3 
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TABLE I 
ee ee ee 
Strik | P ee! 
Serial x , TUS 1 By, U, , iD; » |. 102° ( 
No. | Striker material aoe Ate Ae Rive km/seckm/sec 4 aks 
| 
Aluminum Copper 
I | Aluminum 5.60 9.13 | 2.80 | 69.3 | 1.442]) 6.64 | 1.82 | 107.9) 1.377 
II | Iron 5.60 40:39 | 3.70 }104.2 | 1.553]! 8,06 | 2.71 | 195.0) 1.506 
III | Iron DelOey 10.58 | 4.43 | 418.7) 1.720 
IV | Iron 8.64 |12.94 | 5.62 1197.4 | 1.767)/10.12 | 4.14 | 374.0) 1.692 
Lead Iron 
I | Aluminum 9.60 4.92 | 1.88 |104.9 | 1.618]] 7.041 | 1.90 | 104,5) 1.372 
II | Iron 5.60 6.07 | 2,76 |190.0 | 1.834} 8.44 | 2.80 | 185.5} 1.496 
II [Iron 9.10 8.26 | 4.45 |417.0 | 2,168//11.26 | 4.55 | 402.2] 1,678 
IV_|Iron 8.64 | 7.74 | 4.18 1366.9 | 2,174//10.67 | 4.26 | 356.8) 1.664 


x 10° atm, was obtained in reference 4 by the 
“splitting-off” method, i.e., by a comparison of the 
shock wave velocity in an ironplate withthe speed W 
of expansion of the rear surface of the plate after 
the passage of the shock wave through it. The ma- 
terial velocity in this case was taken to be approxi- 
mately ue W, since the calculated corrections for 
the failure of the rule of doubled material velocity 
were small. The actual error due to violation of 
the doubling rule could have been larger. Accord- 
ingly, new measurements of the dynamic compress- 
ibility of iron, lead, and copper in this region have 
been carried out by the deceleration method,’ by 
recording the speed of a shock wave in the re- 
ceiver and the speed of a plate, smoothly accel- 
erated by explosion products, which strikes the 
receiver. 

Another reason for possible inaccuracies in 
the previous measurements arises from the decay 
of the shock wave in the material of the screen 
which protects the sample, and in the sample it- 
self. In order to exclude this error, the new ex- 
periments were carried out with thin screens, 
using a short base-line of 3 to 4 mm for the meas- 
urements. Both these effects lead to errors of the 
same sign, increasing the degree of compression. 
The suggestion that the adiabat may have a “stiffer” 
slope in the region of 2 x 10° atm pressure has 
also been expressed by Walsh (private communi- 
cation), 

In the first group of experiments, the pressure 
was created by the impact of an aluminum plate 
2mm thick and 70 mm in diameter.* After being 
put in place on the explosive charge, the plate was 
surrounded by a steel ring 120 mm in diameter and 


~~ *The possibility of obtaining high pressures by impact of 
a plate driven by explosion products was indicated in 1948 by 
E. I. Zababakhin. Using this method, Yu. F. Alekseev mea- 
sured in 1949 the compressibility of aluminum up to pressures 
of 500,000 atm. 


of the same thickness. The higher pressure of the 
explosion products caused by reflection of the deto- 
nation wave from the surface of the steel ring pre- 
vented the edges of the plate from lagging behind. 

In the second group of experiments the striker was 
a steel disk 1.5 mm thick and 70 mm in diameter, 
driven by the products of an explosion inside a 
massive lead cylinder, 90 mm thick, to a speed of 
5.6 km/sec. By this means, pressures close to 

2 x 10° atm were attained in iron, copper, and lead 
(185.5 x 10!9, 195.0 x 10°, and 190.0 x 10° d/cm?). 
Pressures of 4 x 10° atm were obtained with steel 
striker speeds of 9.1 km/sec. The heating of the 
aluminum and steel strikers during the driving 
process was approximately equal in all runs, and 

it is estimated that it did not exceed a few hundred 
degrees. In the first two groups of experiments the 
screens were made of the same material as the test 
samples; in the third group it was made of the same 
material as the striker. 

The striker speed, the results of the wave- 
velocity measurements in the test piece, and the 
parameters obtained for the points by graphical 
constructions on the pressure-velocity diagrams 
are shown in Table I. The following notation has 
been used in the table: D is the wave velocity, U 
the material velocity behind the shock wave front, 

P the pressure, p the density behind the wave 
front, po the density of the initial state ahead of 
the front, and 0 = p/py is the relative compression. 
Each value in the table was obtained as the mean of 
the values from 4 to 6 experiments. In each run the 
time recording was carried out on three double- 
beam oscilloscopes. The inaccuracy in the deter- 
mination of the quantities D and W did not ex- 
ceed 1%. 

In Group IV of the table are shown the param- 
eters of the shock waves in copper, lead, and iron 
obtained for a striker velocity of 8.64 km/sec, 
taken from reference 6. The slight changes in the 
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FIG. 1. Shock adia- 
bats for iron and alumi- 
num, and the curve of 
cold compression for 
aluminum. 
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parameters as compared with reference 6 are due 
to the introduction of the corrections to allow for 
the decay of the shock wave in the screen and the 
sample. New data have also been included on the 
compressibility of aluminum at pressures close 
to 2x 10° atm (197.1 x 10!° d/cm?). 


500 


ie 
210 Ad/cm? 


400 


0) 
am FiGeos Shock radi: 


abats and curves of 
cold compression for 


200 copper and lead. 


"9 15 20 £5 


The points on the shock adiabat thus obtained 
are shown in Figs. 1 and 2. The thick lines in the 
figures represent the positions of the adiabats con- 
structed from the data in the present paper. By 
comparison with references 4 and 6, the greatest 
change is in the position of the lead adiabat, which 
has been shifted to the left, in the direction of lower 
o, by 3 to 5%. For copper and iron the changes 
are small. 

Analytical expressions for the dynamic adiabats 
in the form 


Pee 11), (1) 
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contain the coefficients a,, the first three of 
which are determined by the parameters of the 
material under normal conditions in the case of 
copper, aluminum, and lead, as will be shown be- 
low. The dynamic adiabat for iron in the pressure 
range from 5 x 10° to 5 x 10° atm is described by 
five coefficients. There is no connection between 
these coefficients and the parameters for iron 
under normal conditions, since, according to Ban- 
croft,’ a phase transition occurs in iron at a pres- 
sure of 1.3 x 10° atm. The coefficients a, are 
shown in Table II. The relationships between the 


TABLE II 

Values of a,, 10!°d/cm? 
k 

Aluminum] Copper Lead Tron 

il TaysAl 13720 41.4 30.3 
2 TDi Dilla 101.7 724.5 
5 143.5 224.0 120.0 | —271.2 
4 —887 1078 —43 —14 
5) 2862 —2967 O47 852 
6 —3192 3674 —801 — 
i 1183 —1346 312 —_— 


wave and material velocities is given in Table III. 
For the values of Pr asa function of o, see 
Tables V to VII below. 


2. THE FORM OF THE EQUATIONS OF STATE 


We shall write the equation of state and the ex- 
pression for the internal energy in the additive 
form 


P=P, Peay Pest TEs Een Eve: (2) 


In equation (2), Pe and Ee are terms character- 
izing the interactions of the atoms at T = 0°K; 
Pty and Et.j are thermal terms due to the vibra- 
tion of the atomic lattice; Pt.e and Et.e are the 
terms due to the thermal excitation of the electrons. 
The necessity for taking the electronic terms into 
account is due to the fact that, in the regions of 
temperature and pressure which we are considering, 
their contribution is already important, as will be- 
come evident from what follows later. 
Let us consider the individual terms in (2). It 
has been shown that the function Pg(v), and con- 
Vok 

sequently also Eg = if 

V 
from experimental measurements (vo, is the 
specific volume at P=0 and T = 0°K). We shall 
write the thermal terms for the lattice, in con- 
formity with the conclusions of solid state theory, 
in the form 


Pedv, must be found 


(3a) 
(3b) 
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TABLE III 
U | D, km/sec ; D, km/sec 
kmzeee KalGatomic eon Lead Iron | Fn Bes Aluminum|Copper Lead | Iron 
0) 9.20 3.92 Hoshi ah) OIA) 10.44 9.19 7.00 9.54 
OFS 5.94 4.68 PRIS) — | 4.0 10.81 9.93 159 ae Oe 
1.0 6.64 0.44 3.56 Deis yp Asks 11.48 |10,67 8.18 |11,40 
LES Ley 6.22 4.33 6.30 |} 5:0 42.16 — — _ 
250) 8.02 6.96 DAM TAA a Sais) 42.82 
DAS 8.71 TH S76} 7.96 || 6,0 13.45 —_ — 
a0) CA io) A 6.38 8.76 | 
TABLE IV 
| 
2 Alu- 
Birr Copper| Lead saree Copper; Lead 
Po, g/cm? Dif 8.93 |11.34 (diny,/dInv ps SEW Sheets! Sl AO) 
Cy], 10° erg/g-deg 8.960] 3.825] 1.293 m 35 TEX NGO 
Eo, 10’ erg/g AGO Mitel ooo n 6.0 6.0 TO 
%o, 107"? cm?/d 4.367| 0.730) 2.415]| Bo, erg/g-deg? 500 0 144 
a, 10~* deg 23.4 | 16.5 |29.0 Yop /Yo 0.988) 0,990] 0.979 
Yo 2.088} 1.983 2.457 | 09 (AP, [d0) yyy 10° 77.10 |142.82 |45.89 


Here Cy] is the specific heat of the lattice; Ep is 
the internal energy under normal conditions; yj] (v) 
is the Griineisen coefficient for tne lattice, which 
is a function of the specific volume; and v is the 
specific volume. 

In Eq. (3) it is assumed that the specific heat is 
independent of the temperature and density, as a 
consequence of which the Griineisen coefficient 
also becomes independent of the temperature. The 
assumption of constant Cyz is, of course, an ap- 
proximation which does not take into account the 
anharmonicity of the vibrations in the solid. 

Solid state theory provides a connection between 
the Griineisen coefficients and the derivatives of the 
curve P,(v). According to Slater! and Landau? 


; Prope ae 9 
nO= —5|-apya0| ot (4a) 
According to Dugdale and MacDonald? 
; v fd? (Pos) / dv" 1 
ule apes rear a Co) 


Let us consider the limits of variation of yj (v). 


Under normal conditions, by definition 


0 as il (=) Be 
Cop as Vo (ar pao PoC, )% ) 


To = 11 (Yo) = (5) 


where a is the coefficient of linear thermal expan- 
sion; kg is the coefficient of volume compressibility . 


for P=0 and T=Ty; and vy=1/p) is the spe- 
cific volume under normal conditions. The values 
of the parameters Eo, po, Cy], @, Ko, and yp 
for aluminum, copper, and lead are given on the 
left hand side of Table IV. For these metals the 
initial values yp are close to 2, and are all in- 
cluded within a rather narrow range of values. 

Some idea of the behavior of the function yz (v), 
for v close to vo, can be obtained by substituting 
the expression for Po(v) resulting from the Mie- 
Lennard-Jones potential!® into the relation (4a) or 
(4b). Using formula (4b), 


(6) 
(7) 


The quantities (d In yz/d In v)y, from (7) are 
given in Table IV. The exponents m and n used 


¢, Wo) = + (nm + 3), 


(d In {,/@lnv), = (n+ 2) (m= 2)/ 18. 


) 
J 


TABLE V. Aluminum 


E P 
Pp c r 
9/25 10 oy 2 108 j102° Ie AK Y) 
10" d/em erg/g | d/cm? 
405 om 2.0 bo) 315 | 2,00 
AAO 7.8 10.5 9.0 348 | 1.81 
Meals) 13,4 26.0 | 14.5 401 | 1,56 
1.20 AG 47.0 | 24.4 488 | 1,37 
425 26.6 76.0 | 28,8 625 |) 1.28 
1,30 S4e58 TIPO RS Tee 818 | 1,28 
130 42,9 1451.0 | 47,2 | 1097 | 1.34 
1,40 o1,9 498-0 | 58.2 | 4476) | A387 


E Pp 

Pp c T> 
P/P5 c 108 101° | T, °K 4) 

10 2 

HIG erg/g |d/cm? 

1,45 61.9 249.0) 71.3 | 1980 1 1.44 
1.50 Tall 306.0} 86,4 | 2640 | 1.44 
Lays) 84.5 368 .0)103.0 | 3440 | 1,44 
son — Qe 435 .0)121,7 | 4440 | 1.43 
1,65 } 110.0 508.0/142.7 | 5530 | 1.41 
HST |) 2) 585.0)165,2 | 6790 | 1.39 
abe |) SVADIAO) 667 .0/189.7 | 8180 | 4:34 
1.80 | 157.0 754 .0|216.0 | 9670 | 4.30 
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TABLE VI. Copper 


-_-eRke—a———e dl ee 


1s Pea Ee, Pe 


P P 
P/Po vi 1o® | 10% |T,°K| % || pe cg Oe IG! |e, KA 
10?°d/cm? | oreyéld/eut ° | 10?°d/cm ere d/em : 
| | 
4.05 6,4 4.35|..7.5:| 347,).4.89 || 1,40 | 405.2 | 447.0) 122.5] 2300 | 1.63 
be OIE sa 6,3 | 46.7] 360 | 1,85 || 1.45 | 4127.2 | 148.7] 152.2] 3180 | 1.59 
1.15 | 25,4 | 15,4 | 28.0 | 438 | 1.87.) 4.50 | 151.8 | 184.8] 185.8] 4350 | 1.55 
4.20} 37,5 | 27.9 | 44,3 | 577 | 1.88 || 4:55 | 178.3 | 224.0] 225.2! 5760 | 1.53 
1.25-) 54.6 | 44,6 | 56.6 | 802 | 1,84 [1 1.60 | 207.5 | 267.2] 271.4] 7530 | 1.53 
1.30) 67.4 | 64,7 | 75,5 | 1150 | 1,77 |] 1.65 | 238,7 | 344.5] 324.7] 9710 | 1.53 
1.35 | 85.3 | 89.4 | 97.4 | 1630 | 1.70 |] 1.70 | 273.0 | 366.0] 388.0/12425 | 1.54 
in equation (7) are shown in the same place.* The interest to us, we obtain 6 = By ( v/vy)!/ 2 and accord- 
sign and absolute magnitude of (d In yj/d In V)vo ingly 
show that the Griineisen coefficient increases E i ips 1 Wats 
rapidly with a decrease in the specific volume. tee Bol? (Oo) Tis Leer we Bopo Gos OT a?) 
From Gilvarry’s data,!! as the pressure increases The value of 6) may be taken from experimen- 
without limit, yz tends to a limiting value of ah. tal measurements at low temperatures. It is well 
The electronic heat terms in the energy and known that the electronic specific heat, which under 
pressure are proportional to the square of the normal conditions is an extremely small fraction of 
temperature for a degenerate electron gas. This the lattice specific heat (~ 3%), becomes notice- 
conclusion follows not only from free electron able at temperatures close to the absolute zero, be- 
theory, but also from the solution of the Thomas- cause in this region the specific heat due to lattice 
Fermi equations obtained by Gilvarry. By making vibrations drops off as T*, while the specific heat 
use of the concept of an electronic specific-heat of the electron gas is proportional to T. The values 
coefficient 8, they can be rewritten in the form of the experimentally determined electronic specific 


heat coefficients B), used in the calculations below, 


E = Zs 2 —— e = aby 2 5 
te aPT, Prem tebte/ t= Thue (8) are given in Table IV. 


Here Ye is a coefficient defined as the ratio of the Adding the terms Pe and Eg to the electronic 
electrons’ thermal pressure to their thermal energy. and lattice thermal terms, we obtain the following 
A comparison of Latter’s data,'8 giving an accu- expressions for the pressure and energy: 
rate solution of the Thomas-Fermi equation for the 11Cv) oe wie 
case T ~ 0, with Gilvarry’s data for the case T P= Pe +7 IT =To + Eo/ Cot] + | PoBo (Up /0) °T*; 
~ 0 shows that the electronic specific heat coeffi- a (10a) 
cient remains almost constant up to temperatures a 
of the order of 30 to 50 x 10°°K. Furthermore, as 7 \ Rice iC Gace cyto = Bo (2 / 06) "T*. 
the density increases, this constancy is maintained ; die, 
up to higher temperatures. In order to explain the Let us now, following Walsh,° establish a connec- 
dependence of the electronic specific heat coeffi- tion between the parameters of the metal in its ini- 
cient on the degree of compression, we make use tial state and the coefficients a, of the dynamic 
of the thermodynamic identity adiabats. In order to obtain the necessary rela- 
(0E /dv), =T (OP /@T), — P. tions, we recall that uae isentropic curve which 
passes through the origin of coordinates has a 
Substituting Et.e and Pt.e from (8) into this ex- second-order tangency with the Hugoniot adiabat. 
pression we obtain, after integration, Its coefficients, when expressed in a series analo- 
ee {( 1h. gous to (1), 
Ps = 5) a (s) (s— I)’, 
k 


An analysis of the data of Gilvarry and Latter 
shows that the magnitude of the Griineisen coeffi- 
cient for electrons, Ye, varies within the rather 
narrow limits 0.5 to 0.6, tending at extremely high Q,(s) = ay; ay (S) = ae; 

pressures to the value ah characteristic of a free a; (s) = az shi, (a; + as). (11) 
electron gas. If we take Ye = VE over the region of 


are connected with the coefficients of the Hugoniot 
adiabat by the expressions: 


The first coefficient a,(s) is the isentropic 
*m and n have been chosen from the experimental values modulus of bulk heed eal ata i.e., the reciprocal 
of the sublimation energies and the coefficients y (v,). of the compressibility coefficient x. For all prac- 
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tical purposes it does not differ from the isother- 
mal modulus measured by Bridgman.'4 
Substituting Pg, into (4a) and then differentiat- 
ing leads to the equation 
a, (Ss) = a (S) Yo; 


relates, = 2A) ac are) 


6 
In view of (11), we obtain finally 


as (S) 
ay (S) 


ss 
oe 


Gen oe a = ie. 
Xo Xo 
Wea eee oe =) (524) —$| 
ao ae ae TO\ a inio, glee OH” (12) 


In calculating the coefficients a;, a), and ag, 
the values of ky, Yo, and (dln v/a Inv) y, were 
taken from Table IV. 


3. RESULTS OF THE CALCULATIONS 


The results of dynamic experiments, expressed 
in the form (1), determine the pressure Pr, and 
also the energy Ep = E,) + 4Pr(v)—v). Substi- 
tuting these quantities into the left hand side of 
(10a) and (10b) gives us two equations, containing 
three unknown functions Pe, yj, and T. The 
missing third equation is (4b). The initial condi- 
tions of the system will be 


P. (Vor) = 0 and (dP, /dv), ae 


The method of calculating Wok and (dP, /AV vo 

is given in Walsh’s paper,° and the valués of Hees 
quantities which have been used in the calculations 
are given in Table IV. 

The results of the numerical solution of the 
system for aluminum, copper, and lead are given 
in Tables V to V#l, respectively. In these tables 
are given the pressures and compressional ener- 
gies at the absolute zero of temperature, the pres- 
sures and temperatures of the Hugoniot adiabat, 
and the values of the Griineisen coefficient. 

The relative positions of the Hugoniot adiabats 
and the curves of “cold” compression are demon- 
strated in Figs. 1 and 2. As the figures show, 
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thermal pressure plays an important role in the 
compression of metals by strong shock waves. 
Thus, for pressures of 216 x 10% d/cm? in alu- 
minum, 388 x 10!9 d/em? in copper, and 401 x 10°? | 
d/cm? in lead, the thermal components of the pres- | 
sure are equal to 59 x 10/9, 115 x 10!°, and 124 | 
x 10!° d/em?, respectively. 

The role of the heat in the internal energy bal- 
ance is even larger. In this case, for the same 
compressive shock pressures as above, the ther- 
mal energy has become the major fraction, amount- | 
ing to 57% for aluminum, 60% for copper, and 69% 
for lead. 

The temperatures attained were 9700, 12,400, 
and 26,200 degrees, which are approximately twice 
as high as the melting points of the metals, as es- 
timated for the high pressure region by Gilvarry.'! 
High temperatures lead to a considerable increase 
in the specific heat of the metal, due to its elec- 
tronic component BT. There is a corresponding 
increase in the contribution of the electrons to the 
internal energy balance. For example, in the shock 
compression of lead to p =2.2p,) the electronic 
fraction of the thermal energy amounts to about ; 
34% of the total internal energy change, and to 50% 
of its thermal part. The corresponding propor- . 
tions of the thermal pressure due to the electrons 
are 10% and 34%. 

As expected, in all three metals a general ten- 
dency was observed for yz(v) to decrease with 
density. It should be noted that the value of the 
function yj(v) depends markedly on small varia- 
tions in the positions of the dynamic adiabatics. 

On the other hand, the shape of the cold compres- 
sion curves is much less sensitive to possible 
variations in the dynamic adiabatics, especially 

in the region of large thermal pressures. The 
positions of the Pg curves also change very little 
when the expression (4b) for yz is substituted for 
the Landau-Slater formula (4a), or when the quan- 
tity By is varied. 


| 
| 
| 


TABLE VII. Lead 


se ee ee ee eee 
i | 
| Ee; P E P 
‘ iS) c T> ; Pp c T> 
cle, ra c | 108 OOS Piha SEC 94) e/e, CG oH A a 1029 | T, °K y 
10?°d/cm erg/g |d/cm? 10*°d/cm erg/g dems. 3 
1.10 4.2 4.21 5.3 | 3641 2.20 || 1.80" 123,7-1 427-3)"276-5) 4159014 
1.20] 11.6 6.2 | 13.4] 563 | 2:00 || 1.85] 139:5 | 144.6 200.7) io ae 
1.30 | 24,6 | 15.3 | 25.0 | 1045 | 4.90 || 1.90] 156.0 | 163.21 225'5] 15000] 1.35 
40 | 34.6 | 28.8 | 42.3 | 2000 | 1.84 |] 1.95 | 173.8 | 182.81 254.2] 167201 428 
50 | 54.0 | 46.7 | 65.5 | 3550 | 1,77 || 2.00} 492.6 | £03.5! 277.6] 184701 1.44 
1.55 | 60.7 | 57.2 | 79.7 | 4570 | 4.73 |] 2.05 | 242.3 | 295.21 305°5| 203001 1:44 
60} 71.3 | 69.0! 95.5 | 5730 | 1.69 || 2.10} 233.0 | 248/2) 335.5! 224501 1.07 
1.65 | 82.7 | 81.7 /143.5 | 7070 | 4.65 || 2.15 | 254.5 | 272.0] 367.7] 241951 1°0v 
1.70 | 95.3 | 95,8 |133,0 | 8485 | 1.60 |] 2.20] 277.0 | 297.0! 401.0] 262301 0/98 
1.75 | 109.2 1411.4 1154.0 [40000 | 1.54 , 
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The shape of the curves P,(v) is also appar- 
ent from the results of the present work. 
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valuable consultations with Prof. K. A. Semendyaev. 
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An investigation of second sound in helium has been conducted by the resonance method down 
to a temperature of 0.38°K. At temperatures below 0.5°K the attenuation of second sound is 
so great that resonances are not observed, and the second sound is transformed into rapidly - 


attenuated thermal waves. Experimental values 


0.55°K (1958 temperature scale). It is shown that the computed data for u, obtained by 
Bendt et al.'® from experiments on the scattering of cold neutrons in helium agree well 
with the data from direct measurements of the second sound velocity. 


‘Tae velocity of second sound in superfluid helium 
has been measured at temperatures above 0.8°K 
and up to the A -point by both resonance and pulse 
methods.!~ Its values as determined by various 
authors and by various methods agree among them- 
selves to within the limits of experimental error. 
At temperatures below 0.8°K second sound has 
been studied by a number of authors®~® using the 
pulse method. In these papers, unfortunately, no 
account was taken of experimental peculiarities, 
and data are presented on the second sound veloc- 
ity down to temperatures of 0.1—0.2°K. In pure 
He‘, however, the mean free path of the thermal 
quanta, for T <0.6°K, becomes comparable with 
the dimensions of the containers used and with the 
second-sound wavelength, as noted in one of the 
papers cited.* The phenomenon of second sound 
itself therefore disappears, being transformed 
into ordinary, rapidly-attenuated thermal waves. 
The thermal effect observed in conjunction with 
the pulses is associated with the reception of 
acoustic waves of first sound, excited by thermal 
expansion of the liquid helium. In the work of 
Osborne,?? measurements are performed on the 
phase of the temperature oscillations of a ther- 
mometer, placed at one end of a resonator, as 
related to the phase of the oscillations of a con- 
tinuously operating radiator located at the other 
end of the resonator. The measurements are 
carried out over the temperature range 0.25 — 
0.58°K. In this case, as in those preceding, it is 
hardly possible to speak of second sound. 

The goal of the present work was the measure- 
ment of the velocity of second sound down to the 
very lowest temperatures at which second sound 
still exists. Such measurements may most reli- 
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of u, are presented from the A -point to 


ably be made by the resonance method. Consider- 
able difficulties naturally arise in this case, asso- 
ciated with the attainment and maintenance of tem- 
peratures of 0.5 —0.8°K within a large volume of 
He‘, in the presence of appreciable heat inputs, 
and also with the necessity for receiving extremely 
weak second sound signals. 

In order to produce and maintain temperatures 
in the range 0.4 —1.2°K the He® cryostat described 
previously?! was employed. Two resonators were 
used. The first was made from a glass tube 33 mm 
in internal diameter and 50 mm in length, to the 
ground ends of which plane glass disks were ce- 
mented with BF cement. To one of the disks was 
fixed a radiator of constantan wire 40 microns in 
diameter, with a resistance of 160 Q; to the other, 
a thermometer of 30-micron phosphor bronze wire 
with an initial resistance ~1002. Leads from 
heater and thermometer were passed separately 
through two one-millimeter apertures drilled in 
the tube at its center, between the disks. The 
resonator was placed within a receptacle filled 
with He* and cooled by He? vapor pumping. The 
second resonator was made of copper and was 
also a cylinder, but of greater size. Its internal 
diameter was 60 mm and its length 70 mm. Within, 
on a disk which was soldered to the He® bath con- 
tainer, was fixed a radiator of 30-micron constan- 
tan wire. The radiator was made in the form of a 
closely-wound single-layer bifilar spiral of 1000Q 
total resistance. At the opposite end of the reso- 
nator were placed two thermometers, of 30- and 
40-micron bronze, each with ~100Q resistance, 
as well as samples of 50-micron aluminum wire 
and 67-micron cadmium wire. 

The bronze thermometers were calibrated 
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against the He® vapor pressure in accordance 
with the data presented by Roberts and Sydoriak.!2 
In addition, during the course of each experiment 
the operation of the thermometers was controlled 
according to the aluminum and cadmium supercon- 
ducting transition points. Owing to insufficient 
purity of the aluminum, its transition was broad- 
ened over 0.02°. The temperature T = 1.13°K, 

at which the sample had lost half of its residual 
resistance, was taken as the aluminum transition 


point. The cadmium was adequately pure (99.999%); 


its transition was sharp and corresponded to T 

= 0.52°K. (The terrestrial magnetic field was not 
compensated for.) The thermometers and the 
super -conducting reference standards were con- 
nected in series and supplied with a stabilized 
measuring current of 1 ma. An apparatus devel- 
oped by Vetchinkin!® served as the stabilizer. The 
stabilizer guaranteed constancy of the current to 
0.001% for a variation in the circuit resistance of 
500 2. The current in the potentiometer circuit 
was likewise stabilized with an accuracy of 0.001%, 
with the aid of a simple system using a galvanom- 
eter and photo-resistors.'* The use of stabilizing 
devices greatly simplified the work, since the 
necessity of controlling for constancy of the cur- 
rent was completely eliminated. During the meas- 
urements we determined the temperature from the 
direct deflection of a galvanometer, connected to 
the thermomenter as shown in the circuit of Fig. 1. 


‘FIG. 1. Diagram of apparatus for observation of second 
sound (for symbols, cf. text). 


For generation and measurement of the second 
sound oscillations an apparatus having high sensi- 
tivity and low noise level-was prepared in the In- 
stitute’s electronics shop. An AN-1 voltage ana- 
lyzer was selected as a foundation, having its own 
internal generator G (cf. Fig. 1), working at fre- 
quencies from 56 to 76 Kc, a mixer M,, anda 
narrow-band quartz filter F, tuned for a fre- 
quency of 56 Ke. Following the filter are a de- 
tector D andavoltmeter. The operating range 
of the AN-1 is from 100 to 20 kes in frequency, 
and in voltage from 100yuv to 100v; the passband 


width is 25 cps. An attachment was made for the 
AN-1 consisting of a generator, GQ, quartz- 
stabilized at the frequency of the filter F (56 kes), 
amixer M, with a filter passing frequencies from 
100 cps to 10 kcs, and a divider FD to halve the 
frequency. In addition, the low-noise amplifier 
LFA described previously by Zinov’eva!t was 
connected at the input of the AN-1. 

The principle of operation of the circuit was as 
follows: a frequency v = v,—v») was produced (and 
high-frequency components filtered out) in the 
mixer My). In the divider FD this frequency was 
divided by two and applied to the heater H in the 
resonator. The heater radiated second sound of 
frequency v, which was received by the thermom- 
eter T. From the thermometer the signal, ampli- 
fied by the LFA, entered the mixer M, of the AN-1 
analyzer. There it was mixed again with the fre- 
quency 14, anda signal of frequency vp = v4-v 
passed through the quartz filter F, was detected 
by the detector D, and registered on the voltmeter 
V. The exact value of the frequency was deter- 
mined from the number of periods recorded with 
the aid of a counting circuit during a known time 
interval. 

The system described made it automatically 
possible to have in the receiving circuit, for any 
frequency of the generator, a narrow-band quartz 
filter set precisely at the frequency of the re- 
ceived signal. Together with the low-noise am- 
plifier at the input, it assured positive registra- 
tion of signals exceeding by a few times the noise 
level, which was ~0.03yv. In addition, the voltage 
supplied to the heater was simultaneously applied 
to the horizontal sweep of the cathode-ray oscillo- 
scope CRO, to the vertical plates of which was 
fed the amplified signal from the thermometer. 
With the aid of the oscilloscope it was possible to 
determine the phase of the second sound oscilla- 
tions relative to the phase of the radiator. Inas- 
much as it was very difficult to avoid pickup from 
the circuit at frequencies which were multiples of 
50, especially at the uneven harmonics, the meas- 
urements in the low temperature region were car- 
ried out in the following manner: a frequency was 
selected at which the pickup was at a minimum. 
Near 1°K, where the resonance peaks are ex- 
tremely narrow, the temperature was adjusted 
to correspond exactly to resonance, and a Lissa- 
jous figure in the form of a symmetrical figure- 
eight was produced on the oscilloscope CRO by 
adjusting the LFA amplifier. Then with slow 
cooling or warming-up of the resonator, which 
had previously been cooled to 0.4°K, the tempera- 
tures corresponding to resonances were recorded, 
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according to the readings of the circuit of the 
cathode-ray oscilloscope. 

In addition, a more detailed investigation of the 
dependence of the amplitude of the second sound 
oscillations within the resonator upon temperature 
was carried out in the copper resonator. Curves 
of this sort, obtained in the copper resonator for 
frequencies of 633.6, 730 and 816.8 cps, are pre- 
sented in Fig. 2. As can be seen from Fig. 2, the 
second sound resonances are strongly washed out 
as the temperature is lowered. For the frequency 
of 816.8 cps at T =0.535°K it is evident from the 
phase of the oscillations on the oscilloscope that 
the conditions for resonance are present; due to 
the great damping, however, the amplitude maxi- 
mum is no longer observed. 


u 


$16? cps 
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FIG. 2. Dependence of amplitude of second sound oscil- 
lations in resonator upon temperature. Number of resonances 
indicated by numbers on curves. Frequency and current sup- 
plied to heater held constant. 


In determining the velocity u, from observa- 
tion of the amplitude maxima, it is necessary to 
introduce for the washed-out peaks a correction to 
the value of u,. If the length of the resonator is 
designated by /, and the law for propagation of 
second sound in the resonator is taken in the form 


w = wye—v' sin (wt — wx / tly), 


then near resonance wl/Us =n7+ 6, and the am- 
plitude of the oscillations will be!® 


W, = W /2V 8 + (yl)? 

The condition for a maximum in w, will bea 
minimum value for the expression under the radi- 
Calsaives. 

606 / OT 4- yi? Oy /OT = 0. 
But 
06 /OT = — (wl / u2) Ou / OT 


and the maximum will be observed at 


- u2yl Oy | OT ol | uo Or | se 


SS apa! — - us, = en 
Us og a Ous | OT OF: 2 w? Os FOT , 


nye 


This correction amounts, at low temperatures, to 
approximately 3%. If the observation is carried 
out using the cathode-ray oscilloscope — i.e., ac- 
cording to the phase of the oscillations — then it 
is not necessary to introduce the correction. The 
correction corresponding to the change in / from 
room temperature down to that of the helium is, in 
all, 0.3% for copper, and even less for glass. 
Results of the measurement of u, at tempera- 
tures below 1°K are presented in Fig. 3. The 
curve of du,/dT is also given in the figure, at 


u,,m/sec 


e Copper resonator 
100 4 Glass resonator 
x Calculated data’ 


80 © Data from ref. 9 


QS 46 Q7 Qb a9 10 
T° 


FIG. 3. Dependence of second sound velocity upon tem- 
perature. 


the bottom. With the copper resonator the meas- 
urements were carried out at frequencies of 634, 
730, 817, 930 and 1440 cps (all indicated by the 
same symbol), and with the glass resonator, at 
frequencies of 990 and 1352 cps. In Fig. 3 are 
shown the data of Bendt, Cowan and Yarnell!® ob- 
tained for uy, by calculation, from the spectrum 
of the thermal excitations in liquid helium, using 
the spectrum established experimentally!" from 
measurements of the scattering of cold neutrons 
in helium II. The data of Kramers and co-authors,? 
from measurements of u, by the pulse method, 
are also presented. Inasmuch as at T =0.7°K 
and below there is observed a considerable dis- 
persion of second sound, due to the great attenua- 
tion, the pulses are strongly distorted, and the 
method does not yield satisfactory results. Kramers 
and his co-authors succeeded in obtaining more or 
less reasonable results, thanks to a special method 
for reducing the experiments, but these only at 
temperatures above 0.7°K. Data for uy by other 
authors® 8 at temperatures below 0.8°K have not 
had dispersion taken into account in the proper 
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way, and differ even more from those obtained in 
the present experiment. 

In the copper resonator, the measurement of 
u, was carried out in the region of higher tem- 


peratures as well, up to T = 2.175°K (Ty = 2.176°K). 


The combined results from the measurement of 
the second sound velocity u, under saturated 
vapor pressure over the whole temperature range 
are presented in the table. These data are ob- 
tained by averaging the most trustworthy measure- 
ments performed at the Institute for Physics Prob- 
lems, and are referred to the 1958 temperature 
scale.!® For comparison, the calculated data of 
Cowan et al.® are also given in the table. As is 
evident, the two sets of data are very close to one 
another, and practically agree to within the limits 
of error for the calculated and experimental data. 
Measurement of the width of the resonance 
peaks makes it possible to determine the second 
sound attenuation. The attenuation at low temper- 
atures is large; therefore it is no longer possible 
to take the quantity yl as equal to the half-width 
6 of the resonance curve. It is necessary to use 
the following approximation. With an accuracy 
up to terms in 6! 


ni =i 88/3) 


At low temperatures, the correction reached 20%. 
For weak signals, moreover, it was necessary to 
introduce a correction for background. If a is 
the background amplitude, wy) the amplitude of 
the signal at maximum, w, the whole amplitude 
at maximum, and w, the amplitude at which the 
half-width is equal to 6, then 


Pay as ao, : yp meee LGW 
w= |Ywta, wy =P a/2tae=Vwi+ay2. 


Inasmuch as in our case the resonators were 
broad and short, the surface losses were incom- 
parably smaller than the volume losses, and it 
was possible to neglect them. Data on the second 
sound attenuation are represented in Fig. 4. The 
y axis represents log (y/w”); this quantity is 


FIG. 4. Dependence 
of log (y/w’) upon tem- 
perature (numbers fol- 
lowing symbols in list 
are frequencies in cps). 
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frequency-independent, since the volume losses 
are proportional to the square of the frequency. 
The data obtained by Kramers and co-authors,’ 
and a curve constructed from the measurements 

of Zimev’eva,!? are also shown in the figure. It 
should be noted that according to the data of Zinov’- 
eva and Kramers the attenuation at temperatures 
above 0.8°K is much smaller than in the present 
work. This is explained by the fact that in such 
broad, short resonators, beginning as early as the 
third resonance, several types of oscillations arise 
at once. In our case, at the higher temperatures, 
resonances beyond the second were the ones ob- 
served, and it was impossible to determine from 
them the attenuation of plane waves of second sound. 
The attenuation as determined from the first and 
second resonances, however, lies on a prolonga- 
tion of Zinov’eva’s curve, and close to the data of 
Kramers. In several papers,°»!° a mean free path 
for the phonons is determined from the second 
sound attenuation. At low temperatures, however, 
there are few rotons, and a fundamental role is 
played by the scattering of phonons on phonons. 

In this case the mean free path depends very 
strongly upon the angle of incidence of the pho- 
nons, and is a maximum when the directions co- 
incide. At the same time, collisions of phonons 
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having the same direction cannot lead to the gen- 
eration of second sound. The problem of the mean 
free path at low temperatures must therefore be 
investigated separately; in any case a model in the 
form of elastic spheres is not suitable for them. 

Second sound might be observed at tempera- 
tures below 0.55° by using lower frequencies; in 
this case, however, the dimensions of the appa- 
ratus will grow considerably. Thus for observa- 
tion of a resonance of identical form — i.e., main- 
taining the same yl = Yl) — taking u, =lw/7 
and the increase in attenuation d log (y/y))/dT 
=—4, for T=0.5°K as compared with T = 0.55°K, 
it is necessary to use a resonator with l = 2l), 
and by comparison with T =0.6°K, a resonator 
with 1 =6l), or, in the present case, a length 
~ 0.4m. Under the usual experimental condi- 
tions it is thus impossible to observe second 
sound at temperatures below 0.5°K. 

Osborne’® has carried out an investigation of the 
propagation of periodically-radiated heat, at tem- 
peratures between 0.25 and 0.58°K and frequen- 
cies from 60 to 2000 cps. The radiating heater 
was located at one end of a closed tube 2 cm in 
diameter. At the other ciosed end was placed a 
receiving thermometer. The phases of the oscil- 
lation were compared for various lengths of the 
tube (0.38, 3.16, 9.26, and 12.35 cm). The con- 
ditions in Osborne’s experiment were close to 
those described in the present work; in the over- 
lapping region the values should therefore agree, 
but Osborne’s u, = 145 m/sec for the point at 
0.54°K, while at 0.58°K, the quantity u, = 115 
m/sec. The considerable increase in Osborne’s 
values for uy, can be explained by the fact that, 
in reducing the experiment, the author tacitly as- 
sumes the phonon-phonon scattering process to 
be analogous to the scattering of elastic spheres. 
The cardinal difference between these processes, 
however, lies in the fact that for elastic spheres 
any other sort of collision has a much greater 
probability than a collision in closely similar di- 
rections. The greatest contribution to the genera- 
tion and propagation of second sound oscillations, 
though, is provided by collisions at large angles. 
However, in collisions of phonons the opposite 
picture prevails. Proceeding from these consid- 
erations, he obtained the extremely strange result 
that the phonon mean free path increases by a fac- 
tor of three, in all from 0.58 to 0.25°K. From 
Osborne’s experiments it is thus possible to af- 
firm only the considerable likelihood of the con- 
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clusion that the concept of the phonon mean free 
path as applied to the propagation of heat in helium 
at temperatures below 0.7°K must be investigated 
in greater detail. In any case, to speak of second 
sound at temperatures below 0.5°K under presently 
attainable experimental conditions seems scarcely 
expedient. Here, phenomena will appear com- 
pletely different. 

In conclusion, I take this opportunity to thank 
Academician P. L. Kapitza for his interest in the 
work, Prof. I. M. Khalatnikov for valued discus- 
sions, and also A. I. Filimonov for his aid in car- 
rying out the experiments. 
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A low temperature (including helium temperatures) cryostat is described for studying scat- 
tering of thermal neutrons by polycrystalline specimens. 


We have constructed an apparatus for studying 
the magnetic properties of antiferromagnetics at 
low temperatures,'»* in which neutron diffraction 
can be investigated over a wide range of Bragg 
angles. As the requirements of accuracy in inter- 
preting the diffraction pattern are high, we took 
account of many reflections and high orders. It 
was therefore experimentally desirable to be able 
to measure the scattering up to angles @p = 45°, 
i.e., for rotation of the detector through 90°. The 
optimum rate for the automatic rotation of our de- 
tector around the specimen is 1° in 3.5 min. It 
follows, then, that the exposure time for record- 
ing the diffraction pattern can be 5 hours, and if 
the picture is taken point by point this time is 
doubled. 

The main requirement for a cryostat for this 
purpose is, then, to maintain the specimen at a 
low temperature for a long time with, naturally, 
minimum background scattering produced by the 
cryostat itself. 

The cryostat used for our measurements was 
constructed from the hydrogen Dewar proposed 
for the purpose by Kapitza in 1932.3 Figure 1 
shows a sketch of the Dewar after it had been 
turned into the cryostat. “Appendix” 2, of 0.2 
mm wall thickness stainless steel, is attached 
below the inner vessel 1, which holds 51 of liquid. 
The thin walled (0.2 mm) aluminum cup 3, con- 
taining the specimen, is attached to the base of 
the “appendix.” The aluminum was tinned with 
an ultrasonic soldering iron before being soldered 
on. The leads to the thermometer 6 were passed 
to the outside through a 3 mm diameter stainless 
tube 4, extending through the whole cryostat, from 
the bottom of the appendix to a sealed glass tube 5, 
provided with platinum leads. 

The 5-liter sphere 1 is surrounded by a copper 
shield 7 cooled by nitrogen fed from a 3-liter 
“sputnik,” 9, through a copper rail 8. The alumi- 
num foil cylinder 11 is attached to shield 7. There 
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FIG. 1 


is a flange connection 12 below the outer layer of 
the cryostat by means of which the aluminum pres- 
sure vessel 13 is attached to the outer layer with 
4 mm screws through a rubber seal. This vessel 
is thinned down to a thickness of 0.2 mm over the 
specimen height, namely 60 mm, with stiffening 
rings 1.5 mm thick left on the surface at 20 mm 
intervals. The suspension tubes 18 and 19 of the 
vessels 1 and 9 were changed to stainless steel 

to reduce the heat inflow. The rubber seal, alumi- 
num soldering and thinned-down cylinder operated 
without trouble after a year and half. 

The vacuum space between the spheres is 
pumped through the sylphon tube 14, fixed to the 
Plexiglas shield 15, by a special vacuum system 
connected by a flexible metal tube. The original 
vacuum achieved, 2 x 10° mm Hg, did not deteri- 
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orate during operation. A series of measurements 
on any one specimen could be carried on for sev- 
eral months without further pumping. This was 
aided by activated charcoal at the bottom of sphere 
1 and the nitrogen sphere, which on cooling ab- 
sorbed the gas given off the inner surfaces of the 
cryostat. 

During the experiments the sputnik was con- 
stantly supplied with nitrogen by an oxygen-regu- 
lated automatic filler. When assembled, the cryo- 
stat with the specimen is located at the center of 
the mounting of the neutron spectrometer by means 
of the aluminum disc 16 and the three supports 17. 

When experiments are made at helium tempera- 
tures, the helium evaporated from the cryostat is 
collected by a pumping system attached for the 
purpose. Helium from a portable Dewar (see ref- 
erence 4) is siphoned into the 5-liter volume kept 
at a constant pressure of 20 mm Hg, produced by 
the forevacuum pump. The pump exhaust is con- 
nected to a (2.5 m®) rubber anda (0.5 m®) metal 
gas holder. The helium is compressed at 5 m? per 


hour into a high pressure container by a compressor. 


The use of a rubber gas holder avoids an expensive 
and bulky metal holder and also allows the exper- 
menter to carry out the whole process of filling 
and pumping helium without assistance. 

As has been found from many experiments, the 
cryostat fulfilled all the requirements demanded 
of it. The background from the aluminum casing 
is 20% of the counter background and does not dis- 
tort the neutron diffraction pattern of the specimen. 
The coolants kept for a sufficiently long time, and 
at the end of the diffraction measurements had to 
be boiled off from inside the 5-liter sphere by a 
special heater. 

oe 750 


500 La 


ae 


2 


ye 


Liters of He evaporate 


FIG. 2 

The apparatus could keep a specimen at helium 
temperature for two days and nights. The total 
amount of helium used for an experiment, includ- 
ing the cooling, was then 7.5 1. A typical evapora- 
tién curve is shown in Fig. 2, which shows the 
evaporation of 1.3 1 He. The rate of evaporation 
is at first constant (1 1 of liquid is boiled off in 
29 hours), and then gradually decreases up to 
69 hours. This corresponds to the moment when 
helium only remains in the “appendix” 2. Most 
of the helium is, therefore, boiled off while the 
apparatus is cooling down, the evaporation itself 


R. A. ALIKHANOV 


being small. We have calculated that ~ 4 1 of | 
liquid He are necessary to cool the vessel. | 
We used an experimental thermometer obtained _ 
from Yu. V. Sharvin, prepared from coal’ Such 
thermometers, especially the resistance thermom- 
eters made by the Allen-Bradley company, show a 
strong temperature dependence of resistance at 
low temperatures. This makes them very con- 
venient as low-temperature thermometers. They 
are advantageous for neutron diffraction work be- 
cause of their extremely small size. A small ther- 
mometer can be placed on one end of the cylinder | 
with the specimen and so does not affect the dif- 1 
fraction pattern. | 


| 
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FIG. 

Our thermometer was 1 X 2 X 3.5 mm in size 
and was secured with BF-2 adhesive to the bottom 
of the aluminum cylinder containing the specimen. 
Potential and current leads from it were connected 
to a compensated potentiometer circuit. Figure 3 
shows the thermometer calibration, measured at 
five temperatures. 

In some cases, temperature control of the spe- 
cimen for long experiments was achieved by a 
recording potentiometer EPP-09 with 100 scale 
divisions for 10 mv. 

lamdeeply grateful to Acad. P. L. Kapitza for 
his constant interest in the work. I thank Yu. V. 
Sharvin for supplying me with an experimental 
thermometer model. 
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The ratios of (y, d) to (y, p) cross sections for 15.5 —30 Mev protons and deuterons pro- 


duced by oe of Eymax © 90 Mev 


are given as function of atomic number A for 


14 elements from Li® to Au. For medium and heavy nuclei o(y, d)/a(y, p) ~ A*/3 7, cor- 


responding to the picture of production of photodeuterons in the capture process. 
dependence of a(y,d)/a(y, p) is given for Li® and po 


of photodeuterons from Li® and Li’ 
high-energy phototritons from Li®, Li? 
photoprotons and photodeuterons from Li®, 


and of phototritons from Li’. 


The energy 
together with the energy distribution 
A relatively large yield of 


and B was observed. The angular distributions of 
Lat 


Be, and C are compared. The shape of the 


experimental photodeuteron angular distributions is found to agree with those computed on 


the assumption that the photodeuterons are produced in the capture process. 
butions of high-energy phototritons from Li®, Li’ 


1. INTRODUCTION 


ly the study of deuterons and protons of energy 

> 15 Mev produced in photodisintegration of the 
nucleus by bremsstrahlung of Eymax © 90 Mev, 
ratios o(y, d)/a(y, p) were obtained previously! 
for Be and C as functions of particle energy Eg 
and Ep, as well as the energy dependence of a(y, d) 
In this work, a rough, semi-empirical analysis was 
carried out, assuming that the photodeuterons are 
produced in the so-called capture process. This 
gave results in good agreement with the experimen- 
tal data. It was noted that analogous experimental 
data on photodeuterons of energy > 40 Mev pro- 
duced? in photodisintegration of the nucleus by 
bremsstrahlung of Ey max © 300 Mev could also 
be interpreted as following from this capture mech- 
anism. Further light would be shed on the mechan- 
ism of the (y, d) reaction by establishing such im- 
portant characteristics as the dependence of photo- 
deuteron yield on atomic number A and by obtain- 
ing angular distributions, and comparing these with 
the same characteristics for photoprotons. 

In work carried out with the Pennsylvania 
betatron®~° with Ey max = 24 Mev, using the method 
of counting grains in photoemulsion tracks, the fol- 
lowing data on the yields Y(y, d)/Y(y, p) of pho- 
todeuterons relative to photoprotons for energies 
up to 10 Mev were found: Cu’, 0.31; In‘, < 0.01, 

Cha, OnOAe" 183i WMeOile Co? < 0.02. The large fluctu- 
ations in the ratio Y(y, d)/Y(y, p) from element 
to element would seem to establish the basic influ- 


Angular distri- 
and Be are also given. 


ence of the specific structure of the nucleus on the 
yield of photodeuterons, whereas a similar effect 
on the yield of photoprotons, at least for Cu and 
Co, was not observed. However, Forkman® showed 
later, using bremsstrahlung of Emax = 30 Mev 
and the same method of detecting protons and deu- 
terons, that it was impossible to identify protons 
and deuterons for each individual track by the 
method of grain counting in the energy region 
studied, and that some possibility of separating 
deuterons from protons could be realized only by 

a statistical processing of the data for a large 
number of tracks. Forkman found the following 
ratios” Y (y,-d)/Y (7; p) for Co°and(Cus_Compe22, 
Cu, 0.16, which are not very different. Using the 
same method, Makhnovskil obtained Y (y, d)/Y (y, p) 
= 0.14 for Au. 

It is clear that these works suffer from the 
shortcoming of poor statistical accuracy. Values 
for the ratio Y(y, d)/Y(y, p) of 0.76 and 0.15 
were obtained for Cu® and S$’, respectively, with 
y rays from a synchrotron with Eymax = 65 Mev 
using a Wilson chamber in a magnetic field. Here, 
again, a surprisingly large number of photodeuter- 
ons were found in the case of Cu. In preliminary 
data of the Cornell group,?? who used a synchrotron 
with Eymax ~ 300 Mev and studied the high-energy 
protons and deuterons with a scintillation telescope 
of two crystals, the ratios Y(y, d)/Y(y, p) in- 
creased gradually for a series of elements from 
0.12 for C to 0.24 for Pb. The ratio Y (y, d)/ 
Y(y, p) of 0.21 for Be stood out. Comparison 
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of relative yields of photodeuterons of a given 
energy produced by bremsstrahlung of Ey max 

~ 90 Mev! and Eymax © 300 Mev? shows a sub- 
stantial difference in the magnitudes of the yields. 
This fact shows that in comparing yields of photo- 
deuterons from different nuclei, it is necessary to 
compare yields obtained for the same value of 

Ey max: 

In the data obtained on the Cornell synchrotron 
with E.,max = 300 Mev, the photodeuterons from 
C, Cu, Ag and Pb of energies near 40 Mev have 
approximately the same angular distribution as 
photoprotons of the same energy.!° It was found 
on the synchrotron of the Physico-Technical Insti- 
tude with E)max ~ 90 Mev that photodeuterons 
from Be of energy greater than 18 Mev have an 
angular distribution analogous to that of photopro- 
tons! in the interval 40 — 90°. These works exhaust 
the published information that we know of on the? 
angular dependence of (y, d) reactions. It can be 
seen that the questions noted above require further 
investigation. 

In the present work the relative yields of (y, d) 
and (y, p) reactions were studied for a wide inter - 
val of mass numbers from Li to Au for protons 
and deuterons of energy 15 to 30 Mev, produced 
by bremsstrahlung with Eymax ~ 90 Mev. In 
order to elucidate possible fluctuations in the 
yields of photodeuterons, nuclei of neighboring 
mass, but different occupation of upper nucleon 
shells, were chosen. The angular distributions 
of photodeuterons from the photodisintegration of 
the light nuclei Li®, Li’, Be, and C were also 
studied and compared with angular distributions 
of photoprotons of the same energy. In addition, 
some information about high-energy phototritons 
was obtained. 


2. EXPERIMENTAL ARRANGEMENT AND DIS- 
CRIMINATION BETWEEN PARTICLES 


Fast charged particles — products of the photo- 
disintegration of the nucleus — were counted and 
identified by a telescope of scintillation counter- 
spectrometers. This was done by measuring AE 
~ dE/dx of the particle, from the pulse of the first 
counter which had a thin crystal, and the energy E 
of the particle lost in the thick crystal of the rear 
counter. This method has been described in detail 
previously.! Measurements were carried out with 
four independent telescopes, each of which could be 
set at arbitrary angle to the direction of the y-ray 
beam, at a definite distance from the target held 
strictly the same for all telescopes. The particle 
yields were studied mainly at 90°. Angular distri- 
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butions were determined from measurements at 
35, 57.5, 80, 102.5, 125, and 145° relative to the 
direction of the y-ray beam in both left and right 
parts of the hemisphere, centered upon the target. 
Different telescopes gave the same results, within 
the limits of statistical errors, when placed at the 
same angles. Readings of the telescopes at each 
angle were lumped together. Targets for the angu- 
lar distributions consisted of hollow cylinders with 
thick walls, corresponding to the range of protons 
of energy about 4 Mev, and for measurements of 
yields, of rectangular plates. The targets were 
placed in a vacuum chamber in order to exclude 
background due to nuclear reactions in air. The 
absolute intensity of y rays was measured using 
a thick-walled ionization chamber, calibrated by 
the calorimetric method of Kruglov.!! 

Distributions of particles with AE and E for 
boron and cobalt are given in Figs. 1 and 2. In 
Fig. 1, which relates to boron, three distinct groups 
of particles registered by the telescope are seen. 
From measurements of AE and E, they are 
identified as protons, deuterons and tritons. In 
the case of cobalt, there are only two distinct 
groups of particles, lying in the regions of pro- 
tons and deuterons, and only a few points fall in 
the triton region although the number in the deu- 
teron region is about the same as for boron. The 
results for these and for all other nuclei were ob- 
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FIG. 1. Distribution of particles for B with energy AE 
lost in the first thin crystal of the scintillation telescope, and 
energy E absorbed in the rear thick crystal. AE and E are 
given in arbitrary units. The solid lines give the calculated 
upper limits of proton and deuteron regions. 
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FIG. 2. Same as Fig. 1, but for Co. 
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FIG. 3. Ratio of (y, d) to (y, p) cross sections for 
protons and deuterons of energies 15.5—30 Mev as func- 
tion of atomic weight A. The solid curve shows the 
dependence given by Eq. (2), arbitrarily normalized. 


tained by a frequent interchange of targets, so as 
to avoid errors from any uncontrollable fluctuations 
in the apparatus. The reproducibility of the results 
was very satisfactory. 
The yields of phototritons were estimated in 

the following way. A calculated curve connecting 
E with AE for protons was normalized to the 
upper limit of the proton region which was very 
sharply defined so that above this curve lay only 
a negligible number of proton points. After such 
a normalization, the calculated upper limit to the 
deuteron region was determined. Points above the 
upper deuteron limit can relate only to tritons. In 
Figs. 1 and 2 these calculated curves are repre- 
sented by solid lines. With this method, points 
relating to tritons, but falling in the region below 
the calculated upper limit for deuterons, are natu- 
rally not taken into account. However, from Fig. 1, 
where the whole triton region is displayed more or 
less distinctly, it can be seen that the loss of points 
from the lower tail of the triton distribution is in- 
significant. The measurements include protons 
and deuterons of energy 15.5 — 30 Mev and tritons 
of energies 17 — 30 Mev. 


3. EXPERIMENTAL RESULTS 


The ratios of o(y, d)/a(y, p) of cross sec- 
tions for (y, d) and (y, p) reactions for protons 
and deuterons of energy 15.5 — 30 Mev are given 
in Fig. 3 as function of mass number A for 14 
elements. The data are for angle @ = 90° rela- 
tive to the direction of the y rays. For the Ha 
and Li’ targets, @ = 80°. Only statistical root- 
mean-square errors are indicated. Figure 4 shows 
the energy dependence of a(y, d)/a(y, p) for Li’ 
and Li®. This was obtained by summing data for 
angles 35 to 145°. The energy distributions of 
photodeuterons at @ = 80° for Li’ and Li® are 
given in Fig. 5 in units of cm’/Q Mev-sr. For 
comparison, the energy distribution of phototri- 
tons from Li’, obtained by summing tritons at 
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FIG. 4. Dependence 
of the ratio of (y, d) to 
(y, p) cross sections on 
the particle energy E for 4 
Li® and Li’. 
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FIG. 5. Energy distributions of photodeuterons from Li*® 
and Li’ and phototritons from Li’. The scale of the ordinate 
for phototritons is arbitrary. 


angles 35, 57.5, 80, 102.5, 125, and 145° is given 
in the same figure. The ordinate gives numbers 
of tritons in arbitrary units. In all cases, only 
statistical errors are indicated. The error in 
measurement of the absolute cross section was 
estimated to be + 35%. 

Relative yields of phototritons in numbers of 
phototritons per 100 deuterons are given in Table 
I. Here the data for Li®, Li’, and Be was ob- 
tained by summing results for angles 35, 57.5, 
80, 102.5, 125, and 145° relative to the y rays. 
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TABLE I 
Element | 100N7/Na Element | 1007/Na Element | 100N¢/Na Element | 100%+/Na 
Lié 30+3 | B 39+8 Ni 1044 In 9+£2.95 
i? 22.922.9) Si 10+4 Co 2ROES Ta 10+4 
Be 13+2.6| S 8+4 Cu Diyee? Au 343 
The data for the other elements relate to 90° and, he: 
because of large statistical errors, can serve as 
only preliminary estimates of the yields of fast 6 
phototritons. in 
. ™~ "9 
It should be moved that the yield of eosin FIGCT. Angule Wea dbutlonet ear va 
of the energy considered rises smoothly wi of photodeuterons of energies ‘ se 
for the elements plotted in Fig. 3, and that start- 15.580 Mev for Lit Lin Ge y; | 
ing already with Al, no direct proportionality to and @. The emom are statistical: 
Z is observed on account of the effect of the Cou- The solid curve gives thecalcu-  ; 
lomb barrier. For illustration, we give the yields lated results for photodeuterons i 
of photoprotons Y(y, p) per proton in the nucleus from Be. { ; 


for several elements in relative units (the error 
in these measurements was estimated to be +10%): 


jake ibe Be C Al Cu 


Y¥(y,p) = 1.49 1.57 14.5 41.34 1.00 0.56 


Angular distributions of photoprotons of ener- 
gies 15.5 — 30 Mev are given in Fig. 6 for regs Br he 


FIG. 6. Angular distributions 
of photoprotons of energies 15.5— 
30 Mev for Li®, Li’, Be, and C. 
The errors are statistical. 
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Be, and C. The cross section for (y, p) reactions 
is plotted, in relative units, along the ordinate, and 
the angle between the axis of the telescope and the 
direction of the y-ray beam, along the abscissa. 
Only statistical errors are indicated. The dashed 
lines show smoothed curves, characterizing the 
form of the experimental angular distribution of 
photoprotons. 

Figure 7 shows the angular distributions of pho- 
todeuterons of energies 15.5- 30 Mev from the 
same nuclei. The cross section for (y, d) reac- 
tions is plotted along the ordinate in relative units, 
against the abscissa, the same angle as in Fig. 6. 


Figure 8 displays the differences in the shapes 
of the angular distributions of photoprotons and 
photodeuterons from Li’, Li®, and Be, the ordi- 
nate giving the ratios of (y, d) to (y, p) cross 
sections in percentages. The dashed line is a 
smoothed curve characterizing the shape of the 
ratio o(y, d)/a(y, p) asa function of angle rela- 


tive to the y-ray beam. In Figs. 7 and 8, only 


statistical errors are shown. 


FIG. 8. Angular dependence 
of the ratio of (y,d) to (y,p) 
cross sections for Li®, Li’, and 
Be. The errors are statistical. 
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Figure 9 shows the angular distributions of 
phototritons of energy 17 — 30 Mev from Li’, Li® 
and Be. In this case the indicated errors can be 
seen to be rather large; therefore, the results 
given in Fig. 9 should be considered preliminary. 
The cross section for (y, t) reactions is given in 


> 


a A 
Zo Te 
4 ui’ 4 


1 7 
0 ee ee a 0 
20 60 100 WoO «wb 20 60 100 1490 6° 


FIG. 9. Angular distributions of photatritons of energies 
17—30 Mev for Li’, Li®, and Be. a—Li’?; b—Li® and Be. 
The scale is the same in a and b. The errors are statis- 
tical. 


relative units. Some quantitative comparisons of 
these cross sections with the cross sections for 

(y, d) and (y, p) reactions are given in Table II 
for 80° and the above intervals of particle energy. 


TABLE II 
Co apn Ua, 
a Yd 4092 | at 102 
Q-sr yp | Syp 
Li? 66.041.3 | 6230.00 1.0+0.25 
lac G2h0= 153. DAAOEORZO 0,79+0.20 


4. DISCUSSION OF EXPERIMENTAL RESULTS 


a) Yields. The experimental results shown in 
Fig. 3 make it possible to show the main features 
of the dependence of the ratio a(y, d)/a(y, p) on 
atomic number A. It can be seen that this ratio 
decreases in the region of light nuclei but, in the 
region of medium (beginning with A * 30) and 
heavy nuclei, gradually rises with increasing A. 
For neighboring nuclei, in particular, for Co and 
Cu, the ratios a(y, d)/a(y, p) are very close to 
each other. An exception is Li® where the reac- 
tion Lai° (y, a) He‘, which is energetically favor- 
able for the absorption of electric dipole y rays, 
is forbidden by isotopic-spin selection rules. 
Such a reaction can proceed by magnetic-dipole 
and electric-quadrupole absorption of y rays. 

In addition, the reactions Li®(y, d) He? +n and 


Li® (y, d) H*? + p are not forbidden also in the case 


of electric-dipole absorption, but have a high en- 

ergy threshold. The excitation function for photo- 
deuterons of energy 15.6 —22 Mev is given for Li® 
in Fig. 10. The maximum bremsstrahlung energy 


is plotted along the abscissa, and the cross section 
for (y, d) reactions per effective quantum, in rela- 


tive units, along the ordinate. The arrows in the 
region Eymax = 20 Mev delimit the region of the 
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FIG. 10. Excitation . 
function for photodeu- 
terons.of energies 15.6— 
22 Mev from Li®. 
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energy threshold for the reaction Li® (y, da) Het 
for the given case. The arrows in the region of 
40 Mev delimit the region of threshold for the 
reactions Li®(y, d) He®? +n and Li® (y53d)) H? + p. 
It is seen that the (y, d) reaction becomes large 
in Li® only for y-ray energy above the second 
threshold region. Because of this, it is clear why 
the ratio a(y, d)/a(y, p) is so much smaller for 
Li® than for Li’. 

When the capture mechanism is operative, the 
(y, d) reaction can be considered to take place in 
two stages. In the first stage, the y ray is ab- 
sorbed by the proton or neutron in the nucleus, 
and in the second stage, the excited nucleon picks 
up a second nucleon, forming the emitted deuteron. 
If we assume such a process, then the ratio a(y, d)/ 
a(y, p) can be written in the following form: 

3 (7, d) [o’ (x, p) +o (7, 2)] PF 


s(t, py) a, PF, (1) 


Here, o’(y, p) and o’(y,n) are the cross sec- 
tions for (y, p) and (y, n) reactions neglecting 
the potential barrier, P3; is some average proba- 
bility of the proton or neutron capturing a second 
nucleon with emission of a deuteron, Fg and Fp 
are barrier penetrabilities for deuterons and pro- 
tons, respectively. On the basis of work carried 
out to date,!3»!4 one can take [o’(y, p) + o’(y, n)] 
~A and o’(y, p) ~ Z. Further, it is natural to 
consider that such a weakly bound system as the 
deuteron can be formed and emitted from medium 
and heavy nuclei mainly from the surface region 
only; consequently, one can assume that P; ~ A’/%. 
Finally, the ratio Fq/Fp for medium and heavy 
nuclei depends only weakly on A. Thus, one can 
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expect that if the capture mechanism is operative, 
the dependence of a(y, d)/a(y, p) on A will go 
roughly as 


3(y QD/o(y, p)~ Ar A%/Z. (2) 


The solid curve in Fig. 3, normalized arbitrar- 
ily to experimental results, reproduces the depend- 
ence (2). It can be seen that the calculated curve 
reproduces the trend of experimental ratios 
a(y,d)/o(y, p) rather well. Equation (2) is, of 
course, not applicable in the region of light nuclei, 
where the concept of nuclear surface loses mean- 
ing because of the small number of nucleons. The 
ratios a(y,d)/a(y, p) for high-energy deuterons 
40 Mev) produced! by bremsstrahlung with 
Ey max = 310 Mev, are 0.21 for Be, 0.12 for C, 
and 0.24 for Pb. Noting that o(y, d)/o(y, p) 
here increases gradually with increasing A be- 
tween C and Pb,!° we come to the conclusion that 
the dependence of o(y, d)/a(y, p) on A has the 
same character at high energies as that shown in 
Fig. 3 of this article. There is a difference, in 
that the ratios o(y, d)/a(y p) obtained in refer- 
ence 10 are substantially larger. This fact was 
explained by the semi-empirical calculations based 
on the capture mechanism.! The energy depend- 
ence of the ratios o(y, d)/a(y, p) for Li® and 
Li’ and the energy distributions of photodeuterons 
given in Figs. 4 and 5 are, in the main, similar to 
those for Be and C given in reference 1. 

In Table I, where the relative yield Nz of fast 
phototritons is given, it can be seen that for all 
nuclei given, with the exception of Li®, Li’, and 
B, the magnitude of the ratio a(y, t)/a(y, d) 
is about the same, within the limits of statistical 
error, as the magnitudes of the ratio a(y, d)/ 
o(y, p) for the same nucleus. It is possible that 
these phototritons are produced by a mechanism 
of double capture. The noticeable larger yield of 
phototritons from Li’, Li’ and B is striking.. 
From Fig. 5 it is seen that the shape of the energy 
distribution of phototritons from Li! is similar to 
the energy distribution of photodeuterons. 

b) Angular distributions. It can be seen from 
Figs. 6 and 7 that the angular distributions of 
photoprotons and photodeuterons in the same en- 
ergy interval are rather similar in shape. How- 
ever, it is striking that the shapes of the angular 
distributions of photodeuterons are completely 
different in one definite characteristic. This is 
especially clear in Fig. 8 for Li®, Li’, and Be. 
The characteristic difference consists in the fact 
that the cross section for (y, d) reactions drops 
much less quickly with increasing angle in the 
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large angle region, and in the small angle region 
does not have such a sharp drop as that observed 
in the (y, p) cross section. The fact that the 
form of the angular distribution of the (y, d) 
cross section resembles that of the analogous 
(y, p) distribution, does not qualitatively contra- 
dict the earlier assumption,! justification for which 
was given in reference 1, that the deuterons are 
formed in the process of capture. We can try, on 
the basis of this assumption, to estimate the shape 
of the angular dependence of the (y, d) reactions. 
Under this assumption, the y ray is absorbed by 
a single nucleon in the nucleus and the excited nu- 
cleon either goes right out of the nucleus at angles 
0’, y’ tothe y-ray beam, or, with a definite 
probability, picks up another nucleon to form a 
deuteron emitted at angles 0, gy. Then, in a rough 
approximation, the angular distribution for (y, d) 
reactions looks like 

Qn 


a = sae Pee ee 2 P; (w) dQ’. 


dQ’ 
0 (3) 
When applied to results given in Fig. 7, doyq(0, 9)/ 
dQ denotes the cross section for the (y, d) reac- 
tion at angles 6, y, integrated over photodeuteron 
energy from 15.5 to 30 Mev, while doyp(6’, p’)/ 
dQ and doyn( 6’, gy’) dQ’ are the ep sections 
for (y, p) and (y,n) reactions at angles 6’, 9’, 
integrated over energies from the minimum value 
for which the proton and neutron can form a deu- 
teron of energy Eg = 15.5 Mev to the maximum 
observed in the experiment. The connection be- 
tween the energy of the photodeuteron and the en- 
ergy of the photoproton (photoneutron) which 
would be emitted without formation of a photodeu- 
teron, is found from energy conservation for (y, p) 
and (y, d) reactions in which the residual nucleus 
is formed in its ground state. P3;(w) is some 
capture probability, averaged over deuteron energy 
and depending on angle w between the directions 
of emission of the proton (or neutron) and deu- 
teron. In carrying out the calculations for Be, 
one can consider the angular dependence of the 
(y, n) reaction” to be very near in form to that 
of the (y, p) reaction. Consequently, we need 
only the dependence of doyp(8’, p’) dQ’, given 
directly by experiment. This dependence is not 
shown separately, since it does not differ essen- 
tially from that given in Fig. 1. In analogy with 
the usual capture process,'*!" the angular distri- 
bution of the probability of capture can be written, 
in a well-known approximation, as 


P; (@) ~ 


7 
do baa ut @)_ = 
0 


N (n) ~ 


e—B°lEs 


(4) 
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where N(n) is the distribution function of nucleon 
momentum in the nucleus, E’ is the energy of the 
captured nucleon in the nucleus, Ey) ~ 20 Mev for 
Be!®. For the dependence of the averaged capture 
probability on angle w in Eq. (3), we substituted 
P3(w) calculated for some mean deuteron energy 
in the interval 15.5 — 30 Mev studied. 

Results of the calculations for photodeuterons 
from Be, using Eqs. (3) and (4), are given in Fig. 
7 by the solid line, arbitrarily normalized to the 
experimental data. It is seen that agreement be- 
tween the calculation and experiment is rather 
good. Everything said above applies also to photo- 
deuterons from Li’, and since the dependence of 
doyp( 8’, v’)/dQ’ and P3(w) for Li’ and Be are 
very similar, the calculated results agree well with 
experiment also in the case of Li’. Consequently, 
by application of the capture mechanism, one can 
explain not only the rough similarities of the char- 
acteristics of angular distributions of photoprotons 
and photodeuterons, but also the difference between 
them, as shown in Fig. 8. 

The angular distributions of high-energy photo- 
tritons from Li’, Li®, and Be given in Fig. 9, 
differ markedly in form from the angular distri- 
butions of photodeuterons and, it would appear, 
could not be explained by a mechanism analogous 
to double capture in (p,t) and (n, t) reactions. 
The dependence of the (y, t) cross section on 
angle is approximately as A+B sin? 6. It is pos- 
sible that here direct electric-dipole absorption of 
y rays by quasitritons formed inside the nucleus 
takes place. The probability that these exist part 
of the time cannot be excluded. 
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A method is developed for treatment of scattering by a singular potential in the momentum 
representation and in perturbation theory. Application of such renormalization techniques 
permits one to derive well-known results for cross sections, despite the fact that the inte- 
grals diverge and the matrix elements entering into the wave equation in the momentum 


representation vanish. 


Tae problem is considered below of scattering in 
the presence of a nearby resonant level — real, as 
a deuteron in the triplet state, or virtual, as in the 
singlet np scattering. In the limit, this problem 
can be regarded as scattering by a potential U, 
acting for r<rj, where U---™, ry—0, such 
that 

Ur2—> — rh? /8m + wo 


(the coefficients refer to a rectangular well). 

The usual solution of this problem is found in 
space coordinates by replacing the action of the 
potential by a boundary condition applied to the 
wave function gy =ryz at the origin: 


ding /dr = mw /h? = —1/a; 


This boundary condition follows from a solution of 
the Schrodinger equation for r <r. As is well 
known, the value of a completely determines the 
value of the scattering cross section: 


o = 4na?(1 + (ap/h)*T" 


for pry) <1. If a>0, there is also a single 
bound state with energy E = —fi?/2ma’. 

The problem becomes singular if treated by 
perturbation theory. By considering the transition 
from a state with one momentum p into a state 
with another momentum p’ under the action of a 
potential U, it is easy to establish the fact that 
the corresponding matrix element 

U (p, p’) = (2ny2\U (1) ef-9 or (1) 
does not exceed U+%,mrg and, consequently, in 
the limit as ry—0, the matrix element also tends 
to zero as Yo, inasmuch as U~ rp. 

It is evident that in the limit not only the first 
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approximation of perturbation theory disappears, 
but also the sum of any finite number of terms of 
the series; however, the sum of the entire infinite 
series of perturbation theory preserves completely 
a definite value of the transition probability, i.e., 
the scattering cross section. As we shall see be- 
low, in the transition to the limit ry —0, along 
with the transition.to zero of each term of the 
series of perturbation theory, the number of terms 
of the series which must be taken into considera- 
tion tends to infinity. Since one ordinarily uses 
not the coordinate representation, as in field the- 
ory, but precisely perturbation theory in momen- 
tum representation, a complete explanation of such 
a peculiar situation in a simple example can be of 
interest. 

Perturbation theory uses plane waves as a base, 
i.e., it is essentially close to a consideration of 
the problem in the momentum representation.* In 
this representation the matrix element U (p, p’) 
enters into the equation and the surmounting of the 
difficulties associated with U(p, p’) —0 also 
opens up a path to the solution of the problem in 
perturbation theory. The method of obtaining the 
correct result in the momentum representation in 
the transition to the limit of the quantities enter- 
ing into it is very instructive and has general simi- 
larities with the methods of renormalization, es- 
pecially in that form in which they were applied 
by Heisenberg® to the Lee model. 


1. THE EQUATION IN THE MOMENTUM REPRE- 
SENTATION 


Substituting in the Schrédinger equation (h =m 
ah) 


- *Scattering and the bound state in the momentum represen- - 


tation were considered by Salpeter;' see also reference 3. 
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b= (2n)-% | (p) ema, (2) 


we get an equation for y (p) 


(p? — 22) x. (p) =—2\ ao'x(p')U CP’, p) 3) 


[U(p, p’) is determined by Eq. (1)]. In the prob- 
lem of the determination of the bound level, we set 
= —x*/2; Eq. (3) is rewritten in the form 


(P+) x(—) =— 2) ap'x(PUG'D). A) 


In the scattering problem, we set E = k*/2 > 0; 
the momentum k and energy E = k?/2 of the in- 
cident wave are given. Equation (3) is rewritten 
in the form 


(p?— #4) x (0) =— 2) Pp’ (PUP, v)- (5) 


Its solution must contain the incident wave and the 
scattered wave of the same energy, i.e., 


x (pP) = 6 (p—k) + Ff (p), 


such that the problem reduces to the determination 
of f(p) for p* =k’. 

Returning to the specifics of the singular poten- 
tial, we observe that for ry—0, the function 
U(p, p’) —0, but the dependence of U on |p|, 
|p’ | simultaneously vanishes up to |p| ~ 1/rp, 


|p’ | ~ 1/ry. We set 
U(p, p')=—C for |p|<b, |p'l<4 


U(p, p’)=0 for |p|>6, |p’|>6, (6) 


in order to make the subsequent transition to the 
miaitae- 0, = 2. 
For the bound state we get from the equation 


6 
(p? +) x(p) = 2€ J x (p') a°p' (7) 


b 
x(P) =p? +), gg = BRC | dp'qp’4/(p"? +). (8) 


0 
For scattering, it follows from the equation 


b 
(p? =F) x (p) = 20 \ x (0') (9) 


that 


x) =8p-—H +4. 


qe 2e(| dp’4ngp’? | (p'® — k) + 1. (10) 


2. TRANSITION TO THE SINGULAR POTENTIAL 


It is now seen why the equation can have a finite 
solution: in spite of the transition to zero C 
=-—U(p, p’), the limiting value of the momentum 
b, for which decrease of U begins, increases 
along with decrease in ry. The quantity C enters 
into Eqs. (8) and (10) multiplied by an integral which 
diverges as b for b—o, 

We set 


C 4rp? 
2C \ dp = 8xCb = 1 4+ 4n°ZC. (11) 
; 


p? 
This is the connection between the transition C — 0 
and b—-, which is necessary in order that we 
obtain a finite answer, i.e., in order that resonance 
take place. It is easy to prove that the condition 
Cb = const is equivalent to Ur? = const, ry — 0. 
Here Cb must have a completely determined 
value for the existence of a solution. The coeffi- 
cient Z, which shows just how Cb tends toward 
its limiting value, is also important for the result. 
The factor 47° is introduced in the term 47°ZC 
only for convenience. 

We further divide the diverging (as b — ~) 
integral (8), (10) ‘into a constant diverging integral 
and a converging integral which depends on the 
quantities entering into the conditions of the prob- 
lem. Making use of the identities 


(p? + sa We — Da ——_ x?/p? (p? + x); (12a) 
(p? — k?)* = p? + k®/p® (p? — k?), (12b) 
we find 
b 7 b 6 
p a al 
\ [ales gic dp \ oP, \ (alg Se ae 
a 0 
=p —xtan?2 >b—Fx (b> 0) (13) 
and, by substituting in (8), we obtain 
g = 8nCq (b — rx/2), 4n® (ZC — Cx) = 0. (14) 


We now let C—O. The real level exists only 
for Z> 0, and its energy is given by the value 
K=Z. 

The scattering problem is solved in similar 
fashion. Substituting (12b) and (11) in (19), we obtain 


d 
g=q(1-+4n°ZC) + 8nqCk? | {F 4+2C. (15) 
0 


p? 


After division by q and C we allow the limiting 
transition C—0, b—o in Eq. (15). In taking 
the integral 
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\ dp/(p? — k?) 

0 
it is necessary to take into account that x (p) 
must be written as a diverging wave. As is well 
known,’ it is necessary to integrate in this case 
over the real axis of the variable p, assuming 
that p has a small imaginary part: p—pt ie, 
€>0, lim ¢€ =0. Carrying out the integration in 
this fashion, we get 


dp if __4p _ ut 
p?—kR+tie 8 2z pe—Rtis ~~ 2k 
0 


Substitution of the resulting integral in (15) gives 
q = (2n*)? (16) 


and consequently the wave function of the scatter- 
ing problem in the momentum representation has 
the form 


sn il 


(Z + tk)? 


1 
— kh? +- ie 


= 6(p — k)+ x; (p). 


(17) 
We find the asymptotic form of the function, cor- 
responding to the second term x, of (17) in the 
coordinate SOUR asa iva 


O(r) =| ery, (p) p= = 
Oe te 
Sr \ efor, (p) pdp = 4n?° 


—oo 


2 elo —e-") py (0) dp 
0 
ine 
Leek + TE ine To “ 
(18) 
By comparing the scattered current with the 


current in the incident wave, we find the scattering 
cross section in the form 


a Res {ys(0)} = 


1 
Z+ ik 


2 4x 


, Z2+ kh? 


5 = 4tr (19) 
as was to have been expected. In the presence of 
a bound level (Z =x) a quantity appears in the 
numerator of (19), which is proportional to the 
sum of the collision energy and the binding energy 


of the level; in the absence of a bound level (Z < 0), 


Tams 3 quantity proportional to the energy of the 
virtual level. 
3. PERTURBATION THEORY 

The solution of the problem by the method of 


perturbation theory consists of iteration of the 
integral equation (5). In the zeroth approximation, 
we have only the incident wave 
xo = 6 (p—k). 
Substituting (5) on the right hand side, we get 
moat ee , 5 2C 
pe \ 0x (0) U(p, p') =8(P—k) +s 
; (21) 


(20) 


Ota 


By “ZL D OV Ren 


The subsequent approximation gives 


20 Pe ee 2C 
= 20—K)+ 5p teow) dp'U (p', p) apa» (22) 
The integral on the right hand side is transformed 
by the method applied in Sec. 2: 


Rex 
(Ul. P) sae PP" = 8rC[Cb + C a |, (23) 
from which it follows that 
%2 = 6(p—k) ae a hig os [8xCb + i4n?k]. (22a) 


It is easy to prove that the perturbation-theory 
series is a geometric progression, the denominator 
of which is the expression in the square brackets in 
(22a), while the first term is 2C/(p*—k?). We then 
immediately obtain the sum of the infinite number of 
terms 

2C 
p? — k? 1— 8nCb — iC4n®k * 


f= op ke (24) 

It is now evident that for the result to be finite 
it is necessary that the difference (1-—87Cb) be 
of order C. Taking for Cb the limiting expres- 
sion in Eq. (11), we get the expression y(p) of 
Eq. (17) from (24). Thus, in the limit the denomi- 
nator a of the geometric progression actually 
tends to unity (the difference 1—a@w~C), while 
the effective number of terms of the series tends 
to infinity as 1/C, which also compensates the 
trend to zero of each separate term of the series, 
which is proportional to C. 

We note that Eq. (24) remains in force even 
when Z>0, |a|>41 (the case of the existence 
of a bound level), in spite of the divergence of 
the series of perturbation theory for |a@| > 1. 


4. MORE RIGOROUS METHOD 


The transformations connected with the elimi- 
nation of the zeros (C —0) and the infinities 
(b — ©) were carried out above schematically 
under the assumption that U(p, p’) is broken off 
sharply for p>b. Evidently, all the discussions 
can be carried out more rigorously if we write 


U=Ci(p—p'\), x= Se (lpl/), 


where the characteristic functions f and g sat- 
isfy the condition £{(0) =g(0)=1 and coincide at 
large values of the arguments. The condition con- 
necting C and b is written as follows: 

2C\ F/p—p' l/) gp —p" \(b) ap = 1 + 4nZC, 

0 

After subtraction similar to (12a) and (12b), we ob- 
tain integrals of the form 


SCATTERING BY A SINGULAR POTENTIAL 


2 t f (lp — p’ |/6) g (| p— p’ |/6) 
i \ (p? + #2) - 


P's 


—) 


It is important that these integrals converge inde- 
pendently of the decrease of f and g, because of 
the high power of the denominator. Therefore, 
their values and dependence on xk can be immedi- 
ately computed for b—~»o, i.e., in the approxima- 
tion f=g=1. 

Thus the connection between the scattering cross 
section and the location of the level (the real or 
virtual) is shown to be independent of the concrete 
form of U(r). Computations carried out in all 
their triviality and absence of new results are in- 
structive. A mechanism is given for obtaining a 
finite scattering cross section of a bound level 


597 


under the action of a potential which gives a van- 
ishing matrix element in perturbation theory of 
arbitrary (n-th) order. One can easily show that 
only an infinitely short duration of such a perturba- 
tion is capable (at a given relation between the 
zero and the infinity) of giving a finite effect. 


15. E. Salpeter, Phys. Rev. 84, 1226 (1951). 

2M. Lippman and J. Schwinger, Phys. Rev. 79, 
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A stochastic equation is derived by means of the phenomenological equations of motion under 
well-defined assumptions. The thermal noise of a nonlinear resistance is considered as an 


example. 


i view of the fact that a mathematical analysis 
of the exact dynamical picture of non-equilibrium 
statistical processes is very difficult, it is advis- 
able to study such processes using equations of the 
phenomenological type. This leaves only a small 
number of coordinates to be considered (the coor- 
dinates of a Brownian particle, the charge or cur- 
rent in an electrical circuit, and so on). The par- 
ticipation of a huge number of other particles in 


the process expresses itself implicitly in two ways. 


Firstly, there is dissipation, which is described by 
the phenomenological equation for the average ve- 
locity-dependent force (elementary dynamical in- 
teractions are non-dissipative). Secondly, there 
are the fluctuating impacts from the surrounding 
medium. The average phenomenological force 
defines the first-derivative term in the stochastic 
equation, while the fluctuating impacts cause the 
occurrence of terms (or aterm) with higher de- 
rivatives. An evaluation of the statistics of the 
fluctuating actions so as to determine the form of 
these terms is a more difficult problem than the 
determination of the average phenomenological 
force. The latter can be determined experimen- 
tally and can be considered as given in the theory. 
From general considerations it follows that there 
is a connection between the statistics of the fluc- 
tuating actions and the dissipation in the system. 
The determination of these statistics from the 
dissipation mechanism is a general and important 
problem in statistical physics and has many di- 
verse applications. 

For the case where the dissipative force de- 
pends linearly on the velocity the above problem 
was solved in the classical papers on Brownian 
motion (Langevin and others). The problem is, 
however, appreciably more complicated in the 
case ofa nonlinear mechanism of dissipation, and 
has not yet been solved in general form at the 
present. Some authors (see, for instance, ref- 
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erence 1) even deny the existence of a necessarily 
unique connection between the average force and 
the intensity of the impacts in the general case. ~ 
The papers of Magalinskii and Terletskii?~* were 
devoted to a consideration of the above mentioned 
problem, but gave rise to important objections. 

In the present paper we give an exact solution 
of a well-defined problem; that is to say, we de- 
rive a stochastic equation under the assumption 
that the relaxation time for the velocity is much 
smaller than the relaxation time for the coordinate. 
To do this we apply a method based on a corrected 
and extended version of the method proposed in 
references 2 —4. 

Let q be one or several coordinates of an ar- 
bitrary mechanical system described by a Hamil- 
tonian H(p, p’,q,q’) (the q’ are the remaining 
coordinates). The process of motion is deter- 
mined by the dynamical equations 


g=0H/0p, p=—90OH /dq. (1) 
The totality of the influence of the variables q’, 
which correspond to the medium through which the 
particle moves, can be described phenomenolog- 
ically by introducing a frictional force (in the 
general case nonlinear) and fluctuating forces. 
The exact Eqs. (1) are then replaced by a phenom- 
enological equation of the Langevin type 


g= 09, 7 1)=F(G, 9) +ilt, 4 Q)- (2) 


We assume that the kinetic energy pertaining to 
the coordinate q is equal to mq?/2. The function 
@ in (2) has the meaning of a force divided by the 
mass m. The division by m was performed to 
simplify the formulae and we shall continue to 
call ® a “force.” 

The force ©® is given in (2) as the sum of an 


average force, F=9%, anda fluctuating term 
which by definition has an average value of zero: 
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é(¢, 9, 9) =0. (3) 


For the sake of simplicity, we have chosen to write 
our equations in one-dimensional form (q is one 
coordinate ). 

The dependence of the force on the coordinate 
and on the velocity can be determined experimen- 
tally. One must average the action of the fluctu- 
ating force in that case over some time interval 
Ty> which must be longer than the correlation 
time 7, of the fluctuating force: Ty > 7,. The 
length of the time interval over which itis averaged 
has no upper bound. However, to obtain as detailed 
a phenomenological description of the system as 
possible, it is desirable to choose the smallest 
value compatible with the above-mentioned in- 
equality. 

What we can measure is essentially not the ex- 
act force @ as a function of q and q, but an 
average force é as a function of the average 
values q and q. The tilde on top indicates here 
an average over the time Ty; for instance, 

; aoe gt+4,)—9(0 
7= - | qdt = aoe ; (4) 


u ¥ 
£ i ¥ 


Because of the condition T, > 7, @ is the same 
as F. If we wish to find out how q and q are 
connected with the instantaneous values q and q, 
we must take into account the relaxation times of 


_the latter. We introduced along with T, the ve- 


locity relaxation time 


a~ G/q~ 4/F (5) 
and the coordinate relaxation time 
or q| q. (6) 


Different relations are possible between the 
time constants 1,, T,, and 73. We consider the 
case where 


2 <3 (7) 


and where we can consider phenomenological equa- 
tions that correspond to a time of averaging which 
satisfies the inequalities 


Ty <3, (8) 
Ty > Tr. (9) 


Assume, in particular, that (7) is satisfied and the 
force relaxation time 1, is comparable with 7) 


1~T (10) 


2° 


If we then choose our averaging time so that 7, 

«K Ty K< 73, we satisfy conditions| (8) and (9). 
Because of inequality (8), q is the same as q 

but q differs from the instantaneous value of q. 
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The trajectory in phase space is no longer a Markov 
process. Because of (7) the q(t) process can, 
however, be considered to be a Markov process. 
Our problem is to express its statistical character- 
istics through the experimental function F (dq, Cs 
which is supposed to be known. 

Inequality (9) enables us to state that the time 
average is the same as the statistical average 


q=4 (11) 
[we are considering an ensemble for which q(ty) 
=q)]. This average value is independent of the 
initial velocity q(t)), the influence of which van- 
ishes within a period of time of the order of T.. 

It is thus some phenomenological function of the 
coordinate, 


g=1(q)- 


Taking (11) into account we can write the phe- 
nomenological equation (2) in the form 


=F (ov, q)+&(t, 0, q) (¥v=9q). 


The function (12) can be determined from Eq. (18). 
Indeed, averaging (13) and taking (3) into account, 
we find 


(12) 


(13) 


0 = F(o, p). 
Substituting (12) and performing the transformation 


0 = (q) = (6f/09) ®, 
we obtain the equation 


of /0q aF 1G q)/f, 


from which we can determine f(q). One can sim- 
plify this with the aid of (7). To do this we take 
into account Eqs. (5) and (6) which define tT. and 
T3. The latter can be written 


a1 ~ F/q ~ OF/09- (15) 


According to (5) F/v is of the order of 1/7, 
for most values of v; in our case, however, it is 
of order We [i.e., appreciably smaller, because 
of (7)] as can be seen from (14) and (15). This ex- 
ceptional value must be determined from the equa- 
tion 


(14) 


E20) = 0. (16) 
The latter states that an average velocity is set up 
in such a way that it corresponds to a zero force 
acting upon the particle. 

Turning to the dynamical equations (1), we shall 
consider instead of the variables q and p the co- 
ordinate and velocity q and v =q. In that case 
Eq. (1) is transformed into 
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g=v, v=G(q, v, p', 7)=—m0H/dq. (17) 


Here G(q, v, p’, q’) is the dynamical expression 
for the force, corresponding to the phenomenological 
expression ®. The probability distribution density 
w =w(q, Vv, p’, q’) changes according to the equa- 
tion 


We are especially interested in the well-defined 
initial condition q=q) at t =t ), which corre- 
sponds to 


[w]r=t, = 9 (4 — Jo) Mo (%, P’, 9’) (19) 


(the initial distribution wy(v, p’, q’) does not 
play a large part since it relaxes rapidly). 
We introduce the functions 


W = ew, (20) 
Z(u) = \ WdQ = \ e"awdQ, (21) 
w = W/Z (u) (22) 


(dQ = dqdv dp’ dq’) and ascertain their time varia- 
tion. Writing (18) in the form 
e“W = A(e-“4W) 
and differentiating we get 
W = AW + uW. (23) 
If we integrate this equation over v and q we get 
Z(u) = woW, (24) 


where 


Hs yaa \ vWdQ = \ vwdQ. (25) 


Differentiating W with respect to time and substi- 
tuting (23) and (24), we find 


w= Aw+u(v — v)w. (26) 


We write the last term in (26) as a differential 
expression 


co 


(a= Barat (— aq) (ae) Omid. 27 


Here Bmn =Bmn(d) are suitably chosen coeffi- 
cients. It is shown in the Appendix that they can 
easily be expressed in terms of the correlation 
functions of the velocity fluctuations; in particular, 


3or = (U — 0)” = Re (0), 


Bio= (— 4) (v—2) =\ ke t) dt. 


Because of (27), Eq. (26) is equivalent to 
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g=v+ta(t), v=G(q, v, p', 7)+5(t), (29) 


where a(t) and b(t) are random functions with | 
average values ] 


(30) | 


I 
= 
CO 
iS 
= 


a ‘ = uBo1, 
and with correlation functions (for r quantities a 
and s quantities b) 


’ Las Jo) 1 


8 (tr45 — ¢) 


Riya, (s) o (4, Peiden 


8/0 gees (2) aa (31) 


(cf. reference 5). - 
Equations (29) enable us to interpret w as the 
distribution density for some new mechanical sys- 
tem subjected to additional forces a and b, each 
with a steady and a fluctuating term. 
The additional forces can be included not only 
in the dynamic, but also in the phenomenological 
equations. In accordance with (29), Eqs. (13) are 
replaced by 


o=F (, q) E(t) + OU), 


We use (32) to find a new phenomenological func- i 
tion 


q=0+a(l), (32) 


qG=f(@ 4), (33) 


which determines the average velocity. Averaging 
(32), we have 


G=0 4... Oro ae (34) 
As in the derivation of Eq. (16), we find from the 


second equation of (34) 


Fv, q) +b=0. (35) 


Solving with respect to v and denoting the corre- 
sponding function by f;, we get 


Oeaie (q, w). (36) 


Substituting (36) into the first equation of (34), we 
get the required function (33): 


(37) 


The function (12) is, of course, none other than a 
particular value, f(q, 0). 

We now turn to the problem of the diffusion of 
an initial distribution of the type (19). In the first 
period, while t—ty S 79, the fluctuations of q(t) 
are not like a Markov process. Thereafter, when 
Tg Kt—t) K T3 the average velocity 4 approaches 
the function (12), which is independent of the initial 
velocity. For those intervals of time, the fluctuat- 
ing process q(t) can at the same time be consid- 
ered to be a Markov process. The distribution 
w(q, q9), obtained from the initial distribution 
6(q—q9), then generates a Markov transition 


G=F (9, wu =fh@ u) +a. 
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probability and characterizes completely the fluc- 


tuating process. For time intervals satisfying the 
condition 


t <t—ty) <Ts, 


the coordinate q does not have time to change 
strongly, and we have from Eq. (33), for the 
chosen initial condition, 


Gg tl th) (ges uy: (38) 


According to what has been said above, the av- 
eraging q is then done over an ensemble corre- 
sponding to the included additional forces a, b, i.e., 
with the weight of w. According to (20) -- (22), 
this average can be written as 


‘OZ 


q= \qadQ = 5 => | ge“"IwdQ = > abe (39) 


Because of this (38) goes over into the equation 


OlnZ (u)/Ou = qo + (t — to) f (Go, 4), (40) 


from which we can determine Z(u). When inte- 
grating this we take into account the initial condi- 
tion Z(0)=1, which follows from (21), and we 
get 

Z(u) = exp {qou + (tte) | F(go, uw) du}. (41) 

0 

For imaginary values of the argument u = iv 
the function Z(u) is none other than the charac- 
teristic function exp(iv). The required transition 
probability can thus be obtained from it by a Fourier 
transformation 


(9, 4o)= se \ eZ (iv) do. (42) 


Knowing the transition probability one can evaluate 
how any other initial distribution w(qo, ty) will 
change. The Markov condition leads to 


w(q, t)=\ w(q, qo) (qos t0) dq. (48) 


The choice of the initial moment is arbitrary; giving 
ty) increasing values we can follow the complete 
evolution of the distribution density. 

It is convenient to consider a differential sto- 
chastic equation. To get it we expand (40) in pow- 
ers of t—ty. Retaining only the first two terms 
we have 


a s 
u 
ere 


s=1 


Z (u) = e%4 + (t — to) eo Ks (qo). (44) 


u 
The function a f(q , u)du is here expanded in a 


0 
Maclaurin series and 


Ks (qo) = 105" (qo, 4)/OusJu=0- (45) 


601 
After substituting (44) into (42) we find 
(9, qo) = 8 (4 — q) 
+ (t — to) S! = (— i) Ks (Jo) 8 (4 —4)- (46) 
s=1 


To obtain the stochastic equation we must still 
substitute (46) into (43). The term w(q, ty) ob- 
tained after integrating with 5(q-—q)) is shifted 
to the left-hand side and [w(q, t) —w(q, to)]/ 
(t—t)) is denoted w. The result is 


sr = 


s=1 


w (q) = 


(9) w(q)I. (47) 

From a mathematical point of view, the main 
result here is that the correlation functions [or, 
what is the same, the moments 7n(t,, q)...7 (tg, q)] 
of the random functions n(t, q) in the equation 


g=f (+ u(t. 9): (48) 


which is equivalent to (47), cannot be given arbi- 
trarily, but are uniquely determined by the force 
function F(q, v). 

First example. A particle experiencing nonlinear 
friction. Let a conservative force g(q) anda non- 
linear frictional force g(v) act upon the particle. 
The phenomenological Eq. (13) is of the form 


mo = g(9)—9(v) + mi, gqz=v. (49) 
In this case 

t2~m/p', t ~ ae /g. 
The condition for the applicability of the theory 
given here is thus of the form 


mip’ <ty < qo'/g. (50) 


The system with the additional forces included is 
described by the phenomenological equations 


g=vta,  mv=g(q) —¢@ +me+ mb, 


Averaging these and solving the equation 
9 (0) = ¢(q) + mb, 

which corresponds to Eq. (35), we find 
g = a+ (mb + g). 


Here w~ is the inverse of 9p (v). 
(28) and (30) we then have 


According to 


a = Uy = U(Q—4Q) (0 —2), b = uy = u(v—v)*. 


In view of the fact that the velocity distribution at 
time t—t) > 7, is practically the same as at 
equilibrium, i.e., a Maxwell distribution, we have 
mb =u® (@ is the temperature). 

The coefficients in (47) are evaluated from the 
equations 


602 


K,=9(g), 


(toe roe y 
(51) 


f (q, u) = uBio + (U8 + g); 
Ky = Bio Ss OY’ (g), Kp = a aa (g) 


To evaluate B;) it is expedient to take into ac- 
count that 


(g—9)(v—v) =+d(q—9Q)?/ dt = +d (Ket) / dt 
land, thus, Bio = a Ky. 
Taking (37) and (45) into account we get 
Ke = 20¢' (g) = 20/9" (Ki). 


In the particular case where the frictional function 
is linear [gy (v) = Bv] the relation given here gives 
the usual expressions 


K, = g/8, K, = 20/8, Ks=---=0. 


Second example. The mechanical example con- 
sidered is analogous to an electrical circuit contain- 
ing a nonlinear resistance and a nonlinear capaci- 
tance (Figure). q is then the charge on the capaci- 


ro 
R 
TI 


tance and q =I the current in the circuit, while 
the induction L plays the role of the mass. The 
relaxation times are in this case equal to 


aah by 9 ae ee 


(52) 


L 


[R=dVp/dl, C = Vc/q=g(q)/q]. We can use 
for this circuit Eq. (46) with the values of the co- 
efficients from (51), if 


L/R<RC 


and if g(I) is taken to mean the function that de- 
scribes the dependence of the average potential 
across the resistance on the average current after 
atime Ty > L/R 


(53) 


Ve =9(I). 
When the dependence of the voltage on the in- 
stantaneous current 
Viera vy) 


(which corresponds to 1, « Ty “K 72) is known 
from experiments, we can find the function 9 
corresponding to longer averaging times from 
the formula 


o(1) = VI /2%0\V (I) exp \—36 i—1y dl. (54) 


In the region of stationary fluctuations the quan- 
tity I’L/@® (which is of the same order of magni- 
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tude as (1/V)*L/C) is small because of the ine- 
quality (53). This enables us to expand (54) ina 
power series in I. Restricting ourselves to the 


first term we have 


where 


foe) 


\ Vn rexp {_£ rt al 


4 ii S/o 
(=) 20 (55) 


Req = Von \0 / 
is the equivalent linear resistance by which we can 
replace the given nonlinear resistance. 

The consideration given here was restricted by 
the condition of fast relaxation of the velocity: Ty, 
<< T3. It would be of great interest to get rid of 
this restriction. 

The author expresses his gratitude to Acade- 
mician M. A. Leontovich and Professor Ya. P. 
Terletskii for their interest in the present paper 
and for a number of helpful discussions. 


APPENDIX 


We shall find the coefficients Byy of the ex- 
pansion (27). We multiply both sides of this equa- 
tion by E =exp[(q—q)x+(v-—v)y] and inte- 
grate over q and v. The integral fv -—vV) Ewdq dv 
can be written in the form 0@(x, y)/éy, where 


A(x, y) = \ Ew dq dv 


is the two-dimensional characteristic function of 
the quantities q-—q and v-—V. Further integra- 
tions by parts give 


V3) (HZ) Cnaii) B dg do = xy"Ban® (%, 9) 


(27) is thus equivalent to the equation 


00 


38 din@ 
Oy; 


ximyn 
i x 


min\ 


x n 
ez Ba Or Ley 
At the same time, the two-dimensional character- 
istic function can, as is well known, be expressed 
in terms of the cumulants kmn corresponding to 
the random functions q—q, v-—V by the equation 


foe} 


x™y" 


In@(j7)= mink Rmne 
m, n=]; 


Equating the last two equations we find 
Bin == Rimn+41 2 


If we know the (m+p)th velocity correlation 
function 


Rim+p)o (41, Siai'eg Em+p)s 
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we can, by integrating, obtain the cumulant any ws Magalinskii, JETP 36, 1423 (1959), Soviet 
t Phys. JETP 9, 1011 (1959). 
Rinp = \ AA. | entre Gino One tiw ee Babee dbs 4V. B. Magalinskii and Ya. P. Terletskii, JETP 
nee 36, 1731 (1959), Soviet Phys. JETP 9, 1234 (1959). 
In particular, we find for the coefficients By) and > Kuznetsov, Stratonovich, and Tikhonov, JETP 


Bo, (which are respectively equal to ky,, ky.) that 26, 189 (1954). 
they are expressed in terms of k, (T) = Keyy(t, t+ 7) 
by Eqs. (28). 


1D. K. C. MacDonald, Phys. Rev. 108, 541 
(1957). 


2. B. Magalinskii and Ya. P. Terletskii, JETP Translated by D. ter Haar 
34, 729 (1958), Soviet Phys. JETP 7, 501 (1958). 160 
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The dependence of the oscillator potential parameters on the number of nucleons is deter- 
mined starting from the assumption that the mean energy per nucleon in the nucleus is con- 
The possible effect of three-particle interactions is considered. 


stant. 


‘The present work is concerned with the problem 
of how well the shell model describes the integral 
properties of heavy nuclei, especially the separa- 
tion energies Q of the last nucleon and the mean 
energy per nucleon Ey. 

It is well known (see, for example, reference 1) 
that Em is approximately constant for all nuclei. 
(Em decreases slowly through the entire periodic 
system, from Ey = 8.8 Mev for A=55, to Em 
~ 7.6 Mev for A = 238.) Therefore, to a rather 
high degree of accuracy, one can consider that* 


OEm /OA=0. (1) 


For a system consisting of two-particle interac- 
tions, Eq. (1) is equivalent to 


Ee = Ep, (2) 


where Ef is the Fermi energy of the system. 

In order to demonstrate Eq. (2) in general, it 
is necessary to define Ef. Let the Hamiltonian 
of the system have the form 


Si 


Rh? / 2m) 9? + - 


We define Ef as 


Ev =($\— (8 / 2m) 


at \ 
Va sine U ar IY), 
where it is assumed that all 
= (P| — (47/2m) yi? + SU | 9) SE 
Then, differentiating Eq. (4) with respect to A, 


multiplying by ~* and integrating over all A co- 
ordinates, we find that 


Em = Er + 5(?| 20/04] 9), (9) 


*It can easily be seen that the conclusions below are not 
changed if dE,,/dA £0.01. 


VOLUME Ii, 
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from which Eq. (2) follows if @UjK /9A = 0. 
We will illustrate Eq. (2) using the Hartree 
self-consistent field as an example: 


A A 
En =—(UM4+ 5 > Ui), 
é=1 i, k=1 
T,=— (4p Wmv? dae, 
=\ PO, (rs — Fn) dade dei de. 


From Eq. (1) it follows that 


Ban a(Ta a >) Ua) + ee 


,0U; 
mois an) 
but in so far as 


[-S= + D049, dti\de= Ende, — \itdedte = 1, 


we have 


which means that* 


BE = Ey = Ep 


Such a conclusion would be unjustified if tertiary 
collisions were present, since then U would de- 
pend upon A. 

1. We assume that the potential well in the nu- 
cleus results from two-particle collisions only. 
Since we are interested in qualitative aspects of 
the problem, we consider, for simplicity, that the 
self-consistent potential is an oscillator well. Then 
the total number of particles in the system is equal 
to 


N 
NSS 
A=>) @ +1424 Pra, (6) 
n—-0 
*See reference 2, where it is shown that if JE,/dp = 0, 
where p is the density of nuclear matter, then Em = Ep for 
arbitrary weak interaction. 
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where N is the principal quantum number of the 
last filled shell, Py,, is the number of nucleons 
outside filled shells. 

If 


H = — (h*/ 2m) vy? —Va + > mor’, 
then 
EW =F Yihoa (n+ 3)—3V4 
and Eq. (1) can be written in the form* 
hee es 4(2 (n+ >) Pray (wv + >)| 
= OF +S toal Dn +2) 
+ Puan (N-+5)—A(N+3)]. 


We then set 


(7) 


(8) 


Va =hoa |(N+4)+(1—8 (P)| +9, 


for P == (02 


for P=40; (9) 


8 (P) =o 


where @ is the total energy of the last nucleon 
which, as will be shown, is not equal to its sepa- 
ration energy. Comparing Va and Va,;, we 
find 


V4 /0A= h(N Se 5) do, /OA + fwd (P) + 00/04. 
(10) 
We introduce the notation: 
By = 2(N+ 1) (N?+ 5N -+ 6), 


Gre UN ot) (N22 TN? I 16N - 12), 


with A=P+ Bn. (8) — (10) we 
find 


a[SCy+P(N+4)-4 
+ js Cy/A+2P(N+4 £\/A—2(v +2 +) 
+448 (P)]oa. 


Then, from Eqs. 


(w +4) lao. /0A~+A08/0A 


(11) 


‘Let 90/9A = 0. Assume that for a nucleus com- 
posed of closed shells +1 nucleon, wa =~ 5 Mev. 
Starting from this assumption and Eq. (11) we will 
try to construct w=w(A). For closed shells 
6(P)=1 and 8wa/dA>0, whereas for P #0, 
dwa /9A >0. From Eq. (11) we obtain an equation 
determining the change in w inside the shells in 
the process of filling: 


(Bit P)| 8Cy oy: P4 (w a +) 


: (12) 
By [cy + (P—2By)(N + 2) 


wo = ow 


*If dw/OA = 0VA/OA then Eq. (8) cannot be fulfilled. 
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where w‘!) denotes the w of the nucleus consist- 
ing of closed shells only. It is easy to see that the 
shape of the curve (12) is nearly independent of the 
principal quantum number. In the region of closed 
shells, the curve for w undergoes a jump.* 


5 ,Mev 


~ S BS A 


20 N=3 6 N=5 & A 
Change in the oscillator frequency with A. Curve 1 is for 
@=0, 2 for & = 0.5 (qualitative curve). 


N=4 56 


For P=0, we obtain 8w/dA from Eq. (11). 
The curve constructed from Eqs. (11) and (12) with 
wWA=91 = 5 Mev is given in the figure. It is of inter- 
est that in the case of two-particle interactions, w 
~ const for 86/8A =0 for nuclei consisting of 
closed shells +1 nucleon. We note that the require- 
ment of constant volume per nucleon in the nucleus 
leads to a change in w qualitatively analogous to 
that displayed in the figure. This is quite under- 
standable, in so far as the conditions of constancy 
of volume and Eq. (1) are essentially equivalent. 

It is of interest to see how much w({A) is affected 
by taking into account several factors which were 
neglected earlier. It was noted above that taking 
the dependence of Ey, on A into account does 
not change the curve shown in the figure. 

We did not take into account the fact that there | 
can be two nucleons in each state. As can be seen 
from Eqs. (11) and (12), this does not change 8w/ 
9A for closed shells, and diminishes 9w/9A in- 
side the shell by a factor of about two. The shape 
of the curve is unchanged. 

Taking into account the difference of 90/3A 
from zero can qualitatively change the dependence 
of w=w(A) if, as seen from Eq. (11), 86/9A < 0 
and |90/a8A| >wa. A substantial change in 6 from 
an additional particle is, however, improbable. We 
shall therefore assume that |80/8A| «wa. For 
P # 0, evena small value of 96/8A can substanti- 
ally change the trend of the curve. If one assumes! 
that for a value of the order of 96/9A = 8Q/9A and 
P near (but not equal to) zero, one can neglect all 
of the terms in Eq. (11) except 90/8A, then, as 
numerical evaluation shows, one obtains 


ROw/ dA = A [zen ae (w i 5) 
— A(N + si" 00/0A. 


*Use of a potential more realistic than the oscillator one 
would clearly lead to smoothing of the curve @ = w(A) in the 
region of shell closing. 


(13) 
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If a substantial number of nucleons are outside 
closed shells, a term proportional to w must be 
included in (11). In so far as w is a discontinuous 
function, as we have seen earlier, one might wonder 
about the validity of expressions obtained by differ - 
entiating w. However, it is clear that one can avoid 
differentiation by writing Eq. (1) as EA) = eV 
The result so obtained coincides with the above. 

In all of the above results we neglected the pres- 
ence of residual interaction. In order to include it, 
the total energy of the nucleus is written in the form 


B= Eset 2 Sis, (14) 
tk 

where Uj, is the energy of a residual interaction 

between pairs, Eg ce. is the total energy of the 

system described by the self-consistent field. Set- 

ting ujk =u, we find a formula differing from 

Eq. (11) by the presence of terms on the right-hand 

side: 


4 A(A—1)0u/0A44(A—l)u. (15) 


Even a small change in the residual interaction 
can change the dependence of w on A _ substan- 
tially. However, the applicability of the shell model 
in describing single-particle excitations indicates 
that u< hw, at least. In this case, inclusion of 
the residual interaction does not change the jumps 
in w in the region of closed shells; however, it 
might greatly change the dependence of w on A 
inside the shells. 

It is easy to relate 9Vj/9A and duj,/dA. To 
do this, one should consider that with a self-con- 
sistent field, the Hamiltonian (3) should be re- 
placed by 


para p ieee Dv + Z Dui. 


If the Hamiltonian (3) leads to (2), then an analo- 
gous relation follows also for (16). In so far as 
8Em /9A = 0, then from (16) it follows that 


(16) 


Em = Er 4+-(¢ 


yov./ 0A |?) + EO | duce /AA |), 


tk 


from which, taking Eq. (2) into account, we find 


(| Savi/4| 4) + (%] 2 Youn /AA| 4) 


=(% 


The potential Vj usually used in nuclear theory, 
which depends only on r and includes spin-orbit 
interaction, does not lead to 8Em,/8A = 0. There- 
fore, 8V;/dA #0 (this is confirmed by calcula- 
tions of excited levels of several nuclei*). Since, 


(17) 


+>} /0A| 4). 
i,k 


AMUS’YA 


as we shall show, in the nucleus @ # Em, i-e., 
dU; /9A #0, it follows from Eq. (17) that OVj JOA 
and 9du;,/8A #0 in general. We note that only in- 
direct experimental data on uj, exists, and this 

in insufficient quantity. 

In so far as the calculation of residual interac - 
tion, the energy of which is W = 2Eaq,;—-E,A—EAy4o2, 
is concerned, Eq. (1) leads to W = 0. The ex- 
perimentally observed values, W =1.5—3 Mev, 
show that Eq. (1) is not exactly fulfilled in nuclei. 
Taking W into account, just as taking into account 
9Em /0A « 0.01, does not change the curve 1 sub- 
stantially. 

We shall try now to take into account the effect 
of deformations of nuclei with a considerable num- 
ber of nucleons outside closed shells on the depend- 
ence of w on particle number. Employing the 
model of Inglis,* we write the total energy of the 
nucleus as (the nucleus is assumed to be stretched 
along the z axis) 


E= Ea == BE. a B°Es, (18) 


where £ is the nuclear deformation, parameter 


Ey = 2 Yho(n+4)—1VaA, 
185, = + Yo (n ose 3nz), 


E,= > diho (n+ 3+ 3n,), (19) 


and the sum is carried out over all occupied states. 
For close shells, 8B =0; therefore, the positions of 
the jumps in w=w(A) do not change by including 
the effect of deformations. For B ~0, we can 
write the expression for Va, remembering that 
VA does not increase gradually, but in jumps, 

with the filling of subshells (a subshell consists 

of a group of nucleons with the same n and nz): 


Va=hol|(N +2) +28 (NV —3N,—3) 


+ = B?(N + 3N, +6) + (1 —8(P)) 


“} 28 (18s) — 2 (1 —8(s))] +0, (20) 


where s_ is the number of nucleons in the last un- 
filled subshell, Nz is the quantum number along 
the symmetry axis corresponding to the last filled . 
subshell. Then, instead of Eq. (11), we have: 
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h (Ow / 0A) {2 Cw +$P(vys\—2 
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(V+ 5) +8 [$5 @—3n) —2 AW —3N,)| +6] Yet 3n2 + 3) 


— 7 A(N + 3N, + 3)|} =f ho [Cy /A+ P(N + 4)/A—(N + £)+ 2 A9(P)] + pho [48 (5) 


+ (G44 —$9/9A) 3 (n—3n,)| + pho — Ad (9) +(2 


A+ —44/0A) \(n+3+ 3n2)| 


+ he (08/04) [+A (N — 3N.) ~2 3 (n—3n)] + 6 (08 / dA) ho |2-A(N + 3N2 + 3) —)y (n + 3n2-+ 3) + 1 408 / dA; 


P=+(N—N)(N—Nz+3)+5y +1. 


The formula obtained is analogous to Eq. (11). 
If, as earlier, it is assumed that the total energy 
of the last nucleon changes so that Bhw > 400/dA, 
then jumps in w (small in magnitude) appear 
also in the region of the filling of subshells. In 
order to compare Eqs. (21) and (11), we give the 
relations between 8w/8A and w, obtained from 
Eqs. (21) and (11) with Bmax = 9.3 and B=0 at 
the limits of the shells (see Table I): 

The increase in absolute value of the quantity 
8w/8A is explained by the appearance of jumps 
in the filling of subshells (P=1, 10, 21). For 
P=0 


how /OA = 2.63hw + 2.8000 /0A. 
The separation energies of the last nucleon and 
the mean energy per nucleon are known from ex- 
periment; from these, one can obtain @ and 906/90A. 


It does not follow that @=Ep, can be identified 
with the separation energy of the last nucleon Q: 


Q = Eay— En = 2 Cyhdw/0A+ 4 Phdw /OA 
ae 2 ho(N a £)—LAaV/aA —1V,4+£,08/0A 
+ BOE, /OA + 2BE,08 /OA + B°0E,/0A. (22) 


From Eqs. (7), (9), (19), and (22), @ and 960/aA 
can be expressed in terms of Q and Em =Q 

[if Eq. (1) is valid]. In particular, in the neighbor- 
hood of closed shells 


9 = dho| 2A Cy A P(N+E)—H(N+E)+58(P)—Em/ fe |, 


2 _ 215% BV 2 cy + $P(V+4)-24(N + 3) 


zs (23) 


(24) 


From Eq. (23) it follows that, as assumed above, 
96/8A <« w. This conclusion remains valid if terms 
depending on 6 are taken into account. For closed 
shells, for example, 6 ~ —2Em, and $A80/0A = 0. 
Inside shells @ <= —2Em and 3A90/9A <0. Conse- 
quently, within the framework of our assumptions 


Eo ee (24) 


It was shown above that in systems with two- 
particle interactions, Ey = Ef in Eq. (1) is valid. 
We calculated Ey, for nuclei, assuming that the 
two-particle interaction led to a self-consistent 
oscillator potential, took account of (1) and came to 
Eq. (24), in contradiction to Eq. (2). In addition, 
it turned out that if 90/8A =~ 0, w changes sharply 
in the region of closed shells. The difference be- 
tween Em and Ef can be explained either by the 
dependence of the two-particle interaction on A or 
by the inclusion of a three-particle force. 

2. Within the Hartree approximation, a system 
with three-particle interactions is equivalent to one 
with two-particle interactions if 


Ui = DY} (i | cee | $2). 
Ll 


Here 9Uj,/9A ~ 0. We assume that the inclusion 
of the three-particle interaction, together with the 
two-particle one, leads to an oscillator self con- 
sistent potential. Then, in the expression for Em, 
the potential energy wili be prefixed by the coeffi- 
cient 44,-'%,a, rather than %, where a charac- 
terizes the relative contribution of the three-par- 
ticle interaction in the mean energy per nucleon. 
We shall first show that inclusion of the three- 


TABLE I. Values of h0w/9A = ahw + bd0/9A for N=5 


a | 0.094 | - 0.254 0.354 | —0.095| 0,242 | —0.204 
eg! B he eked 07 Boye (ete) Set 10-14 1, 29 pt 1420 
a | 0.122 | —0.122 } —0.047 | —0.047 | —0.050 | —0.050 
B=? bo Llytt.218 948 | 44.12 | 44.12 | 40.765 | +0.765 
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TABLE Il. Values of hOw/dA =ahw + bd0/8A for N=5 
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{ 
| B | 1 | 2 10 14 | 24 22 
| | 
ae | ~. 0.023 | ~—0.023 |=—0.015} —0.015 | —0.020 —0.020 | 
pe’ b +0.347 | -+0.317 °) +-0.266| 40.266 | --0.284| 40/284 
a —0.031 | 0.072 | —0.066| —0.036| 0.047] —0.037 
BH0 b +0.274 | +0.274 | +0.251| +0.251] +0.26 | +0.26 


particle interaction does not lead to a qualitative 
change in the dependence of w on A: 

a) for closed shells it follows from Eq. (11) that 
the sign of dw/9A changes for a #0 if 


feCn— a(t) f(t —ta)en 


—(—4e)a(n+4) 

changes sign with the growth of qa from 0 tol. 

In so far as Cy >%A(N+%) then Cy > A(N+%) 
x (%-Yya)/(%4-%a) if (a= 0; 

b) inside shells the coefficient of 3w/@A does 
not change sign as qa increases from 0 to 1, since 
the sign of the coefficient of w in Eq. (11) does not 
depend on a (within the limits 0 <a <1). Con- 
sequently, the character of the curve, i.e., the signs 
of 8w/9A and the positions of jumps in w, is un- 
changed. 

The situation with the mean energy is different; 
its magnitude depends essentially on qa. This is 
connected with the fact that the coefficient of 8w/dA 
in Eq. (11) changes within very large limits with 
changing a. For example, for N=5, a =0, the 
quantity { 4%Cyn —-'%A(N+%) }=10 for @ =0.5, 
whereas it is equal to 56 for aw =0.5 and 100 for 
@=1. Already, for q@ =0.1, the coefficient of 
Qw/8A is doubled. Inclusion of the three-particle 
interaction, while not changing the character of the 
curve* 1, can diminish the jumps in w several 
times and can make the dependence of w on A 
smoother. 

The parameters of the potential well obtained 
from calculations of low-lying excited states of 
nuclei are roughly equal? for nuclei consisting of 
closed shells +1 nucleon. From this it is difficult 
to assert that the scheme of a two-particle type of 
self-consistent potential is inapplicable, and that 
it is necessary to introduce a three-particle inter- 
action. However, if one succeeds in showing that 
06/8A = 0, then the constancy of the potential 
would have to be explained by introducing a three- 
particle interaction. 

The dependence of w on A for a #0 is ob- 
tained analogously to Eq. (12) 


*Equations (11) and (23) are not independent, but are con- 
nected by Eq. (1). Therefore, there is left to our disposal one 
parameter 0@/0A which can be and should be chosen so that 
for nuclei consisting of closed shells +1 nucleon, w = const. 


(By + P) ((9— 2a) Cy — (6 — 4a) By (N + ®/s)] 
@ = @() By [(— 2a)Cy— (6— 4a)B y(N aE 5/o)+ (3 ae 2a)P(N-+5/5)]_ A 


(25) 


For closed shells, 8w/dA is obtained from Eq. (11) © 
by the substitutions %4—%-%a; 4*-%-'a; | 
The formulas (13) and (23) are modified, and the co- | 
efficient 2 in Eq. (14) is replaced by 6/(3-—2a). | 
For example, 96 = —3E for a@=0.5. 
We now take into account effects of nucleon de- 
formation. Proceeding in the same way as in the 
derivation of Eq. (21), and taking into account the 
three-particle interaction, we obtain instead of 
Eq. (21) 


Nh (Om/OA) {4 (9 — 2a) Cy + 4 (9 — 2a) P(N + =) 

— $= (3—2a) A(N + $)-+ | D4 (9 — 22) (n — 3n,) 

—4(3— 22) A(N — 3N,) |+?[}2(9— 2a)(n + 3+ 3nz) 

— (3 — 2a) (N + 3N, + 3)]} == Gy (9 — 2a) ho [Cy/A 

-+-(P/A — 1)(N + 3) + (6 — 42)/(9 — 2a) AS (P)) 

+ Bhoo|+ (3 —- 2a) Ad (s) + (9 — 2x) (A — 9/8A) 
d\(n — 3n,) 

+ 5 (9 — 2a) (A — 4/0A) D)(n + 3n, + 3)| 

+ ho (08/0A) [4 (3 — 2a) A(N —-3N,) 


+ Bho [— + (32a) Ad (s) 


— (9 — 2a) >} (n—3n.)| + nop OB/0A [2 (3 — 2a) 
A(N + 3N, +3)—+ (9 — 2a) \(n + 3n, + 3)| 
+ 4(3—22) A d0/0A. (26) 


The effect of q@ inthe quantity 9w/8A can most 
easily be shown by a concrete example. Values of 
hdw/dA for a=0.5, N=5, Bmax = 0.3 are given 
in Table II. It is easy to obtain expressions for @ 
= Em, analogous to Eqs. (22) and (23), including 
the three-particle interaction. 

Recently a number of authors have discussed 
the use of a potential which depends. on momentum 
(or, which is the same thing, the so-called effec- 
tive mass approximation) in the shell model. A 
number of arguments can be adduced, according 
to which a system of strongly-interacting nucleons 
can be replaced by a model system of weakly-inter- 
acting quasiparticles (of number equal to the num- 
ber of nucleons) so that the energies of the ground 
and low-excited states coincide in the two cases.° 
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Construction of a self-consistent potential for quasi- depends essentially on the energy of the incident 


particles in nuclear matter leads to its dependence 
on the momentum of the quasiparticle, or to an ef- 
fective mass, which, in turn, depends (but only 
weakly) on the momentum.° In the case of finite 
nuclei it is also possible to go over to a model 
system of quasiparticles, moving with effective 
mass in the field of a self-consistent potential 
(and the self-consistent potential and effective 
mass depend on the quantum numbers defining the 
quasiparticle state, see reference 6). Therefore, 
it might be hoped that replacement of the true mass 
by the effective mass would diminish the magnitude 
of the residual interaction [see Eq. (14)]. It is of 
interest to see how much the introduction of an ef- 
fective mass changes the conclusions reached 
above. It is easy to see that introduction of the 
same effective mass for all nucleons is equivalent 
to increasing the frequency wa by the factor 
(m/ mesf)!/ 2 Repeating the above development, 
we see that the qualitative character of curve 1 
is not changed, but that the depth of the potential 
well is increased by a factor of about (m/mesp)” 2. 
We note that the discontinuous changes in the 
parameters of the shell-model potential came, as 
seen from the above conclusions, from changes in 
the depth of the potential well with the addition of 
a single nucleon outside a closed shell. In fact, for 
arbitrary potential, the following relation is valid 
[compare Eq. (9)]: 


V=— > AE;; — 6, 
fs] 

where AEjj is the distance between energy shells 
(the summation is carried out over the totality of 
filled or partially filled energy shells). Addition 
of a particle outside a closed shell adds one term 
to the sum over i<j [see the term hw [1-—6(P)] 
in Eq. (9)]. Consequently, the discontinuous change 
in parameters also appears in use of a potential 
more realistic than the oscillator one. 

- It is known that the data on scattering of nucleons 
by nuclei are rather well described by an optical po- 
tential of constant depth and radius R~ A'/3. This 
does not, however, contradict the conclusions 
reached earlier about the shell-model potential. 

The situation is that for higher energies of the in- 
cident nucleon, the real part of the optical potential 


nucleon and differs from the shell-model potential. 
We give below several considerations, according 

to which the real part of the optical potential should, 
for arbitrary energy of the incident nucleon, differ 
in general from the shell-model potential. 

3. Up to now the problem of the change in the 
potential well of the nucleus necessary to ensure 
fulfilment of Eq. (1) was considered. In the prob- 
lem of the interaction of an incident nucleon with 
the nucleus, the Hamiltonian is written as 


(— fy? / 2m + U4). 
Vv / 


If the incident nucleon leads to a complete recom- 
position of the target nucleus, then 


OY oe UU GA (27) 


or if there is no recomposition, yl(A+t) = ulA), 

In the present work, using Eq. (1), the magnitude 
of 9U(A)/9A was found, i.e., the correction to the 
real part of the optical potential for low energies. 
From this it is clear that calculations of excited 
states of nuclei by several authors using the optical 
potential do not have a strong basis in view of Eq. 
(27). For an oscillator potential we have 
Viet) = — (N+ 4) (hw + hd0/0A) 


+ + m(w + O0w/dA)?r? — 8 — d0/dA, 


where dw/8A is determined either from Eq. (11) 
or from Eqs. (21) and (26). 

In conclusion, it is my pleasant duty to express 
my deep gratitude to L. A. Sliv for numerous dis- 
cussions and interest. 
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The dispersion properties of high-density, high-temperature media are investigated; media 
of this kind may exist in the inner regions of irregular stars (white super dwarfs). Single 
photon annihilation and electron pair creation occur at electron densities Ne & 10% cm™?, 
At frequencies which satisfy the inequality in Eq. (31) electromagnetic waves are scattered 
on nucleons rather than electrons. The index of refraction at these frequencies and densi- 
ties is given approximately by n+1+ 1.05 x 10-41N (N is the neutron density). Hard 
Cerenkov radiation can be excited in a medium of this kind. The energy of the Cerenkov 


photons satisfies the inequality in Eq. (35). 


SCATTERING OF ELECTROMAGNETIC WAVES 
BY ELECTRONS 


Ws: have shown earlier! that under certain phys- 
ical conditions single photon annihilation and elec- 
tron pair production ye*+e™ can occur ina 
scattering medium with a refractive index smaller 
than unity. In vacuum these processes can take 


place only in the presence of an additional particle. 


However, single photon annihilation and pair pro- 
duction do not occur in all media with refractive 
indices smaller than unity. In addition to this con- 
dition there are certain requirements on the den- 


sity of particles and the temperature of the medium. 


The density requirement follows directly from a 
consideration of the meaning of the refractive in- 
dex ina medium. Obviously, a refractive index 
is meaningful only if the following condition is 
satisfied: 


ail, (1) 


where J is the mean distance between electrons 
and * is the length of the electromagnetic wave 
divided by 27. 

From (1) and the fact that the production and 
annihilation of electron pairs require a photon en- 
ergy greater than 2mc?, where m is the mass of 
the electron, it follows that the effect being dis- 
cussed here can occur only when the particle den- 
sity in the medium is sufficiently high: 


N > 8x3 = 1,4-1032 em73, (2) 


where Xe is the electron Compton wavelength di- 
vided by 27. It would appear that densities of this 
kind are in fact found in the inner regions of white 
super dwarfs. 


It is apparent that atoms are completely ion- 
ized under these physical conditions so that the 
ensemble of electrons constitutes a relativistic 
ideal gas. At densities given by (2) the mean 
kinetic energy of electrons is of order mc? and 
higher while the ratio of potential energy Ze?/r 
to kinetic energy cp is Ze*/crp ~ Ze*/fic « 1. 

For the densities of interest here the degenera- 
tion temperature of the electron gas is 


To Fs 10 (3) 


It is difficult to say whether the electron gas ina 
star is degenerate or nondegenerate. It is possible 
that there are white dwarfs of both types in nature. 
These two cases lead to completely different phys- 
ical results. In the first case, at sufficiently high 
densities we are dealing with a medium whose dis- 
persion properties at very high frequencies are 
determined by neutrons rather than by electrons. 
In a medium of this kind the refractive index is 
greater than unity; hence the process y = e*+ e7 
is forbidden. On the other hand, another phenome- 
non can occur: charged particles moving with ve- 
locities exceeding the phase velocity of light can 
emit hard Cerenkov radiation, with photon energies 
up to 150 Mev. In the absence of degeneracy, how- 
ever, the dispersion properties of a medium are 
always determined by the electrons. In a medium 
of this kind at densities given by (2) the process 
y=e*+e° is allowed while Cerenkov radiation 
is not. Both of these limiting cases will be dis- 
cussed in detail below. 

When the electron gas is not degenerate it is 
apparent that the dispersion is always determined 
by the electrons. As is well known, at frequencies 
greater than characteristic atomic frequencies the 
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refractive index of a medium is given by the rela- 
tion 


n? = | — 4nNe? / mw?. 


(4) 


However, this relation cannot be used in the present 
case because its derivation assumes that the elec- 
trons are nonrelativistic whereas the electrons are 
relativistic in the case at hand. 

At densities given by (2) electrons are quasi- 
classical particles. Provisionally, we may also 
assume that the quasi-classical approach is valid 
at relatively low electron densities; in particular 
we require that the mean distance between particles 
be somewhat smaller than the Fermi radius of the 
atom I <«< Z!/3h2/me?. 

In order to calculate the refractive index we 
must find the additional velocity v’ =v-—vp ac- 
quired by a free electron under the influence of 
the electromagnetic field. Solving the Hamiltonian- 
Jacoby equation for an electron in a field of a plane 
electromagnetic wave A(r, t) = Ay exp {i(k-r-—wt) 


(5) 
and then computing the velocity v from the formula 


(6) 


[VS — (e/c) A]? — c? (0S /dt)? + mc? = 0 


(1 — B82) “mv = VS — (e/c) A, 


we obtain the additional velocity v’: 


ec? (poA) k ec’ (pok) (PoA) Po 
[e(pok) + REo] = E8 [ce (pok) + REo] 


P ec 


YS E ATE 


ices 
ae EB (PoA) Po, (7) 
where py and Ey =c(p?+m’c?)!/* are the initial 
momentum and energy. 

We now determine the current induced by the 
electromagnetic field: 


(8) 


where f(p) is the electron distribution in momen- 
tum space.* Substituting Eq. (7) in Eq. (8) and car- 
rying out the integration over angles (i.e., over 
the initial direction of motion of the electron), we 


obtain 
\( a aa In 


where E is the electric field intensity. Now, com- 
paring the microscopic and macroscopic field equa- 
tions and taking account of Eq. (9) we find the follow- 
ing formula for the index of refraction: 


8r:e%c? 
2 i 
No ae \ (1 I 


First we consider the case in which the gas is 
*We omit from now on the subscript ‘‘zero’’ from the sym- 
bols for the momentum and energy. 


j= e | v'f (Po) dpo sin) dt dg, 


f (p) 
E 


ne . 21e2c? 


Nee ae 


E+ cp’ 
mc? ) 


dp, (9) 


m2c2 in E+ <2) Ae dp. 


Ep me? (10) 
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degenerate. In this case 
i (p) = p®/4n°n? for p <p, 
f(p) =O for p> p,; (11) 


where p¢ is the limiting Fermi momentum, which 
is given by 
py = (35°) "aN, (12) 


When pf < me we obtain the familiar formula (4); 
when pf =>me we have 


(13) 
(14) 


n? = | — (@,/o)?, 
(09 Sxce*N / p, = 3c®N'” | 137, 
Thus, for a relativistic degenerate gas the constant 
w% is proportional to N?/? rather than N. 
We now consider the case in which the electron 


gas is not degenerate. Under these conditions we 
have? 


[ (p) = No (T) [p?/ 4x (mc)*] exp (— E / xT), 
@(T) = [2u °K, (u) + u 7K, (uv). 


(15) 
(16) 


The quantities K, and Ky are Bessel functions of 
the second kind of imaginary argument while u 
=me?/yT (x is the Boltzmann constant). When 

u >> 1 we have 


p = 4n (me)? (2QamyT)"e", 


and when u<1 wehave g * u?/2. 

As in the preceding case, upon substitution of 
Eq. (15) in Eq. (10) we obtain an integral which 
cannot be integrated exactly. When uX< 1, as an 
approximation we have 


4.8 ne? 
2 


may 


n? (w) 1 — PP 


sat (17) 


When u> 1, Eq. (17) no longer applies and 
does not give the proper transition to the familiar 
formula. As we see, in the absence of degeneracy 
the refractive index depends on temperature. 

It is apparent that in the absence of degeneracy, 
in the region in which one can apply the notion of 
the dielectric constant of a medium, the dispersion 
is always determined by the electrons. Conse- 
quently, at electron densities Ne & 1.4 x 10 em=3 
photon annihilation and electron pair production can 
occur in a medium. 

We now consider the second limiting case; here 
the electron gas is highly degenerate (temperatures 
T«K<4~x Was (In this case there are still two pos- 
sibilities: either the neutrons are not degenerate or 
the neutron gas is also degenerate.) Under these 
physical conditions it turns out to be more favor- 
able thermodynamically to have reactions in which 
the nucleus captures an electron and simultaneously 
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emits a neutrino.? Because of this reaction the num- 
ber of protons in the nucleus is reduced sharply and 
eventually the nucleus becomes unstable and decays. 
As a result we must in fact consider an ideal gas 
of electrons, protons, and neutrons. 

The number of particles of each kind is deter- 
mined from the equilibrium condition, that is to 
say, from the condition that the thermodynamic 
potential be a minimum for a given pressure and 
temperature. For the reactions 


pie—-n-+yvand i> pee ses: 


where e, p, n, v and py denote the electron, 
the proton, the neutron, the neutrino and the anti- 
neutrino respectively, the equilibrium condition is 


(18) 


wew = 
e 


ip 4 \e 


ay it 


where we, Mp and pn are the chemical potentials 
for the corresponding particles. The electron chem- 
ical potential is 


be == E,xxchN.’, (19) 


where Ef is the limiting Fermi energy. 
If the nucleon gas is not degenerate, we have? 
Made Despre Ste 
=n Ger) | 29 
Substituting the values of the chemical potentials 
in Eq. (18) and using the obvious relation Np = Ne, 
we find* 


LS ' 
uy Hn 


Nac Dips Roe 
a p(2n 
ret In E Gar) | 


N, = N.exp(xchN 4/7). (21) 


Since the electron gas is assumed to be highly de- 
generate xT < mchnl 3 and, consequently, Nn >Ne. 
Now we assume that at the densities being con- 

sidered the temperatures are so low that the neu- 
tron and proton gases are also highly degenerate. 
In this case 

= Mc? + (h?/2M) (3x7N.)/, 

BSW ee 


vn 


“> (R?/2Mn) (37°N ny’, (22) 


where Mp = M+ am is the mass of the neutron 
and a@ & 2.54 is the difference in the masses of 
the neutron and proton expressed in units of elec- 
tron mass. Here we assume that the proton and 
neutron are nonrelativistic particles, as is the 

case for matter densities up to the order of nuclear 
densities. Substituting Eqs. (19) and (22) in the 
equilibrium relation (18) we find 


*It is appropriate to note that there are no positrons in the 
medium at the temperatures being considered here. These par- 
ticles appear only when xT > mc? (cf. reference 2, page 334). 
Because the electron gas is degenerate pair production is for- 
bidden by the Pauli principle. 
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Ne = No {U1 + an + 22 (Na/No)'A1@— 18, (23) 


where we have introduced the notation Ny = 8x@° 
= 1.4 x 108? em=? and x = 27m/M. 

If we limit ourselves to densities of the order 
of nuclear densities or smaller, Ny S 10> ,one, 


Eq. (23) can be simplified: 
Ne = (No/8) [a/x “+ %(Nn/No)""¥ 


(23’) 


In order to ascertain whether the process y =e” 
+ e~ with the participation of the medium is pos- 
sible or not, we must first understand the role 
played by the nucleons in the scattering of electro- 
magnetic waves. 


2. SCATTERING OF ELECTROMAGNETIC WAVES 
ON NUCLEONS 


Under certain physical conditions, i.e., high 
matter densities, low temperatures (so that the 
electron gas may be considered highly degenerate), 
and high frequencies, electromagnetic waves are 
scattered on nucleons rather than on electrons, 
Under these conditions hard Cerenkov radiation is 
produced of necessity. 

To understand the nature of this effect, we in- 
vestigate the dispersion properties of a medium 
consisting of neutrons. We compute the refractive 
index of such a medium for electromagnetic waves 
and determine the frequencies and neutron densities 
for which the dispersion properties of the medium 
are determined by the neutrons rather than by elec- 
trons (we should speak generally of nucleons; how- 
ever, under the physical conditions of interest the 
number of protons is small compared with the num- 
ber of neutrons, so that we shall consider only the 
latter although the results also apply to protons). 

Although it is electrically neutral, the neutron 
is capable of scattering y quanta. This effect is 
related to the well-known phenomenon of meson 
photoproduction. Both virtual and real mesons can 
be created in the interaction of photons with neu- 
trons. The creation of real mesons corresponds 
to absorption of a wave; hence the refractive index- 
of a medium consisting of neutrons is a complex 
quantity: 


Ve=n + ing. (24) 


The following relation obtains between the real 
and imaginary parts of the index of refraction:® 
S { 
: \ 
where the bar means that the integral is to be un- 


zn (4) a 


° 
x7 — w? 


n(o)= 1+ (25) 
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derstood in the sense of the principal value. Ex- 


pressing n,(x) in terms of the photoproduction 
cross section: 


ny (%) = (¢/2x) Nns (x), (26) 
we find 
cN a vi 
n(o) =14 Anan (27) 


0 

To compute n we start with the experimental 
curves for the cross sections for photoproduction 
of neutral pions on protons.4~® This curve exhibits 
two maxima: the first is very narrow and well de- 
fined (hw = 320 Mev)’ while the second is very 
weak and broad (E ~ 700 Mev). 

The neutron density increases towards the center 
of the star and, in accordance with (1), the region 
for which we can use the notion of a refractive in- 
dex shifts towards the higher-energy quanta. In 
the limiting case we deal with nuclear densities. 
Under these conditions the mean distance between 
particles is fh/uc (py is the mass of the pion) and, 
correspondingly, the limiting photon energy should 
be of the order of 150 Mev. Hence, we can speak 
of a refractive index for neutron matter only at 
photon energies hw < 150 Mev. In this energy 
region o(w) =0 and the principal maximum is 
found at an energy which is twice 150 Mev. Itis 
thus clear that, since we are interested in frequen- 
cies hw S150 Mev, the detailed dependence of 
o(w) on w is unimportant for the determination 
of n(w). As a good approximation to the true 
curve shown in the figure we can use a discontinu- 
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ous curve (shown by dashes); the dashed curve 

is chosen to make the area between it and the ab- 
scissa axis approximately the same as the area 
formed by the experimental curve. Further, we 
assume that the cross sections for photoproduc- 
tion of neutral and positive pions on protons are 
the same (as is approximately the case’®) and 
that the cross sections for photoproduction on neu- 
trons and protons are also equal. Thus, for o(w) 
we have: 
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Oy Or. wi ay, 
6(®)=<s,. for 0,<0< ®,, 
G3 1Or <0 >>0,! (28) 


where 6, =5 X 1078 em?, o, = 0.62 x 107-28 cm?, 
w, =3.7 x 108 is the frequency corresponding to 
a photon energy of 240 Mev, and w, = 6.1 x 107° 
is the same quantity for an energy of 400 Mev. 

Since we are interested only in the frequency 
region hw « 150 Mev ~ hw, we can neglect w 
in the integrand in Eq. (27). Then, using Eq. (28) 
we have 


CA 109 


2cN ( 4 


wT \ Wo W2 


) =DilahO- ois LXe9) 


Thus, the dielectric constant of neutron matter is 
essentially independent of frequency and always 
very close to unity. 

In the final analysis, to determine whether the 
dispersion properties of the medium are deter- 
mined by the electrons or by the neutrons, we must 
compare Eq. (29) with Eq. (13). The dispersion is 
determined by the neutrons when 


(n? — 1) /(1 — n2) = 2,1-10-Np (w/9)? > 1, (30) 


where the subscript e refers to the electron. 
From Eq. (14), substituting the value of wy we 
find 


oN, > 10°N (31) 


First we consider the case in which the nucleon 
gas is not degenerate. According to Eqs. (21) and 
(31) the condition that dispersion be determined by 
electrons is given by the relation 


NE exp (aN f/T) < 3,6- 10%" (o/w)?, (32) 


where we have introduced the following notation: 
fiw) = 2mc’, a =mch/y x 0.72. Taking account of 
the inequality in (1) w cNY/ 3. we find that when 
any ?/T < 15 the process e*+e™ —~y is possible 
in the medium. At lower temperatures, however, 
this process is forbidden. The inverse process, 
y—e*+e7, is forbidden by the Pauli principle; 
it becomes possible, however, if vacancies appear 
in the electron distribution because of various 
processes. The dispersion is determined by the 
neutrons when 


3.6- 1027 (No/Ne)”? exp (— 2aN 2/37) < 3.6- 102*(wo/w)? 


< N@exp(aNf/T); (33) 
Here, the condition at the left means w & cNY?. 
Whence it is apparent that when an'(3/T =o mand 
w 2% 7wW,) the dispersion is determined by the neu- 
trons; at frequencies below 7, the dispersion is 
determined by the electrons. 

When the nucleon gas is also degenerate the 
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electron density becomes a relatively weak func- 
tion of neutron density. When Np < 10° we have 
N, ~ No/8 and cN¢? = 0.5 wo so that the proc- 
esses yzte*+e either do not occur at all in 
the medium or appear at the very threshold for 
the effect (hw ~ 2mc*). At densities of N 2 8 

x 10°, however, the electron density becomes 
sufficient for creation and annihilation of pairs. 
As before, in order to determine whether this ef- 
fect actually occurs we must find the frequencies 
at which dispersion is determined by the electrons 
and those at which it is determined by the neutrons. 
To find these frequencies we again use the condi- 
tion in (31). According to Eqs. (23’) and (31) dis- 
persion is determined by the neutrons when 


Nn > 2.4-10°8v-? [a/x + x(Nn/No) ?l2, (34) 


where v = w/w). As always, Eq. (34) must be sup- 
plemented by the criterion which must be satisfied 
if we are to use the idea of a medium, i.e., w 

S ents, When Ny < 108° the process y=te*+e7 
is possible and will occur only at threshold energy; 
the condition N, 2 10°8 em~/3 is necessary and 
sufficient (obviously we still must satisfy the re- 
quirement for this process w & eNY3), 

On the basis of the material presented in this 
section we can conclude that for a given matter 
density there is a certain critical frequency above 
which dispersion is determined by neutrons; below 
this frequency the dispersion is due to electrons. 
According to Eq. (29), above the critical frequency 
the refractive index is greater than unity and re- 
mains essentially constant, being independent of 
frequency. It is clear that charged particles mov- 
ing with velocities exceeding the phase velocity of 


light in such a medium will emit Cerenkov radiation. 


In accordance with the conditions in (1) and (31), 
only photons which satisfy the following inequality 


are radiated: 
1ONLN, ? <ho <fheNf. (35) 


In this energy range the number of photons radiated 
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per energy interval is uniform. According to Eq. 
(29) the Cerenkov effect appears at particle ener- 
gies E = 2.2 x 102°Nj/? Mc? where Mc? is the 
self energy of the particle. 

When the nucleon gas is not degenerate the re- 
lation between the densities Ne and Ny is given 
by Eq. (21). For purposes of illustration we take 
aN¥/3/T = 10; then, from Eq. (35) with Ne = 10” 
(i.e., Ny = 2.2 x 108°) we find 20 < fiw & 28 Mev 
while with Ne = 4.5 x 108 (i.e., Nn =10°8) we 
have 10 < hw < 100 Mev. 

When the nucleon gas is also degenerate the re- 
lation between Ne and Np is given by Eq. (23’). 
In this case (35) assumes the following form: 


2.6-10°N7"[a/m +x (Nn/Ny) "| < hho <AcN A. . (357) 


Whence we find that the neutron density must be 

Nn 2 8 x 10°. With Ny = 10° em73, from Eq. (35’) 
we find 13 < hw < 20 Mev while with N, = 10% 

we find 1.6 < hw S 100 Mev. 

In conclusion I wish to express my gratitude to 
Academician V. A. Ambartsumyan for valuable 
comments and also to N. M. Kocharyan, I. I. Gol’- 
aman, G. M. Garibyan, and A. Ts. Amatuni for 
many discussions and for their interest in this work. — 
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The problem of the instability of longitudinal oscillations of low temperature electron-ion 
plasma is discussed. In an isotropic plasma the oscillations are always damped, while in 
an anisotropic one the ion motion may lead to the appearance of solutions that increase with 


time, i.e., to instability. 


cerry problems connected with the instabil- 
ity of a current flowing through a plasma, and par- 
ticularly those connected with the instability of lon- 
gitudinal plasma waves, have come in for ever in- 
creasing attention. Thus, Bohm and Gross! and 
Akhiezer and Fainberg” have investigated the oscil- 
lations of a plasma containing an electron beam and 
have demonstrated that the oscillations increase 
with time. In these studies ion motion was alto- 
gether neglected. In some cases, however, inclu- 
sion of ion motion may prove essential and produce 
new forms of plasma instability due to electron-ion 
interaction (see below). 

Let fye(v) and foj(v) represent equilibrium 
electron and ion distribution functions (normalized 
to unity). For a given equilibrium distribution the 
asymptotic behavior of the solution is determined, 
as is known,? by the roots of the dispersion equation 

kOf,,/OV \ 
V's + ikv J > 


“eo? 
l= { \av 
Where uWis = 27e'ne/Me, 6.=2z2mMe/mj (z is the 
ion charge), k is the wave vector, and s=iw+y. 
Since we shall be concerned only with solutions that 
increase with time (y > 0), the integrals in (1) can 
be taken along the real axis. Before proceeding to 
the discussion of a concrete case, we shall make a 
few general remarks. 

If we transform Eq. (1) by integration by parts 
and separate the result into a real and imaginary 
part we obtain a system of two equations for w 
and y. One of these equations has the tollowing 
form: 


kOf,,/OV ag a( 
s+ikv ' 


(1) 


w - kv =): 


1\ dv Ufoe (v) + 8foc 0) op REE EE = (2) 


Two conclusions follow directly from this equation. 
First, oscillations with frequency w >kv are 
always stable, while oscillations with frequency w 


< kv may be unstable. Thus, the following inequal- 
ity is a condition for instability: 


(3) 


where v represents some average value of the 
velocity. Condition (3) means that only waves 
whose phase speed is less than the average speed 
of the particles can be unstable. (This condition 
was first noted by Bohm and Gross.!) We shall 
show that condition (3) is necessary but insufficient; 
this will become apparent from an example dis- 
cussed below. 

Secondly, in the case of an isotropic plasma the 
oscillations are always stable for arbitrary distri- 
butions of the form fye(v?) and foj(v?). Actually, 
by integrating Eq. (2) over all directions in the ve- 
locity space, we find 


2 ___ @? 1 f2y2]2 1 4m? 2 
7 T 


(4) 
0 
whence it follows that y=0. The contrary asser- 
tion in the article by Bohm and Gross! is the result 
of an error in the computation of the integral ap- 
pearing in the dispersion relation. Their result 
would have been incorrect none the less if only be- 
cause of the fact that when the integration is along 
the real axis, as Landau has demonstrated,? it is 
in principle impossible to obtain damped solutions. 
Let us examine a case where the electron gas 
is described by a drifting Maxwellian distribution, 
while the ion distribution is isotropic and likewise 
Maxwellian, i.e., 


foe (V) = (mme/2nxT.) exp {— me (v — u)?/2xT}, 


fos (V) = (1¢/2nxT j)"* exp [— (mv*/2xT;)}. (5) 


Such a case might occur in a plasma located ina 
strong electric field.‘ 

Substituting (5) in Eq. (1), we obtain the follow- 
ing dispersion equation: 
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F ([s-+ iku}’, a) + 8F (s%,a,) togt?=0. (6) 


The following designations apply here 


Lees lel es On, = MM; 2xdess 


F (sa) = {1—Vrapo(iae =), 


w (2) = e-# (14 vei? dt) (7) 
Equation (6) with u=0 was studied by Silin® and 
Kovrizhnykh® who showed that when k is 
small, two modes of plasma oscillations occur, 
which are entirely different in their properties. 
The first mode, called optical, is characterized 
by comparatively large oscillations of the charge 
density while the ion motion is insignificant. For 
this mode of plasma oscillations, w(k) #0 with 
k =0. The optical mode is obtained by solving 
Eq. (6) with u=0 and with the second term neg- 
lected. The second, or acoustic mode, on the other 
hand, is characterized by small oscillations of the 
charge density and a linear dependence of s on k. 
An analogous division into optical and acoustic 
modes may also be adopted for the case where u 
# 0. The optical mode will correspond, as for the 
case u=0, to the solution of Eq. (6) with the sec- 
ond term omitted. Naturally the solution of this 
equation will differ from the corresponding solution 
where u=0 due to the appearance of the imaginary 
term ik-u, which corresponds to a Doppler effect 
due to the electron motion. The character of the 
oscillations specified by the real part of s does 
not change, i.e., the optical oscillations are attenu- 
ated regardless of the magnitude of u. This cir- 
cumstance indicates the insufficiency of condition 
(3). It is a different matter with the second, or 
acoustic, mode of plasma oscillations. When u 
# 0, the acoustical solution of Eq. (6) may be un- 
stable. The frequency region where s’a;/k? > 1 
corresponds to the unstable solutions of Eq. (6). 
Therefore, if we make use of the asymptotic repre- 
sentation of w(z) inthe region where Re(s) > 0, 
we obtain from Eq. (6) the following dispersion 
equation, correct to terms ~ k?/s?0j;: 


[(s + iku)? + k?v2}"2 + 8/(s? +- R02) + oF? =0, (8) 


where v@ =3kTe/me, vi = 3kTi/mi, represent 
the thermal speed of the electrons and ions respec- 
tively. As was noted above, the linear dependence 
of s on k is characteristic of the acoustic mode. 
Therefore, it is always possible to isolate a region 
of k-space in which s’ « wre. In this case the 
last term in Eq. (8) can be neglected. This also 
corresponds to neglecting oscillations of the charge 
density. Finally, we obtain the following solution 
for Eq. (8): 


Li. M. KOVRIZANYK Hand) A. PAR RUKUAD AS 


(9) 


Because of the asymptotic representation used for 
w(z), Eq. (9) is correct when |k-u [2/k2 >> Voy 
vi /6 and (k-u)? « we. In this region Eq. (9) 
predicts unstable plasma oscillations.* 

In addition to solution (9), an acoustic solution 
of Eq. (8) can be obtained when the term wre is 
included but with |s|<« |k-ul|. In this case, neg- 
lecting terms of the order of V6 in comparison 
with unity, we find 


s = — ikud + [6 (ku)? — R? (802 + 07)". 


5 =" = Wed? (ku) [0% — (ku)2] *, (10) 


which is applicable when wee — (k-u)? > @raoy 

Thus in a plasma whose electrons have an av- 
erage speed greater than their thermal speed, the 
acoustic oscillations may become unstable. In 
this case, the energy of the electron motion is con- 
verted into energy of acoustic oscillations and is 
the source of the instability. We note that a simi- 
lar instability can occur in a plasma in which part 
of the electrons have a fast drift, i.e., in a plasma 
containing so-called “runaway” electrons. In this 
case, besides the excitation of unstable acoustic 
oscillations, there will be excitation of unstable 
optical oscillations with s given by an expression 
of the form of Eq. (10) but with 6 equal to the 
ratio of the number of runaway electrons to the 
total number of electrons. 

In conclusion we note that an instability of this 
type appears to have been observed experimentally.® 

The authors are grateful to M. S. Rabinovich and 
V. P. Silin for their helpful comments. 
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The change of the transition probability caused by the Coulomb scattering of particles by the 
atoms of the medium is found for a certain class of processes in which there are one charged 
particle and an arbitrary number of neutral particles in the initial and final states. 


1. INTRODUCTION 


‘TC Scar ee studies of processes of interac- 
tion of high-energy particles are often made in 
rather dense substances. As a rule the data ob- 
tained in such experiments are compared with the 
theoretical results of calculations of the probability 
of the given process in vacuum. This means an im- 
plicit use of the hypothesis that possible participa- 
tions of the atoms of the surrounding substance in 
the process lead only to vanishingly small correc- 
tions to the transition probability. In particular, 
this applies to the possible transfer of some part 
of the momentum to atoms of the medium through 
Coulomb scattering of the particles involved in the 
process. 

The incorrectness of this assumption was first 
pointed out by Landau and Pomeranchuk,! who 
showed that multiple scattering of a particle by 
atoms of the medium causes a considerable change 
in the bremsstrahlung. In the case of bremsstrahl- 
ung a transfer of momentum to the medium would 
occur even if the Coulomb scattering were not 
taken into account. Therefore it is convenient to 
take account of the additional transfer of momen- 
tum to the medium in the treatment of the basic 
process. The position is different, however, when 
one treats a process that occurs spontaneously in 
vacuum. Transfer of momentum to atoms of the 
medium leads to the appearance of a new type of 
process, qualitatively different from the basic 
process. For example, spontaneous m-y decay 
is possible in vacuum. In matter one has besides 
the spontaneous type of decay the possibility of an 
“induced” or “deceleration” type of decay, in which 
atoms of the medium take part in the process, re- 
ceiving part of the momentum of the initial par- 
ticle. Since in the usual experimental arrangement 
the momentum transferred to the medium is not 
measured, the experimentally observed transition 
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probability must include both the spontaneous and 
the “induced” processes. 

We present below a general method for calculat- 
ing probabilities of processes with transfer of mo- 
mentum to atoms of the medium taken into account, 
and we consider the change of the transition proba- 
bility owing to this effect for the simplest cases. 
We note that this effect occurs already in the ap- 
proximation linear in the density of medium atoms, 
in which the action of each atom is considered in- 
dependently. Therefore in most cases it is not 
necessary to deal with multiple scattering, and 
we can confine ourselves to first-order perturba- 
tion theory in the potential of the atoms of the 
medium. 

We consider only cases of very fast charged 
particles, with momenta large in comparison with 
the reciprocal of the Thomas-Fermi radius of the 
atom, A =me’Z!/3 (h=c =1). This means that 
we can consider only Coulomb scattering by the 
nuclei of the atoms, including the action of the 
electron shells in terms of a screening factor 
only. 

We also note the following fact: The occurrence 
of finite energy losses in the motion of a charged 
particle through matter has the consequence that, 
unlike the situation for vacuum, the imaginary 
term in the mass of the particle, which Feynman 
introduced to prescribe the correct way of going 
around the poles for the Green’s function, is now 
a finite, though indeed small, quantity. The finite 
value of this quantity is also due to the presence 
of the electron shells of the atoms. We shall neg- 
lect here effects associated with the finiteness of 
the imaginary term in the mass. 

In treating the interaction of a charged particle 
with an individual atom we shall neglect retarda- 
tion and the recoil of the atom, restricting the 
treatment to not very large momentum transfers. 
Under the assumptions that have been made the 
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total potential of all the atoms of the medium, 
U(x) = 2) Uy(x—Xq) [Up (x—Xq) is the potential 
a 


of an individual atom], can be regarded as an ex- 
ternal field. The total potential U(x) depends on 
the specific (but unknown) distribution of the 
atoms of an amorphous medium. Therefore in the 
final results there must be an averaging over the 
coordinates x, of the atoms; this is denoted by 
the symbol <...>. Because the medium as a 
whole is neutral, <U(x)> isa constant inde- 
pendent of x. To simplify the writing it is con- 
venient to introduce instead of U the potential 
V(x) =U(x) — <U(x)>, including the constant 
<U(x)> in the definition of the fourth component 
of the momentum of the charged particle. Thus 
the problem reduces to the calculation of the tran- 
sition probability in an external field V(x). 


2. THE MATRIX ELEMENT OF THE PROCESS 
IN AN EXTERNAL FIELD 


Let us consider a process whose initial and 
final states involve one charged particle, the ini- 
tial and final four-momenta being p, and pp». 
Besides this particle, there can be an arbitrary 
number of neutral particles in both the initial and 
the final states. Let us denote the difference of the 
four-momenta of the neutral particles in the initial 
and final states by k. Assuming that the Coulomb 
scattering of virtual particles can be neglected, we 
shall deal with the effects of the scattering of the 
initial and final charged particles by the potential V. 

The matrix element of the process in vacuum 
can always be put in the form 


Mo = \ dxdos (x) O (k) dor (x) exp (ikx), 


where % (x) and %.(x) are the wave functions 
of the initial and final charged particles in vacuum. 
In what follows we shall assume them normalized 
so that there is one particle in a large volume Q. 
For example, for spin ¥, we have v(x) = 27? uy, 
x exp (—ip,x). In this connection we shall always 
understand the three-dimensional integral over 
momenta to mean the sum, 


(2.1) 


Jap (2r)9Q4D), 8 (P—p') = Q(2ny%p,y. 
p 

The matrix element of the process in the ex- 
ternal field can be obtained from Eq. (2.1) by re- 
placing the vacuum wave functions w% 4 and dp 
by the wave functions of the charged particles in 
the external field. Assuming that the effect of the 
external field is small, we can determine the de- 
sired wave functions by perturbation theory. As- 
suming the momentum J transferred to the exter- 
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nal field small in comparison with the momentum 
of the particle, in the first nonvanishing approxi- 
mation in J/p and in second-order perturbation 


theory in V we can get the expression 
die) (x) = Cue) {1 + fry ()} Yor @ (*); (2.2) 


where f(x) denotes the quantity 


dlV (exp (ilx) {4 
i (x) = 2 | [2 + 2pl +- id {! 4 


°F \ dl'V (U’) exp (il’x) } i 


(+ 1)? + 2p (LE) oe 18 
(2.3) 
and the normalization constant C is determined 
from the requirement that the wave function of the 
particle in the medium be normalized just like that 
of the particle in vacuum (one particle in the vol- 
ume QQ). It follows that the normalization constant 
C is given by 
caao*[l axl + fer”. (2.4) 
It may seem that the normalization constant C 
should be set equal to unity, since the difference 
1-C? contains the large volume Q in its denomi- 
nator. Actually this must not be done, since in the 
numerator of the difference 1-—C?* there is a quan- 
tity proportional to the total number N of the 
atoms of the medium. The ratio of these quantities 
is proportional to the number of atoms per unit 
volume, and remains constant as the normalization 
volume goes to infinity. Therefore we must not 
neglect the difference between the normalization 
constant C and unity. 
From what has been said it follows that the ma- 
trix element of the process in the external field can 
be written in the form 


M = \ dx exp (ikx) Gos (x) O(R) bor (x)) (L + £30) + fi @9)- 


(2.5) 
Assuming for definiteness that the charged particles 
have spin 4, and denoting the momentum P14 -P2o —k 
transferred to the external field by s, we can 
transform Eq. (2.5) to the form 


M= \ dx exp (— isx) (u,O (py — p2— S$) ur) 


* (1 + 7, (x) + fh @)). (2.6) 
3. THE TRANSITION PROBABILITY IN THE 
EXTERNAL FIELD 


From Eq. (2.6) it is easy to get the square of 
the absolute value of the matrix element and the 
transition probability for the process in the exter- 
nal field. As is well known, the differential tran- 
sition probability is connected with the matrix ele- — 
ment by the formula 
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final state, and Rises 
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‘ d 3 (2 
dW = =| MPa pd picky... d*k, (Qa) °°”, (3.1) 


where v is the number of neutral particles in the 
.,K, are the momenta of 
these particles. We can replace the integration 
over one of the momenta of the neutral particles 
in the final state by integration over k, and then 
go over from integration over k to integration 
over the momentum s_ transferred to the medium. 
Since for a process in vacuum the integration over 
the momentum of one particle is always taken be- 
tween infinite limits by means of a 6 function, we 
can perform the integration over s_ between infi- 
nite limits without destroying the correspondence 
with the vacuum case. 

Using this idea, we easily get from Eq. (3.1) 


AW oa CC \\ dx dx’ \ as exp [is (x — x’)] 


(u2O (py — P2 —S) Us|? (1 + f(x) 


4 


x (1+ fi (x')) (1 + fa(x’)) 


pater) (en) a pid ped hy. dh... (3-2) 


Carrying out the integration over x and x’, 
one easily convinces oneself that only small values 
of s play any part in the integral over s. There- 
fore, provided the difference p;—p, is not small, 
the quantity |t,O(p,-p.-s)u,|? is a slowly vary- 


ing function of s as compared with the exponential. 


Taking this slowly varying function from under the 
integral sign, we can relate the transition probabil- 
ity in the external field to the transition probability 
dW, in vacuum: 


dW .\ ax (1 =~ by (x)) (1 +b (x) 


{ d®x (1 + 0: (x)) ) dex’ (1 + 9 (x), 


dW = (3.3) 


where we have used the notation 
6(x)=j|l1+f(*%)P—1. 


It is easy to see from Eq. (3.3) that inclusion of 
the normalization leads to cancellation from the 
final result of all terms associated with the effect 
of the external field on only the initial or only the 
final particle. In fact, using the smallness of b (xe) 
we can get from Eq. (3.3) the formula 


dW =dW, (1+ 27 \ d3xby (x) bs (x) ~Q? 
x \ d?xb, (x) \ d3x'bs (X")). (3.4) 


When we substitute in Eq. (3.4) the explicit ex- 
pression for b,(x) and b).(x) we must remem- 


ber that we are using perturbation theory for the 
external field, so that in Eq. (3.4) we must include 
only the part of b(x) linear in the field, dropping 
terms quadratic in the field. Besides this we must 
note that in the cases we are concerned with, in 
which the external field is that of an individual 
atom, or else we are using the external potential 
V(x) = U(x) - <U(x)>, the last term in Eq. 
(3.4) is zero. Therefore the final expression for 
the transition probability in the medium is con- 
nected with the transition probability in vacuum 

by the formula 


dW = dW, {1 + (2n)®Q*4E,E, | d°l\V (1) (? (12 + 2p — 18) 
a AU? = 2pil 3 18) J) (0 se polio) 


sek Usa) kaa ae (3.5) 

Let us apply this formula to the case in which 
we are dealing with the external field of an indi- 
vidual atom. Then in virtue of the fact that in our 
approximation the effects of the atoms on the proc- 
ess are treated independently, to get the total effect 
of N atoms we must multiply the correction for 
one atom by the total number of atoms. Thus we 
get from Eq. (3.5) the result 


dW = dW {1 +n (2x) 4E,E, 2 Re at {U,() 


x 


(12 + 2ypl — i8)2[(12 + 2py1 — 18) 


( 

+ (I? — 2pyl — i8)4}}, (3.6) 
where n is the number of atoms per unit volume. 

Exactly the same formula is obtained if we con- 
sider the process in the external potential V(x) 
= U(x) — <U(x)>. If we use the fact that in the 
momentum representation the total potential U is 
connected with the potential Up) of an individual 
atom by the relation U(p) = U)(p)6(pq4) x 
YS, exp (ip*Tg), we easily show that SIAN CD) lee 


a 
=N|U,(Z)|?. By using this result one gets Eq. 
(3.6) trony- Eq... (3.5). 


4, APPLICATION OF THE DIAGRAM TECHNIQUE 


The result obtained above can also be found by 
a different method, by using an analogy with the 
diagram technique of quantum field theory. In the 
derivation of Eq. (3.6) the averaging over the posi- 
tions of the medium atoms was carried out only in 
the concluding stage of the calculations. We can 
arrive at the analogy with quantum field theory if 
we do the averaging over the positions of the atoms 
somewhat earlier. Let us consider the average 
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value of the product of two potentials V(l) and 

V(l’) inthe momentum representation. Using 

the fact that 
AK 
\e 


a 


we easily get 


z)*8(p), 


.eXp (ipra) > = =a )N Opie (2: 


VQVC), SFOS E+, 


F (t) =n (2r)*|Uo (W) 23 (Ly) (4.1) 

The presence of the four-dimensional 6 function 
on the right enables us to regard Eq. (4.1) as an ex- 
pression analogous to the propagation function of a 
quasi-particle. If both potentials V(l) and V(l’) 
are in the same matrix element, the averaging of 
their product leads to a transfer of momentum 
from one particle to another (from one point of a 
diagram to another). Therefore the average value 
(4.1) can be graphically represented by connecting 
the points of action of the potentials on a Feynman 
diagram by a dotted line. In other words, such av- 
erage values are taken into account in the same way 
as the exchange of a virtual photon, but with the 
propagation function (4.1). 

There is also another possible case, in which 
one of the potentials to be averaged is in the ma- 
trix element M and the other in the Hermitian 
adjoint matrix element M*. Using the fact that 
there is always an integration over the momenta 
l and l’ transferred to the external field, we can 
put the result of integrating the expression (4.1) in 
the form 

n(2z)3 \ a | Uo (I) |. (4.2) 

It is easily seen that the average values (4.2) 
are to be taken into account in just the same way 
as the emission of real photons, but with the factor 
e(2w) 1/2 replaced by ni/2 ( 27 )3/2 U,ch) and with 
an integration over the momenta of the emitted 
“quasi-particles.” Average values of this type cor- 
respond to a mean transfer of momentum to atoms 
of the medium. 

These arguments make our problem of the cal- 
culation of the probability of a process with account 
taken of transfer of momentum to the medium en- 
tirely analogous to the problem of the calculation of 
radiative corrections to the process in question; we 
are here concerned not with corrections caused by 
the electromagnetic interaction, but with those 
caused by interactions with “quasi-particles.” As 
is well known, in the calculation of radiative cor- 
rections to the experimentally observable cross 
section one must include not only radiative correc- 
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tions owing to the exchange of virtual photons, but i 
also those processes occurring in the same order 
of the perturbation theory and involving the emis- 
sion of small quanta that are not registered by the 
experimental apparatus. The corresponding diagrams} H 
are shown in Fig. 1. | 
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Diagrams C and D contain proper-energy parts 
in external lines. A renormalization of the wave 
function must be carried out in the corresponding 
parts of the matrix element; it can, for example, 
be performed by the Feynman method.” This re- 
normalization leads to the same results as the nor- 
malization of the wave function in the external field 
which was done in the preceding section. 

The cancellation in the final result of all expres- 
sions involving the effect of the external field on 
only one initial or one final particle is analogous 
to the cancellation of the infrared divergence in 
the case of the electromagnetic radiative correc- 
tions. 

It is convenient to represent all the terms con- 
tributing to the final result by so-called generalized 
Feynman diagrams, in which together with the graph 
corresponding to the matrix element there is also 
drawn its mirror image, corresponding to the 
Hermitian adjoint matrix element. Figure 2 shows 
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all the diagrams of this kind; diagrams I and II 
correspond to transfer of momentum to the medium 
(emission of “quasi-particles” ), and diagrams III 
and IV correspond to the process without mean mo- 
mentum transfer to the medium (exchange of vir- 
tual “quasi-particles” ). 

It is easily verified that by means of the diagram 
technique one again gets Eq. (3.6). 


5. THE EXPERIMENTALLY OBSERVED TRANSI- 
TION PROBABILITY 


To obtain the probability of a process in the me- 
dium we must substitute in Eq. (3.6) the explicit ex- 
pression for the potential Uy) of an individual atom: 


Uo(r) = (Ze /r)exp(—*);_ Uy (p) = (Ze? / 2x) (p? + 2), 

(5.4) 
From Eqs. (3.6) and (5.1) we get the formula for 
the transition probability in the medium 


dW = dW,{1 + (2/n)4E,E, 2Re \ dl (2 + 22) 
x (1? + 2pyl — 18) [(1? + 2py1 — 18) 


+ (I? — 2pi1 — i8)>4}. (5.2) 


The calculation of the integral is carried out in the 
Appendix; for not too small angles J! between the 
momenta of the charged particles, p,; and py 
(2|p; ||P. | sin ¥ > A|p, + p.|) we have the follow- 
ing formula: 


dW = dW {1 —4n°Z%etnd *E\E, /V_ p2p? — (pyp.)?}. (5-3) 
In ordinary units this is 


dW = dW, {1 —4x?Zn (h / mc) (hic / e?) 


* EE, /|pi||P2||sin >|}. (5.4) 


In the derivation of this formula we have taken 
into account only the Coulomb scattering of the ini- 
tial and final charged particles and have neglected 
the scattering of virtual particles. Let us estimate 
in what cases this neglect is justified. It is easy to 
see that in the averaging of the product of a pair of 
potentials V(l) and V(l’) over the coordinates 
of the atoms there appear in the matrix element 
integrals of the type 


( dl (14) | Uo (1) ? 
| Pte, Fo? ai 


We have taken into account only those factors in 


the denominator for which p? = m’, neglecting the 
2 


terms containing / in the factors for which ps m-. 


This is justified in cases in which the effective val- 
ues of the momenta of the virtual particles satisfy 


the inequality p?-—m? > 2. If this condition is sat- 
isfied the formula (5.4) remains valid for a process 
of arbitrary order, if in the initial and final states 
there is one charged particle together with an ar- 
bitrary number of neutral particles. 

We note that Eq. (5.4) is valid both for particles 
of spin WB and also for particles of spin 0. In fact, 
all formulas up to Eq. (2.6) are valid for arbitrary 
spin; the change of Eq. (2.6) for spin 0 is trivial, 
so that Eqs. (3.3) — (3.6) are also valid for arbitrary 
spin. 

Equation (5.4) cannot be used for small values 
of the difference p;—p,, that is, in cases in which 
k is small in magnitude. In this case the quantity 
|,0 (py —Pp, -—8)u,|? in Eq. (3.2) cannot be re- 
garded as a slowly varying function of s. Besides 
this, Eq. (5.4) is invalid in the region of small 
angles # between p; and p,, such that 2 |p, || p, | 
x sin d<A|p,+p.|. These cases require further 
consideration, since in this region it may be neces- 
sary to include the effect of higher orders of per- 
turbation theory in the external potential of the 
atoms of the medium. 

Let us estimate the size of the corrections to 
the transition probability for some media. Intro- 
ducing the speeds f; and £, of the charged par- 
ticles, we can write Eq. (5.4) in the form 


dW = dW,(1— B/8,82|sin 9}), (5.5) 


where for lead, water, and liquid hydrogen the co- 
efficient B has the values 0.75 x 10-3, 0.9 x 10-4, 
and 0.6 x 107°, respectively. It follows that for 
small angles the change of the transition probabil- 
ity in dense substances near the end of the periodic 
table can become appreciable. On the other hand 
it is well known that for high energies of the initial 
particle the process occurs only in a small range 
of angles (3 < (1 — p7)/2)., In such cases we can 
also expect that the corrections to total transition 
probabilities will be large. We shall illustrate 
these results with the example of m-y decay. 


6. APPLICATION TO 7-y DECAY 


As is well known, the probability of m-y decay 
in vacuum can be written in the form 


(6.1) 


g? p? (M2 — »2) 
dW, = $d. 


It follows from Eq. (5.4) that the decay probabil- 
ity in a medium can be written in the form 


dW = dW, {1 —4x2Z%e!nk* /B,80/sin S|}. (6.2) 


As has already been pointed out, at very small 
angles $< A|p, + P2|/2|P1||P2| Eq. (5.4), and 
consequently also Eq. (6.2),is incorrect. Such 


622 MM of: 


small angles, however, make only a negligibly 
small contribution to the total decay probability. 
Therefore we can get the total decay probability 

by integrating the approximate formula (6.2). In- 
stead of integrating over the angle ¥ it is conve- 
nient to use the conservation laws to express # 

in terms of the pw -meson energy E, and intergrate 
over E, from its minimum value (E,/2) [1+y2M~? 


- B(1-u2M~*)] to its maximum value (E;,/2)[1+u?M~? case of bremsstrahlung it is convenient to 


+B(1-u*M~*)] (M and E; are the mass and energy 


of the 7 meson). After the intergration we can write account as part of the bremsstrahlung proc- 


the total decay probability for a meson passing 
through the medium with speed 8; in the form 


w=w,{Vi-g— =e ee 
W, = (g?/ 8x) w2M (1 — p8M~)?, (6.3) 

Thus the Coulomb scattering of the decaying 
particle and the decay products leads to a decrease 
of the total decay probability, i.e., to an increase 
of the lifetime of the unstable particle. 

Let us emphasize once again that this result 
applies only to the decay of a meson moving 
swiftly through the medium, and cannot be ex- 
tended toa ma meson at rest. Furthermore, for 
a m meson at rest in the medium the influence of 
the Coulomb scattering can act only on the » me- 
son produced in the decay, i.e., just on the final 
charged particle. As has been shown above, in 
this case there is on the average no change of the 
transition probability. 


The change of the decay probability is especially 


marked at high -meson energies, since the main 
term, the decay probability in vacuum, falls off 


linearly with increase of the energy, and the correc- 
tion term approaches a constant value as the energy 


increases. For lead, water, and liquid hydrogen 
the coefficient 27°Z?eny~3( M? + y2)(M* —p?)7! 

has the values 3 x 1073, 4x 1074, and 2 x 107, 
respectively. Therefore in lead, for example, at 

m™ -meson energies of the order of 10! ev the cor- 
rection term is 30 percent of the main effect, and 
in water at the same energy the correction is about 
4 percent of the main effect. The use of perturba- 
tion theory to treat the total potential of the atoms 
of the medium makes the result only qualitatively 
correct for large values of the correction. There- 
fore it is interesting to treat processes with trans- 
fer of momentum to the medium without handling 

V by the perturbation method; such a treatment 
will be presented elsewhere. Finally, for the mo- 
tion of particles of very high energy in a medium 
one should take into account losses in the medium. 
This fact makes the results obtained here inapplic- 
able at very high energies. 
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We note that in its nature and properties the 
effect treated here is an analog of the Landau- 
Pomeranchuk effect for bremsstrahlung. 

In both cases a change of the transition probability 
is caused by the Coulomb scattering of the charged 
particles by the atoms of the medium and the effect 
reduces to the transfer of momentum to the atoms 

of the medium. The only difference is that in the 


take the transfer of momentum to the medium into 


ess itself, and in the case of decay we have to deal 

with a further process of decay in an external field 
which is qualitatively different from the main decay 
process. 

The effect of transfer of momentum to the atoms 
of the medium must be taken into account for all 
processes involving at least two fast charged par- 
ticles. The extension to the case of several charged 
particles is obvious. If the scattering of the virtual 
particles can be neglected, the averaged differential 
transition probability for the case of several charged 
particles will have a form analogous to Eq. (5.4). To 
get the total transition probability a separate treat- 
ment is required in each concrete case. 

In conclusion, I take this occasion to thank E. L. 
Feinberg and V. M. Galitskil for helpful discussions. 


APPENDIX 
The integral in Eq. (5.2) 


J = Re\ a2 (I? +72) (2 + 2p — 187 


X(t pak id) eee pd ao) 
can be put in the form 


J =Re(1 + a) i au xd 3y%dy {a 
0 


= it 
% (1? — 4 (poux + p, (1 — x) y+ (1 — y) — id|4 


Sle 1 
=) ( du \ DRANK \ 3y7dy 


in? 


= Re 3 (1 +- 


J 
ai 0 0 


x Ty? (poux + py (1 -- x))? — (1 — y) + i8]-*, 
Integrating over y and taking the real part, we 
have 

pts Tad 

Ja4e (143 5)> \ du \ xdx (4 (Pau + pi (1—x))? 4 By? 


a2 f 0 


1 


Stl 
a ait \ du\ xdx (4 (poux + pi (1 — x))? + 2, 


a 0 
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Changing to the variables ¢=ux+(1-—x) and 
mn = ux — (1—x) and abbreviating p, +p,=q and 
P; —P, =k, we get after integrating over ¢ 


ated 
Te (ok ; at 
Tr ore \ MDa? + 9 (9°? (ak?) 


cil 


—— 


x {tant 1 (q? + qk) 
V 22g? + 4? (@k® — (qk)?) 


eee Se n (qk — q?) \ 
tan VW xii + a (ge — (ak?) 
For qk? — (qk)? > Aq? the behavior of the inte- 


grand is determined by the square root in the de- 
nominators, and the main contribution is from 
small values of 7. Assuming that the inequality 
just stated holds, we can then get the approximate 
result 


J = — (n° / 499) (pip — (pxp.)")-" 


‘L.. D. Landau and I. Ya. Pomeranchuk, Dokl. 
Akad. Nauk SSSR 92, 735 (1953). 
7 Re eR: Feynman, Phys. Rev. 76, 769 (1949). 


Translated by W. H. Furry 
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Triplet nucleon-nucleon scattering phase shifts are computed at nonrelativistic energies in 
the two-meson approximation. A comparison of the two-meson and one-meson phase shifts 
shows that the one-meson approximation is excellent for all mixing parameters (starting 
with *S-3p). This permits the use of theoretical values of mixing parameters in order to 
obtain a unique solution in a phase-shift analysis. The peripheral part of the two-meson 
potential, which corresponds in first Born approximation to the correct scattering ampli- 


tude, is also derived. 


(Gruen et al.! have proposed a method of cal- 
culating nucleon-nucleon scattering phase shifts for 
large orbital angular momenta J in the two-meson 
approximation. The method makes it possible to 
obtain, for two-meson phase shifts, the lowest or- 
der term in a series expansion in the parameter 


1/L=V1+p?/y?/(+ 1), 


where yp is the pion mass and p is the nucleon 
momentum in the barycentric system. Specific 
calculations were carried out in reference 2 for 
the singlet state, in the nonrelativistic approxima- 
tion including corrections of order ~ p’/m”, where 
an expansion in a Second parameter ¢ = ew y2 
was simultaneously introduced (€ =y/m, m = nu- 
cleon mass). Thus the singlet scattering phase 
shifts are obtained in the form of a double series 
expansion in the parameters 1/L (lowest order 
term) and ¢ (first three terms) which insures 
good accuracy in the intermediate region 1 « L 
«K 4/e?. 

In the approximation indicated, caiculations can 
be performed in an analogous fashion for the triplet 
state which makes it possible to find the nucleon- 
nucleon scattering operator due to the exchange of 
two mesons. For comparison with theoretical in- 
vestigations and phenomenological models we also 
calculate the nucleon-nucleon potential correspond- 
ing to the two-meson scattering operator obtained 
in this work. An expansion in 1/L of the phase 
shifts corresponds to an expansion in 1/x of the 
potential, where x is the distance between the nu- 
cleons in units of 1/yu; i.e., the present method 
makes it possible to obtain the peripheral part of 
the two-meson potential for distances x >1 with 
an accuracy of order ~ 1/x. 
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1. SCATTERING AMPLITUDES AND PHASE 
SHIFTS 


The calculation of the scattering operator 
M)(q?) in the vicinity of the nearest singular 
point* q?=-—4y? differs from the corresponding 
singlet amplitude calculation? only in the replace- 
ment of the singlet matrix elements w, wy, Wo, 
and ws; [see Eqs. (1.7), (1.16), and (1.23) in ref- 
erence 2] by the corresponding spin operators. 
Also, in the calculation of the contribution from 
one of the perturbation theory diagrams (By, in 
the notation of reference 2) it is necessary to in- 
clude terms of order ~ s*, where s*=1+ q?/ 42. 
The nonexchange part of the scattering operator 
near the point q? = —4y?, with corrections of order 
~ p*/m? included, may be written as follows: 


M® (q?) = Ms (q*) +- “5 (S(p’xPl) Mis (4°) 


(1) (2) 
AG oy 2 
+ SCD Mr @, (1.1) 
where 
2) 3g* me SGP 2k. 56 
Ms (q’) ~~ BmE \os® ; 6, <6 In (2i4- 2s) { SE ee 
3— 2h, € [in 2Es +- ev it 
vp AD EL 0) G1 ae gee 
Cos = (a — 1)’, Ga] awe 
2 3g4 342d eS 
Mus (0°) = ~ gn \oouess + Cues In (8 +: 29) So ae 
3— 2h. em? / 1 we ‘ (ee 
| ee 6 | race 
2E pp \e eae ee E(i+v)p/p 
it | 
2 Vi — st 
4 IN 2 9 
COS) er P+ wet y hBe 


*We use the notation introduced by Galanin et al.*? except 
for a change in sign of the momentum transfer q?. Our choice 
has the convenient feature that q? = q’. 
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4 2 
iC. =—- =~-a— Ss? Es 
L(LS) 5) a (les 952) = ane “pet pe 
2 
— 3 (Pe 2S); 
M- (q2) = sgt { 
oC ae BmB {CoS + Gyre In (e + 2s) 
3— 2A, cum? [in 2Es + ev in 
48E 2+ p? E(1 + v)p/p ssl} 
ee —2)_ m2 2 N 5 
cs p98 me le Se 
Qr= 7+ (1 952)° ee amet xP (1—4 =r) 3 
Hat, 4 pe nN 4 u 
a Au eres array 
v= V 4s°p? + p?/u; BPS p? jim? Ole 
B, = 0.025, By = — 0.029, B = — 8B, —8,; 


and A; =1, —3 corresponds to isotopic spin 
= 1,0. 

The coefficient ajz(S, Sz, S,, T) in an expan- 
sion of the amplitude in associated Legendre poly- 
nomials may be obtained by calculating the matrix 
elements of the operator (1.1) in the angular mo- 
mentum representation and integrating over |s| 
entirely analogously to what was done in references 
1 and 2. The triplet amplitudes corresponding to a 
change in the spin projection |AS,|=1 and 2 are 
expanded in terms of the polynomials Pf!) and P{?) 
and the expansion coefficients are expressed in 
terms of integrals over the cut of the associated 


Legendre functions of the second kind Qs? and Q/. 


Replacing the associated functions by Qj we obtain, 
accurate to order ~ 1/L, 
4 

Petro ery = pe oe ale HQ 4 ta) 

feta (M(1, 1, 0, T)/sinO)js|dI sl, 

0 

eee Ty (tee ony) 

x\ e-LiskAM (1, 1, —1, T)|s| d| sl. 


wer. we denote by the symbol Af the discontinu- 
ity in the function f across the cut q’? = —4y’ 

(s? <0). Finally, the various scattering phase 
shifts* are expressed in terms of the coefficients 


aj (S, SZ, S,, T) with the following result 
oie dgtep. 1 + Qui / d?. ii ntd ae C2d2). 
eevee? Qu (1 + 2u?/ p?) do + 2V xed (1.2) 


Here it is understood that the superscript J is to 
be omitted for the singlet state. We find for the 


*For that purpose we make use of Eq. (6) of Grashin’ ac- 
curate to terms of order 1//. The notation for the phase shifts 
and expansion coefficients of the amplitude coincides with 
that introduced by Grashin;* only their real parts concern us 
here. 
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coefficients of the powers of ¢ appearing in Eq. 
(122) 

? She 
do=(2— 1), dy =a — 1-4 (1 FY). 
dy = —4(a— 1) +- p?/ m? +- 2, (4 — 2p?/ m?), 
2e= Ly? /4p’, (2) aze*\erds; di =d,, 
0 
dj** = d+ 3V er + p?/mD (= 0) 
Di (sl) (Bo ; 8), 
Wt 87s ae Ae 
ie erlang) (! Int) 3p ey (2) — =) ai eee 
Diz = 2Oacial)s (0.25 


The triplet phase shift with J = and the singlet 
phase shift nz coincide, and the triplet phase 
shifts ie (with J=1+1) differ from them by 
terms due to the spin-orbit interaction. 

The mixing parameter is given by 


: 3e%e3p He 
(Oy (Ra Saari aT pe ; I Dee 
1 "8 EV xpLy Qs ( 7) 
fp. oe ae 
(i = 23 2 val FL” ip Valea 2V xCjh,\ ; 
hy = 1 —2 2,83, 
joes 942A,  (3-— 2A) (1 — p? / 2m?) m? ¥ (z,) A. By 
: 24 12 (u? + p) 2, a Oe 


Lr= J+ 2)/ Vl epye, GeV Ly ee 


(1.3) 


Equations (1.2) and (1.3) represent the first 
terms of the expansion of two-meson phase shifts 
in 1/L and ¢. Therefore we omit corrections of 
order ¢? inthe calculations since such terms are 
of the same order of smallness as ~ 1/L correc- 
tions to higher order terms in the expansion in ¢ 
(note that e2 = Ae /i, ). An interesting feature of 
our results is the strong cancellation in the phase 
shifts 77, nf of the contributions from perturba- 
tion theory and from the “smooth” part of the 
meson-nucleon amplitude containing the coefficient 
a (the main terms contain a-1l1<«<a,1). The 
contributions from the meson-nucleon amplitude 
containing £, and B, are small and may be neg- 
lected in rough estimates. 

Expression (1.3) for the mixing parameter does 
not contain the coefficient a. This is explained by 
the fact that the corresponding part of the meson- 
nucleon amplitude is spin-independent and does not 
contribute to the tensor forces. Since the coefficient 
6, entering into (1.3) makes a small contribution, 
the mixing parameters are approximated well by 
perturbation theory. This makes it possible to ob- 
tain more accurate expressions for them than Eq. 
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TABLE I 
Ejap, Mev {0 40 400 200 300 400 670 
1D, 0.04 0.4 0.25 05 = = = 
1G 0 0.04 0.04 0.4 0.2 0.3 
$P, 0.06 0.03 0.02 — | — = — 
3P, —0.07 —0.1 —0.45 = —- — -— 
3P, 2 2 — ae — — 
E —0.001 | —0.003 | —0.014 —0,02 —0.04 | —0.05 = 
3F 4 0.02 0.04 0.06 0.07 0.08 0.07 = 
3F 3 —0.04 —0.02 —0.04 —0.08 (a4 —0.15 — 
3F, 0.05 On? 0.4 0.7 4 1 — 
Eq 0 0 —0.002 | —0.008 |} —0.0145 | —0.02 —0.04 
3H, 0 0.04 0.03 0:06 0.07 9.08 0.41 
3H. 0 0 —0.04 —0.03 —0.05 | —0.07 —0.4 
3H 0.04 0.02 Ox 0.3 0.4 0.5 0.9 
TABLE II 
Ejap, Mev 40 40 100 200 300 400 670 
1p, —0.15 = (ne ——()).2 = — = = 
IFS 0 —(),02 —0.04 —Q.07 —(0)4 —0.4 
1H; 0 0 —0.04 —0.02 —0.03' | —0.04 —01 
& —0.005 | —0.02 —().02 = (0,04 — — — 
3D, —0.-07 —0.04 0.05 0.07 = a == 
3D, 0.02 0.03 0.03 0.04 = — = 
8Ds 0.3 —0.6 —().8 —0.8 — — = 
Eg 0 —0.003 | —0.006 | —0.006 | —0.005 | —0.002 == 
3G5 —0.01 —0.02 0.01° 0.03 0.05 0.06 — 
3G, 0.04 0.04 0.02 0.02 0.03 — 
3G; 0.02 —0.08 —0.2 —0.3 —O13 —(),4 — 


(1.3) by taking into account higher order terms in 
the 1/L expansion.* 

Tables I and II show the ratios of the two-meson 
phase shifts, Eqs. (1.2) and (1.3), to the correspond- 
ing one-meson phase shifts calculated by Grashin.? 
Ratios smaller than 1% for 17, ng and smaller 
than 0.1% for the mixing parameters Ej, were 
replaced by zero. The ratios were not calculated 
for the cases when 1/L > 1. However, the ratios 
given in the tables also correspond to rather large 
values of 1/L (0.4—0.8) and therefore the results 
should be viewed as rough estimates only and may 
be used with sufficient reliability only to establish 
the limits of applicability of the one-meson approx- 
imation. 

It can be seen from the tables that the ratios are 
very large for the phase shifts with J=l+1. As 
was already pointed out? this is due to the fact that 
the one-meson contributions to these phase shifts 
are anomalously small since at low energies they 
have the “anomalous” energy dependence pls, 

An interesting feature of our results is the high 
accuracy of the one-meson mixing parameters 


*To this end it is necessary to obtain higher order terms in 
the expansion of the perturbation theory amplitudes in powers 
of s*. For one of the diagrams, which gives an anomalously 
large contribution to Eq. (1.3), the exact singular part (all 
powers of s’) is calculated in reference 2. 


(beginning with &,), which is very important for 

a comparison of theoretical and experimental data, 
since polarization data make it possible to obtain 
the mixing parameters with sufficient accuracy ex- 
perimentally. Thus a comparison of the theoretical 
and experimental é for pp scattering at 310 Mev 
makes it possible, from just this one parameter, to 
reject two of the eight solutions of Stapp et al., 
namely the second and the fourth. The subsequent 
more accurate analysis with higher phase shifts 
taken into account in the one-meson approximation® 
showed that the two solutions become one (No. 2 in 
the notation of Cziffra et al.°). 

One is inclined to believe, as suggested by one 
of the authors? and by Cziffra et al.,° that fewer 
solutions will also be found at other energies if 
use is made of peripheral one-meson phase shifts 
(for example, those for which Tables I and II give 
ratios smaller than 10%) in the phase shift analysis. 

We next discuss briefly the analytic properties 
of two-meson phase shifts as a function of p?. All 
present calculations, as well as those of Galanin 
et al.,!*? were carried out for physical energies; 
however it is trivial to generalize the method used 
to arbitrary energies and therefore Eqs. (1.2) and 
(1.3) are also valid for complex p? accurate to 
order 1/|L|, |¢|?. In the unphysical region the 
two-meson phase shifts have a branch point at 
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=—yp? anda cut from —p? to —©. The func- 
tion Q7(1+ 2u?/p?) is single-valued in the entire 
cut p* plane, and for an analytic continuation of 
the function &(z) which appears in Eqs. (1.27) 
and (1.3) it is convenient to use an expansion in 
the neighborhood of p? =0 (z=): W(z)= WE 

+ wh z+... However the integration over dq? 
by the saddle-point method used in the calculation 
of the two-meson shifts, as well as the expansion 
in s* for one of the perturbation theory diagrams, 
are only valid under the condition |p? + p?| > p2/ 
|L|, and consequently Eqs. (1.2), (1.3) cannot be 
used in the vicinity of the singular point p? = Te 


2. NUCLEON-NUCLEON POTENTIAL 


The calculated two-meson phase shifts are de- 
termined by the interaction in the peripheral re- 
gion x > 1, which may be considered as weak. 

This makes it possible to use the Born approximation 
to construct a potential* corresponding to the scat- 
tering amplitude. By inverting the usual Born for- 

mula we find for the potential : 
stm YOM (9) dq, 


2n2m 


U= (Zeal) 
We introduce the scattering operator (1.1) into Eq. 
(2.1) and write the two-meson potential as follows: 


Oe U2 (LS) U,. (6 V2) (6° V) Uz, (2.2) 


where (LS) is the spin-orbit operator with eigen- 
values %4[J(J+1)-1(1+1)-—S(S+1)] and the 
functions Ug, Uys, and Uy, after integration 


over the angles of the vector q, are given by 
-+co 


Us =—— \ e' Ms (q°) qdq, 
me 
t ‘6 
ate 
Ur = — Say \ ee Mr (g") ada. (2.3) 


—co 

' To integrate over dq we close the contour in 
the upper half-plane going around the cut on the 
imaginary axis Im q = 2y in the manner shown 
in the figure. The integral over the semicircle at 
infinity may only give a delta-function-like contri- 
bution in those cases when M(q?) does not fall 
off sufficiently rapidly as q?—- ©. Therefore the 
—*We note that, strictly speaking, a potential in the conven- 
tional sense (local) describing the nucleon interaction does not 
exist. This is reflected in the fact that our equivalent potential 
depends on p? and is therefore nonlocal. Furthermore, in higher 
orders of smallness in our expansion the operation of construct- 
ing a potential is not even unique. 
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peripheral part of the potential is determined by 
the integral over the cut only and for x >1 only 
a small portion near the singular point q = 2ip 
plays an important role. Going over to the vari- 
able s and using the saddle point method we ob- 
tain accurate to order ~ 1/x: 


-Loo —oo 


\ eft M (q*) qdq == 4y7e-2* \ e~*'FAM (s*)|s|d|s|. (2.4) 

—co 9 
The remaining integration over d|s| in Eq. (2.4) 
coincides with the integral of the discontinuity in 
the amplitude, AM (se ), which was encountered 
in calculating phase shifts and differs from it by 
the formal replacement of L by x. Making use 
of the previous results and denoting by d, (x), 
D,(x), and h,y(x) the functions obtained from 
d,, D,, and h, [see Eqs. (1.2’) and (1.3)] by the 
formal substitution L—x, we obtain for 1<«<x 
<« 4/e 


‘eh 3gte2p e@ °* es Gee ts e2x 
Us = — ESE {do Le Vaxd, (x) 4 Fas} , (2.5) 
ie. Bott e@ 2 PY . ex 
Urs eet ST [Do + 2 Vax Ds (x) + F Do} , (2.6) 
Ups ae ay aie (2.7) 
16Vn xl ; 


In accordance with the expansion of the phase shifts 
in 1/L and ¢, the coefficients of the exponentials 
in the potentials are lowest order terms in an ex- 
pansion in 1/x and eVx /2. Therefore only lowest 
order terms in 1/x should be kept when differen- 
tiating with respect to x the tensor or spin-orbit 
parts [see Eq. (2.3)] of the potential (2.2) [e.g., 
differentiation in Eq. (2.3) is equivalent to multi- 
plication by —2]. 

The two-meson potential (2.2), (2.5), (2.6), and 
(2.7) represents the next correction to the well- 
known one-meson potential (see, e.g., reference 6), 
and consists of a central, spin-orbit, and tensor 
part. Interactions of the type oo and (aL) 
x (o™L) give corrections to the phase shifts 77, 
ny of order en 1/L, and are therefore not in- 
cluded in our approximation. The tensor interac- 
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tion contributes to 7, ny corrections of the same 
order, but, in contrast, fully determines the mixing 
parameters. For this reason we kept the tensor 
terms in the scattering operator (1.1) and the po- 
tential (2.2), but ignored interaction terms of the 
form oo and (oL)(o@L). A character- 
istic feature of the two-meson potential is its sub- 
stantial energy dependence contained in the function 
Vv (uvx /2p), as well as its dependence on isotopic 
spin. 

We emphasize in conclusion that this potential 
is equivalent to the scattering amplitude only in the 
first Born approximation. The question of a more 
correct construction of the potential will be dis- 
cussed separately. 

The authors are grateful to L. B. Okun’ and 
I. Ya. Pomeranchuk for useful discussions. 
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The effect of the quadrupole interaction on the wave functions of an electron-nucleus system 
is studied. In the case of a nonspherical nucleus the electron and nuclear variables cannot 
be separated. This has the result that there are “satellite” nuclear and electronic angular 
momenta I and j, which satisfy the inequalities |I-I)| <2 and |j—j)| <2, where ly 
and jo are the total nuclear and electronic angular momenta in the absence of quadrupole 
interaction. The wave function of an electron-nucleus system for a nucleus with axial sym- 
metry is determined by a perturbation calculation. An explicit expression is given for the 
wave functions in the region r <R (R is the radius of the nucleus). The “satellite” states 
cause the appearance of new matrix elements, which in some cases can greatly change the 
value of the probability of the corresponding transitions. In the case of beta decay, for Z 

~ 70 and Q)~ 5° 10724 cm?, with AI = 3, where AI is the difference of the nuclear spins 
of the initial and final states, the new matrix elements can exceed by one to two orders of 
magnitude the values calculated without taking the nuclear-deformation effect into account. 


INTRODUCTION 


E.uectronic wave functions (e.w.f.) play an 
important part not only in atomic transitions but 
also in all nuclear processes in which electrons 
take part, such as 8 decay, internal conversion, 
and so on. Since in these latter phenomena the 
electron density in the region of the nucleus is 
important, the probability of such transitions must 
depend to a considerable degree on the finite di- 
mensions of the nucleus. The effects of the finite 
size of the nucleus on the e.w.f. have been studied 
in a number of papers, both in connection with B 
decay (cf., e.g., references 1, 2) and also with 
internal conversion.?** These treatments, however, 
dealt only with the nonsingular charge distribution 
of the nucleus and did not take into account effects 
of the shape of the nucleus on the e.w.f. and on nu- 
clear transitions. To speak more exactly, in these 
papers it was always assumed that the nucleus is 
spherical. There exists in nature, however, a 
rather extensive class of nonspherical nuclei, for 
which a number of specific properties are ob- 
served, and special models must be devised to 
explain these properties. 

It can be expected that also the e.w.f., in par- 
ticular intheir behavior near the nucleus, are sensi- 
tive to the shape of the nucleus, and that there are 


resulting effects on nuclear transitions (the influ- 
ence of the form of the nucleus on nuclear transi- 
tions by means of nuclear wave functions was stud- 
ied in a number of papers devoted to deformed 
nuclei;>~* a paper by Smorodinskii? predicts an in- 
crease of the probabilities of forbidden B -decay 
transitions owing to effects of the dependence of 

the interaction constant on the shape of the nucleus). 
Indeed, the form of the e.w.f. is determined by the 
interaction of the electron with the nucleus. For 
spherically symmetrical nuclei this interaction 

is characterized by the fact that the total angular 
momenta of the nucleus and the electron are exact 
quantum numbers, in terms of which selection rules 
hold for the nuclear transitions. 

The situation is different in the case of deformed 
nuclei. For example, the existence of an electric 
quadrupole moment destroys the spherical symme- 
try of the electric field of the nucleus; in this case 
it is already impossible to separate the electronic 
and nuclear variables, and we can no longer speak 
of electronic and nuclear states separately, but 
only of the state of the nucleus-electron system. 

In other words, instead of exactly defined electronic 
and nuclear angular momenta we must consider 
their superposition. This effect can change the 
selection rules, and thus also the probabilities 

of nuclear transitions. Under some circum- 
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stances these changes can be large. 

In the present paper we determine, in the frame- 
work of perturbation theory, the wave functions of 
a system consisting of one electron and a deformed 
axially symmetrical nucleus. We have confined 
ourselves to the first approximation in the defor- 
mation parameter. We give a formula for the new 
functions which is suitable for the calculation of 
matrix elements for electron capture and B decay. 


THE WAVE FUNCTIONS OF THE NUCLEUS- 
ELECTRON SYSTEM 


The Hamiltonian of a system consisting of one 
electron and a nucleus is 


H=H,+H.+ Hen, (1) 


where Hy is the Hamiltonian of the nucleus, which 
depends only on the nuclear variables; He is the 
electron Hamiltonian, containing only the electronic 
variables; and Hey is the interaction term, depend- 
ing on both the nuclear and the electronic variables. 

In the calculation of the wave functions the elec- 
trostatic part of the interaction is the most impor- 
tant. Let us consider deformed axially symmetrical 
nuclei. In first approximation we can confine our- 
selves to a treatment of the quadrupole term (we 
include the monopole term, the part of the interac- 
tion independent of the angles, in He) 


Hen = — > Qouf (r) P, (cos Ben), (2) 
where Q,) is the intrinsic quadrupole moment of 
the nucleus, a is the fine-structure constant, and 
f(r) is a radial function determined by the distri- 
bution of the electric charge of the nucleus (r is 
the distance between the electron and the center of 
mass of the nucleus). In the case of a distribution 
uniform throughout the volume of the nucleus f(r) 
has the following form: 


P(r) el i tor ANG 


C2 TOPs (3) 


where R is the radius of the corresponding spher- 
ical nucieus; 6.) is the angle between the radius 
vector of the electron and the axis of symmetry of 
the nucleus. 

Since Hey is the Hamiltonian for the interaction 
of the electron with the nucleus as a whole, we shall 
be interested in only that part of Hy, that deter- 
mines the orientation of the nucleus.!9 The eigen- 
functions of Hy will be the symmetrical-top func- 
tions: 


(4) 


where 6, are the three Euler angles of the axes 


bx = [(21 + 1) /82?)"Dik On), 
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of the nucleus, I is the spin of the nucleus, and K 
and » are its projections on the axis of symmetry 
and the z axis, respectively. The phases of the 

De are defined as in reference 11. 


He is the ordinary Dirac Hamiltonian” 


(5) 


where A)(r) is the monopole electrostatic poten- 
tial of the nucleus. The solutions of the equations 


(6) 


in the representation of j*?, jz» €e, and the parity 
(-—1)* have the form 


H, = ap—+ 3m — eAg(r), 


tl) 
Se", 


1g ee 


j 
igje (r) Y jury 

ff lz == 
fin (1) — Yr, 


(we shall always omit the index ¢€g¢ from wave 
functions ), where the spinors ae are defined 
J 


oo hl oe 
PD) ae 


ir 1% (rn) Vii, 


Ogee 
Fitj, 


as in the book of Blatt and Weisskopf.'? 
Our problem is that of solving the equation 


(8) 


with Hen playing the part of a perturbation. The 
unperturbed wave functions are products of the 

0 a 
Yuk and Piljn" Instead of these products it is 


GSE = Ne 


convenient to choose the linear combinations 


We ee yy C (LojoFs wiz) Piuk Prteis 


Plz =M 


(9) 


where F is the total angular momentum, M is its 
projection along the z axis, and C(....) are 
Clebsch-Gordan coefficients.'! Since Hen is in- 
variant under rotations, F and M are also exact 
quantum numbers for Eq. (8). Therefore we shall 
look for the solution of Eq. (8) in the form 


a 0 Cc 
Prem = Vem + Vem. 


(10) 


In first approximation in Q) the correction 
function Why, satisfies the equation 
(H, + Ae — S/, — &) Wr = (& — Hen) Um, (11) 
where € J) 18 the rotational energy of the nucleus 
and c is the correction to the total energy of the 


unperturbed system. These quantities are con- 
nected by the relation 


c= sy, be, 6 


(12) 


Let us expand the function W% , in the ortho- 
normal system 


ch . . iz 
2) CUIF; ej.) druxY jy, 


u-tj,=M 


ZFMIKjl 


(13) 


Then 
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Dd) 1 7; (r) (or / 1) ZFMIKjl 


Ijl 


wre 
eS 


(14) 


where the expansion coefficients oy j (vr) are radial 

“electronic” correction functions. To determine 

them, we substitute Eqs. (14) and (9) in Eq. (11). 

Using the properties of the functions XFMIKil 

after some simple calculations we get the follow- 

ing equation for oj; i 

[d/ dr + 1 xj1] O7j, F [2 & m+ eA, (r)] OF 
= t [808 11,8)5,501. + Ari; teistel (1)) Pj; (15) 

here 

Ait: tute = > Qe (1 [2g + 1) (Zig + 1) (Bly + 1) 


eoieeuline (Ai eis OK) C (2),1, 00) 


XW (figs 2F) W (2Ljy'/25 Lol): (16) 
—(l+1) for j=!+ 4), 
Le = 
il F foe jessie We: (17) 
=e, ¢;, er (18) 


The W’s are the well known Racah coefficients 
(cf., e.g., reference 11). From the properties of 
the Clebsch-Gordan and Racah coefficients in Eq. 
(16) it follows that the “satellite” angular momenta 
I, j, 2 are connected with the basic angular mo- 
menta by the relations 


PPTs =o: 1,42. (19) 


Lf —Jol <2, aie 


From the equations (15) one can calculate both 
the energy correction €, caused by the quadrupole 
moment and the corrections ory) (r) to the wave 
functions. The calculation of €g essentially means 
the determination of the hyperfine splitting of the 
atomic levels. We shall not concern ourselves 
with this problem, which has been sufficiently 
thoroughly studied. Moreover, we shall not go into 
the calculation of the wave-function corrections 
8], aight) that correspond to the basic angular 
momenta Ip, jy, ly, since they do not give new 
matrix elements. Accordingly, the quantity €¢ 
will always be omitted hereafter. 

The relations (15) are a system of inhomogene- 
ous equations which are to be solved with the fol- 
lowing boundary conditions:'* 

lim Of = 0, 


r—>0 


(20) 


lim D+ == oc. 
roo 

For |€|>m we must also impose the radiation 
condition.!4°!5 The solution that satisfies the bound- 
ary conditions is of the form 
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+. At OP) dr— ot \(4-Or + Atropydr, (21) 
0 
At = Arjrpjtf (1) Pi,; (22) 


6; and 67 are the two linearly independent solu- 
tions of the homogeneous equation 


(d/dr + r—3xj;;) Ot F(st+m-+eAy (r)) DF =0, ~ (28) 
which satisfy the following boundary conditions: 


lim ®* = 0, 


r>0 


lim OF = 06 


roo 


(for (je|<m); (24) 


lim OF ~ eflpr+) 


Here p=(é —m?)!/2 and 6 is a radial function 
whose form depends on Aj(r). 

To get a concrete solution, we must know the 
spherically symmetrical potential A)(r), which 
determines the form of the functions of and oF, 
and the unperturbed functions ®°*. In the choice 
of A)(r) the finite dimensions of the spherical 
nucleus should be taken into account. For sim- 
plicity we shall omit this refinement, however; 
this is quite permissible in determining the order 
of magnitude of the effect for B -decay transitions. 

Thus we take Ay to be the Coulomb potential 
of a point nucleus: 


(for |@|>m). (25) 


CAgNT) =3LOup I. (26) 

The corresponding functions jf and 6; are 

of = Yt e/mpe—* [+ No) Myer F (1 +N) Muted, 
OF =V 1b s/mp- [+ No) Wry Weir, (27) 

oad, ve Vatoe Cor fel =m 

OF = ayo [(x — i) Mwy FY — ) M_oyy rls 


OF =F (x) + F(—y), =i V2t—-m® (for | >m), 


where ete) 
N = Zoe/V m—3, No= Zam/ V m?—3, 
(ae et ea = sme 
ae (Verna (29) 
y= Zae/V2—m, vy = Zam | Ws? — ms 
PCy Seer (i) t (25) Ore ee ASU) 


and M(p) and W(p) are the well known solu- 
tions of the Whittaker equation. !¢ 
As for the functions ®"*, they are solutions of 
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the unperturbed equation. Here we must distinguish 
bound states (€g <m) from unbound states (€e 
>m). Inthe former case the ®* are the well 
known electronic functions of the hydrogenlike atom, 
and in the latter case they are continuous-spectrum 
Coulomb functions.!2 The #°* are normalized, and 
here in the determination of the normalization con- 
stants we can also take screening into account, as 
is usually done in the derivation of formulas for B 
decay. 


APPLICATION TO BETA DECAY 


Let us now return to the solutions (21). In the 
general case Of and 6°* have simple forms 
only at very small or very large values of the ar- 
gument. For B decay, however, we are interested 
in the behavior of the electronic functions only for 
r<R. We note that p, the argument of the func- 
tions ®j, defined in Eq. (27), has a parametric 
dependence on the relation between € and m, 
whereas the argument of 6°* depends on ¢€)/m. 
For strongly deformed nuclei the difference Cire 
—ez with |I-I)| <2 ordinarily does not exceed 
2m (1 Mev). As for the electron’s energy €g, in 
B decay it is limited by the energy of the transi- 
tion. If we consider B -decay transitions with en- 
ergies not exceeding 1 Mev (which is always the 
case for transitions between rotational levels), 
then € <5m (2.5 Mev). From the relation p = 
2ar for R~6x107'% cm (rare earths) and € 
=5m we have p(r=R) & Ve The smaller €, the 
smaller the error in expanding $+ in powers of 
p. There is another simplifying circumstance for 
p(r =R) <1; this is that the integral 

r 

| (AO; + AtO4) dr 

co 
in Eq. (21) is determined by the behavior of the 
integrand for small p. 

In what follows we confine ourselves to the first 
term of the expansion in powers of p. Then the 
quantities ¢°* have the same form both for the 
discrete spectrum €g<m (capture) and for the 
continuous spectrum €g>m (f decay): 

Dt = Ct (e,) rv, 


T>0 


(31) 


where yy is the value of y for the unperturbed 
state jo, lj. Owing to this the functions @* will 
also be the same in this approximation for the 
bound and free states. As the result of calculation 
we get for r <R: 

Aude Bi 
i Za 

(Oe ee na fe 


O71 (r) = 


(i 


n) ( r hg 5Za [1 + (x — 1) | (*o — Yo)] 
MER 24 (Yo + 3— 7) (¥ + 2— 40) 
4 = For 3 \| 
Xo — Yo Ne 


(1 + (32) 
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Oi (r) = 


fr \y-vo 5[x+ 7 + 22a? / (xo — Yo)] 
(){(<) 27 (yo + 8— 7) (¥ +2 — 0) 


Z2q2 
ee 


It can be seen from Eqs. (32) and (33) that the cor- 
rection functions depend only on €g (but not on € ) 
through the unperturbed functions. This fact is es- 
sential in applications. The proportionality between 
é* and 6°* also has another consequence; namely, 
since in the region of the nucleus the @* have ap- 
preciable values only for small angular momenta of 
the electron, in practice the only important correc- 
tions will be those to states with small jo, Jp. 

It is easy to see that for B decay inclusion of 
the new “satellite” states can change the order of 
magnitude of the probabilities of forbidden transi- 
tions. In fact, for a given type of 8 interaction the 
value of the matrix element is determined by the 
difference AI of the nuclear spins of the initial and 
final states, and in the case of electron capture also 
by the electronic states jy, lj. The correction func- 
tions (14) contain new nuclear and electronic states, 
which leads to an effective decrease of the order of 
forbiddenness. The quantitative calculation of this 
effect of course depends on the type of interaction. 
It will be presented in another paper, in which we 
shall also examine the influence of the “satellite” 
states on the shape of the 8 -ray spectrum, and in 
which the results of calculations will be compared 
with the experimental data. We here mention only 
that at energies up to 1 Mev and with AI = 3, for 
Z~ 70 and Q)~ 5x 10-*4 em? (both for B decay 
and for capture) the transition probabilities can 
be increased by several orders of magnitude. More- 
over, the matrix elements of transitions with AI 
= 3, 4, 5 are of the same order of magnitude, which 
is not so in the case of spherical nuclei. Similar 
results can also be expected in the case of internal 
conversion. 

V. Rittenberg took part in the initial stages of 
this work, and we express our sincere gratitude 
to him. We regard it as our pleasant duty to give 
our thanks also to Academician S. Titejca and to 
A. Gelberg for helpful discussions. 

Note added in proof (February 13, 1960). It has 
recently become known to us [private communica- 
tion from J. M. Pearson; see also Bull. Am. Phys. 
Soc. 4, No.4, 229 (1959) ]that Pearson is now study- 
ing the influence of the nuclear quadrupole moment 
on the relative intensities of first-forbidden 8 tran- 
sitions for Np***. For this purpose the appropriate 
Dirac equations are being solved numerically. 
Pearson’s preliminary results are negative (cor- 
rections ~ 4 percent), which agrees with the con- 
clusion of the present paper. 


(«+ %0+3+ (33) 
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The positions of the singular points are determined for the two Feynman diagrams shown 


in Figs. 1 and 7. 


Because of the recent interest in the singulari- 
ties of scattering amplitudes it seems worthwhile 
to examine in detail the method of finding the sin- 
gular points of complicated Feynman diagrams. 
We here use a method developed earlier! to cal- 
culate the singular points of the two Feynman dia- 
grams shown in Figs. 1 and 7. We shall look for 
those singular points of these diagrams for which 
the values of all the integration parameters aj; in 
the corresponding Feynman integrals are different 
from zero (cf. reference 2). 


Py 42 Pr3 
q, Ys 43 
bg qs Pq 
BIGat 


1. Let us consider the Feynman diagram shown 
in Fig. 1. We shall assume that the masses of all 
the particles involved in this diagram are equal, 
and take them equal to unity. Then this diagram is 
a special case of the scattering of scalar mesons. 
By symmetry we have the following equalities, 
which greatly simplify the further calculations: 


G54 = Y255 (1) 


where dik =qidk is the scalar product of the four- 
vectors qj and qx. 

The singular points of the Feynman diagram of 
Fig. 1 can be found by two methods: either by a 
trigonometric computation based on the properties 
of the scheme corresponding to the diagram of 
Fig. 1, or by an analysis of the determinants cor- 
responding to the condition 2j;a;q; = 0 for each of 
the contours of the diagram of Fig. 1. 

The Trigonometric Method. The scheme corre- 
sponding to the diagram of Fig. 1 is shown in Fig. 2, 
where we have introduced the usual notations W? 
= (py + Pig)? and Q? = (p42 + po3)?. 


qs3 = 41s) 
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As has been shown previously,’ the lines 3, 4, 
and 5 must lie in one plane, and the lines 1, 2, and 
5 in some other plane. We shall denote the angle 
between these two planes by gy. Then from the 
relation pi, = (q, + q, +45)? =1 we have 


(2)' 


(1 + cosa){1 + cos $) = sina sin B cos 9; 
from the relation W? = (qp) + q4 + q5)*, 


W?= 1-4 2(1 + cosa)?—2sin®a cos 9; (3) 


and from the relation Q = (qy + G3 + anys 


Q?= 1+ 2(1 + cos 8)?’— 2sin* 8 cose. 


(4) 


Substituting the value of cos g obtained from Eq. 
(2) in Eqs. (3) and (4), we get the following para- 
metric representation of the function F (w?, Q*) = (0 
Q?= 1 + 2(1 + cos 8)?— 2(1 + cosa)(1 + cos §) sin B/sina, 
W?= 1+ 2(1 +cosa)?— 2(1 + cosa)(1 + cos 3) sing/sinB, 


(5) 


FIG. 3 


634 


THE SINGULAR POINTS OF SOME FEYNMAN DIAGRAMS 


where the angles a and £ are connected by the 


relation 


a—B = —72/3. (6) 


The curve F(W?, Q?) =0 is shown in Figns 

The value aw =0 corresponds to the asymptote 
Q? — 0, W2—-9; B =0 corresponds to the asym- 
ptote w? —«, Q*-—-9. These asymptotes arise 
from the two Rial patterns of Figs. 4 and 5, re- 


x ft 


FIG, 4 


FIG.5 


spectively, which are obtained by reductions of the 
diagram of Fig. 1. To the point W? = Q there 
correspond the values a=-—f=-—17/6; at this 
point W? = Q@? = 4(2+3'/2). 

The Determinant Method. From Eq. (1) and the 
conservation laws of the four-momenta one easily 
gets the following relations: 


W2= 3 + 2goat+ 4405, Q?= 3+ 2134+ 4415, (7) 
Gis= Gos= — (1+ Gis+ Ges)- (8) 


We then use the equation ayqy + pq) — Asq5 = 0. 
Multiplying it successively by the four-vectors 


(di, de, 45), (G1, Ge, 43), and (q1, G2, G4), we get 
the following three determinants: 


| 1 Qi 15 
Gi | des 
Gis Jos} 


1 Giz Gis 


Gye, 4 0e51 == 0, 
Gis 923 453 


1 12 5 
Ja 1 Qos 
G14 Goa Yo 
Since qj. is known (qj, =‘), the condition (9’) 
gives a connection between qi; and qos5. Figure 
6 shows the curve 9 (qjs, 95) = 0, which is an 


= 0, (9’) 


(9”) 


(9”) 
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ellipse with the semiaxes (*%)'/* and (%)!/?. In 
virtue of the condition that the Feynman param- 
eters aj are positive, only the part of the ellipse 
with qo5>0, dis >0 is used. 

Solving Eq. (9”) for qy3 and Eq. (9) for qq 
and using Eq. (8), after substitution in Eq. (7) we 
get 

25/ 2 15 
q25— ee 
925/2 — gis’ 


W*=9- 4 (qes— 1) 2 (= r 4154 


Q=9+4 (qis— 1) 


where qi5 and q2s5 are connected by the condition 
(9). The expressions (10) with the condition (9’) 
are equivalent to the expressions (5) with the con- 
dition (6). 


2(< + Gis+ 425) (10) 


yg p Pog 
4 Jp 
Py | P34 
FIG. 7 


2. As a second example we shall consider one 
of the Feynman diagrams for the scattering of 
pseudoscalar mesons (Fig. 7). The masses of all 
particles in the diagram of Fig. 7 are unity. This 
diagram is interesting because it is of the same 
order as the diagrams considered by Mandelstam 
for m-1 scattering’ (cf. Figs. 8 and 9). 


Pyg Pog 


FIG. 9 


FIG. 8 


To determine the singular point of the diagram 
of Fig. 7 it is more convenient to use the determi- 
nant method. From the conditions of symmetry it 
is easy to get the following equalities: 


Gag> 
(11) 


— Fig= — 36> Fos= 4a5= I2oe= 
912 = Faa= — Fra — 923- 


Vis= 435 
Using these relations, we aoe the following ex- 
pressions for W? = (py. + py)? and Q? = (pip +Po3)?: 
W?= 4 + 2goat 8425+ 2956; 


Q?= 4 + 2413—8q15— 2G 56- (12) 
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Let us now determine the connections between 


the scalar products that occur in the right members 


of the expressions (12). From the relation Dip 
= (q) + a5 —q1)” = 1 we have 


Gio= 1 — Gis Q25- (13) 


We then use the equation a4qy + @q2 — Mpg = 0. 
By multiplying this equation successively by (qj, 
Go, 4g)» (i> Ge, G4)» (G4, G2, G3), and (qy, de, ds), 
we obtain determinants which we denote respec- 
tively by Ajog, Ajog, Aio3, and Ajy5. Each of these 
determinants is equal to zero. Using Eqs. (13) and 
(11), we get from Ajog a connection between Qos 
and djs: 


Geo Clits Gis) Qo, — 92.) Gis (1 —2G5) = 0, (14) 


In solving the equation (14) one must remember the 
condition aj > 0. 
From Aj), = 0 we get an expression for qo: 


doa= 1 — 24a ( 9129254 915)/(F25 + 912915), (15) 
from Aj.3=0 an expression for qj43: 
Gis= 1 — 2qr2 (os 92915)/(Gi2925F 41s), (16) 
and from Aj; =0 an expression for ds: 
Gss= (93,— 95)/(1 —9i,). (17) 


In the expressions (15) — (17), q 4, must be ex- 
pressed in terms of qis and q25 as shown in 
Eq. (13). 

Thus by substituting Eqs. (15), (16), and (17) in 
Eq. (12), we get the following one-parameter form 
of the curve F(W’, Q?) =0: 


9o5 = = Ge 
We 6 4 A 9129os+ gis i $83 i 1 9 125 15 
fiz Jzs+ 9icedis r O4as-- he q°, , 
2 2 
5 25 2915 = ee ChE 
Q’= 6 — 4412 ee ii a= 2 —, (18)* 


912925 + 41s WS Gis 


where qj2, dis, and qos are connected by the re- 
lations (13) and (14). 


*The expressions for W? and Q? can be transferred to the 
form 


Wee Gh N15 425 
ve oN, By) ae 
W*—= 6+8q2;— 4 ViGe © qis—qas—> 
. it Gis 425 
ae as By ea BOE eed 
Q 6— 8415 4 1 — Qas5 Op Opie — 2 © 
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FIG. 10 


Figure 10 shows the curve of F (W?, Q*) = 0. 
To the asymptote Q?—- «0, W?—16 there corre- 
spond the values qig— ©, Qo4 = 425 =Q5g =1, and 
to the asymptote W*— «0, Q?—16 the values 
Go, ~ © and qy3 = —Gi5 = —d5g =1. These asym- 
ptotes are obtained as the singular points of the 
dipole patterns reduced from the diagram of Fig. 7. 
To the point W? = Q? there correspond the values 
Qos = — dys = (1+5'/?)/2, qo =2+5'/*. At this point 
W? = Q? = 184+ 8 x 54%, 

In Fig. 10 curve 7 corresponds to the diagram 
of Fig. 7, and curves 8 and 9 correspond respec- 
tively to the diagrams of Figs. 8 and 9. As can be 
seen from Fig. 10, curve 7 lies much higher than 
curves 8 and 9. 

The writers express their gratitude to Acade- 
mician L. D. Landau for his interest in this work. 
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2. B. Okun’ and A. P. Rudik, Nuclear Phys. 
(in press). 

3G. Chew and S. Mandelstam, Preprint. 


Translated by W. H. Furry 
167 


} 


mSOVIET PHYSICS JETP 


MAGNETIC AND ELECTRIC FIELDS 


A. M. KOSEVICH and V. V. ANDREEV 


VOLUME 11, NUMBER 3 


SEPTEMBER, 1960 


ON THE QUANTUM ANALOG OF THE COLLISION INTEGRAL FOR ELECTRONS IN 


Physico-technical Institute, Academy of Sciences, Ukrainian S. S. Re. 


Submitted to JETP editor August 10, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 882-888 (March, 1960) 


The influence of an electric field on the quantum analog of the collision integral for electrons 
in a magnetic field is investigated. For this purpose the quantum mechanical transport equa- 
tion for electrons in a metal in crossed magnetic and electric fields is derived for low tem- 
peratures when the electron scattering occurs mainly on impurities. It is found that the purely 
quantum mechanical term in the “collision integral” which is proportional to the electric field 
and was not taken into account in the transport equation in reference 1 plays an important role 
in the discussion of quantum effects in strong magnetic fields. The oscillations of the elements 
of the “transverse” electrical conductivity tensor due to variations of the magnetic field are 


considered. 
INTRODUCTION 


if M. LIFSHITZ! has constructed a quantum the- 
ory of the conduction of metals in a magnetic field 
at low temperatures. In this work essential use is 
made of the correspondence principle, according to 

_which the kernel of the integral transformation that 
describes the collisions of the electrons with the 
impurities can be replaced by its classical value 
in the quasi-classical approximation. By making 
this replacement one neglects, of course, the ef- 
fect of the electric field on the collision integral, 
as in the classical case. 

In the present paper it is our aim to investigate 
the influence of the electric field on the quantum 
analog of the collision integral in a magnetic field 
and to point out possible consequences arising 
from taking this circumstance into account. Our 
interest in this problem was prompted to a large 
extent by remarks contained in the paper by Adams 
and Holstein.” 

To obtain a qualitative idea of the possible role 
of those corrections in the quantum mechanical 
transport equation which are caused by the influ- 
ence of the electric field E on the “collision in- 
tegral” we consider the fundamental equation of 
the paper by I. M. Lifshitz,! which is in its sim- 
plest form 


(i(n—n')o* +1] 2) oh, = — Evan (f° — f8,) [En — en). 
(1) 


Here p} is a correction to the equilibrium density 
matrix for the electrons, n is the quantum number 


of the orbital motion of the electron in the magnetic 
field H, i = f)(€,). is the Fermi function. aoe 

= eH/m*c, m* is the effective mass of the elec- 
tron, T is the relaxation time, and v is the ve- 
locity of the electron. 

The most interesting region for the application 
of equation (1) is the region of strong magnetic 
fields, when w*t > 1. In the following we will be 
interested only in this region of fields, so that we 
shall regard 1/w*t as a smail parameter the 
powers of which define the order of smallness of 
the corresponding expressions. 

When the electric field is taken account of in 
the “collision integrai” in (1), a small quantum 
term of the order of 


(cEa / he’) (fo /=), (2) 


will appear, where a is some characteristic length 
related to the collision process. Observing that the 
estimate (2) depends on fy) but not on De: we con- 
sider the largest possible alteration of Eq. (1). 

The estimate (2) depends critically on the determi- 
nation of the order of magnitude of the parameter 

a. In the case of a longitudinal electric field (Ell H), 
the parameter a is of the same order of magnitude 
as the de Broglie wavelength of the electron. With 
such an a, the quantity (2) is so small that the 
longitudinal electric field may be neglected in the 
“collision integral.” In the case of a transverse 
electric field (E1H) the parameter a should be 
of the order of magnitude of the classical radius 

of the Larmor orbit of the electron, r. This is 
easily understood by noting that the motion of the 
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electron is quantized in a direction perpendicular 
to the magnetic field, so that even in the scattering 
from a point center the result depends on the radius 
of the orbit as on one of the parameters describing 
the state of the electron 

Since the right hand side of (1) has for n #n’ 
the order of magnitude 


eEv (fo / hw"), (3) 


it may turn out that even in the case of a transverse 
field the correction (2) is smaller than the leading 
term of the right hand side of (1) by the factor r/vT 
~ 1/w*t «<1. However, for uniform fields the basic 
term on the right hand side of (1) does not give any 
contribution to the electric current in the zeroth 
approximation with respect to 1/w*r; to investi- 
gate the role of the additional term in the transport 
equation we must therefore estimate the ratio of 
the quantities (2) and (3) multiplied by w*rt. This 
last circumstance permits us to believe that in 
quantum phenomena the role of the term due to the 
influence of the electric field on the “collision in- 
tegral” is comparable to that of the basic term in- 
cluded in Eq. (1). 

In order to substantiate the qualitative remarks 
made above, we must analyze the equation for the 
density matrix of the electrons in the magnetic field 
and establish rigorously the corresponding quan- 
tum mechanical transport equation. Without pre- 
tense to completeness we consider, in Sec. 1, the 
quantum mechanical transport equation obtained 
from the general equation for the density matrix 
of perturbation theory, i.e., in the same approxi- 
mation as in the work of Adams and Holstein.” The 
“collision integral” of this equation is derived by 
the method developed by Bogolyubov® and used by 
Gurzhi‘ for the calculation of the electron-phonon 
interaction in the field of an electromagnetic wave. 
This method is similar to that proposed by Kohn 
and Luttinger.® 

In Sec. 2 we illustrate the role of the additional 
term in the transport equation on the example of 
the calculation of the oscillations of the tensor of 
the “transverse” electric conductivity (Shubnikov- 
de Haas effect). It will be shown in this section 
that the quantum oscillations of the tensor of elec- 
trical conductivity can, as has also been done ear- 
lier,® be expressed in terms of the classical “mo- 
bility” tensor and the oscillatory part of the mag- 
netic moment of the electron gas. This connection 
between the classical and quantum characteristics 
was obtained for the first terms of the expansion 
of the tensor of electrical conductivity in powers 
of 1/w*t, but it is not essentially linked to per- 
turbation theory by which Tt was computed. 
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1. THE QUANTUM MECHANICAL TRANSPORT 
EQUATION IN MAGNETIC AND ELECTRIC 
FIELDS 


Let us consider a gas of electrons which inter- 
act with particles of a different kind. As we are 
interested in the elastic scattering by the impuri- 
ties, we consider only the interactions of the elec- 
trons with the heavy neutral particles (the inter- 
action with the phonons can be treated in an analo- 
gous fashion). If the mass of the heavy particle is 
M, wecan assume that M>m (m is the mass 
of the electron), and consider the interaction of 
the electrons with fixed impurities. We assume 
that the heavy particles are distributed uniformly 
in space (the state of free motion of the particle 
is described by the momentum s). The energy of 
the interaction between the electron and the heavy 
particle will be denoted by V(r), where r is 
the distance between the two particles. 

Following Bogolyubov,’? we can write down a 
chain of equations for the partial statistical oper- 
ators of the system of electrons and heavy par- 
ticles and cut it off at the equation for the binary 
density matrix. We can then use perturbation 
theory to obtain.a system of two equations for the 
one-particle density matrices of the electrons, p, 
and the heavy particles. The equation for p has 
the form 


Oo /Ot + (i /h)[H, p] + D{o} = 0, (4) 


where D{p} is the quantum analog of the collision 
integral. The expression for D{p} is quadratic 
in the matrix elements of V and depends on the 
density matrix of the heavy particles. 

In writing down the expression for D{p} for 
the elastic scattering by the impurities, we regard 
the gas of heavy particles to be in equilibrium (the 
corresponding density matrix is diagonal in s), and 
assume that the mass of the heavy particle is infi- 
nite as compared to the mass of the electron (M 
> m). These assumptions replace the usual aver- 
aging over the positions of the impurities and lead 
to the following expression for D{p} inthe rep- 
resentation in which the Hamiltonian of the electron 
in the given fields, HX, is diagonal (Hyp = EuOup ):* 


(Dp)e” = N (2m J) D184 (ex — ey) [oh VEEV, — VE" orev) 


— 84. (8, — 21) [Vip VE, — Vey oe, (5) 


The summation in (5) goes over all Latin indices, 


N is the number of scattering centers per unit 


*All calculations leading to (5) are completely analogous . 
to the calculations of references 3 and 4 and can therefore 
be omitted. 
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volume, and 


54 (x) 


If we assume that pH’ is diagonal, i.e., that 


+3 (x) + i/ Qrx. 


(6) 


- there exists a distribution function, then formula 


(5) goes over into the classical collision integral 


_ for impurities. 


Equation (4), with a Hamiltonian 3¢ which al- 


_ lows stationary states of the electron, determines 


the equilibrium density matrix of the electron gas. 
It is easy to verify that, up to terms which are 
quadratic in V [with accuracy corresponding to 
expression (5)], the equilibrium density matrix 

po has the form 


po = fe (&) ony Pe 


(7) 
Fo” = N DVs'V2. (gt! — 9) / (eu — 8), 
Z,s 


ge = (fi —f)/(&— &). (8) 


The physical meaning of the nondiagonal part of 
po (i.e., of the matrix F)) is very simple: expres- 
sion (7) gives the first terms of the expansion of 
the operator f)(% + W) in powers of W=ZV 
(sum over all impurities) averaged over the po- 
sitions of the fixed impurities. 

In order to establish the explicit form of Eq. (4) 
for the electron gas in constant magnetic (H) and 
electric (E) fields with w*rt > 1, we must take 
account of the existence of stationary states of the 
electron for mutually perpendicular H and E. 
This last circumstance leads, as we shall see be- 
low, to the dependence of D{p} onthe component 
of E perpendicular to H. A simple analysis shows 
at the same time that in our approximation D{p} 
does not depend on the component of E along H. 
This means that the longitudinal electric field is 
fully included in the equations of type (1) in refer- 
ence 1. In order to keep the appearance of the 
equations simple, we shall in the following not con- 
sider the component of E along the magnetic field 
at all, i.e., we shall investigate the simplest case 
of mutually perpendicular H and E (H=Hy,, 

E= Ey). 

Let @ be the Hamiltonian for the motion of the 
electron in the magnetic field (its eigenvalues are 
€u = €n (pz), =, Px, Pz ). We use the represen- 
tation corresponding to this Hamiltonian in order to 
facilitate the comparison of our equation with the 
equations of reference 1 (the result given below 
can be obtained in a more direct way by using the 
representation in which the total Hamiltonian 5 
= €—eEY is diagonal). 

In the representation é 
takes the form 


the total Hamiltonian 
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(9) 


where yy) = —cp,/eH plays the role of y, the co- 
ordinate of the center of the classical Larmor orbit 
of the electron,”® and £ is the displacement of the 
electron with respect to this center. 

It is an essential characteristic of Eq. (9) that 
the electric field enters in the diagonal part of %. 
It then follows by straight mathematical manipula- 
tion that the 6-functions of the “collision integral” 
D{p}, which describe the law of energy conserva- 
tion, will also contain E explicitly. From a phys- 
ical point of view this is extremely reasonable, 
since the term —eEy, in (9) has the meaning of 
the potential energy of the electron in the electric 
field. However, by virtue of the quantum nature of 
the motion of the electron in the Larmor orbit in 
the magnetic field (the electron is “smeared out” 
over the orbit), its “potential” energy depends on 
the location of the center of this orbit. Since the 
location of the center of the classical orbit changes 
in collisions, it is natural that E enters explicitly 
in the law of energy conservation. * 

The nondiagonal part of # is very simply ac- 
counted for in writing down D{p}. If we express 
the density matrix p inthe form p =p) + p; (po 
is determined by (7), where €y are the energy 
levels of the electron in the magnetic field) and 
linearize Eq. (4) with respect to E, we obtain as 
a result the following form of the quantum mechan- 
ical transport equation: 


Op, / Ot + (i/h) [e, pi] + eEgu, + D {94} 
= eED {(cpx /eH) df, / de —§g} + (i/h) [eEy, Fo). 


Hy» = (& — CE Yo) Spy — cL buy, 


(10) 


The matrix product ga in (10) is to be understood 
as a direct product: (ga)H’ = g#Vav’, The matrix 
Fy) is given by formula (8). 

The right hand side of (10), which vanishes in 
the classical case of scattering by point centers, 
takes account of the influence of E on D{p} and 
distinguishes (10) from the quantum mechanical 
transport equation used by I. M. Lifshitz.! 

In the stationary case (9p,/et = 0) a solution 
of (10) can be found in the form of an expansion of 
p, in powers of 1/w*r: p;, = p{ + p{. The first 
term, which is independent of the relaxation time, 
has the form 

of? = — eEée. (11) 


*Noting that in the quasi-classical approximation the in- 
clusion of E is essential only in the conservation law, the 
influence of the electric field on the ‘‘collision integral’’ 
can be described within the framework of the basic transport 
equation of reference 1 by using the representation in which 
the Hamiltonian 3C is diagonal and by replacing 5(€ -€') by 
8(€ — eEy, — €' + eEy,) in formula (27) of reference 1. 
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For pi? we obtain the relation 
(i/ &) [e, 6] = eED {(cps | eH) df / de} 


+ (i/h) [eEy, Fol, (12) 


which is in agreement with the result of Adams and 
Holstein. The last term on the right hand side of 
(12) does not contribute to the current along the y 
axis and was therefore neglected. 

In the classical approximation, expressions (11) 
and (12) go over into 


of = — eEtdfy/ de, (13) 


do | Ae = CED, {(cpx | eH) dfo/ ds}, (14) 


respectively, where g is an angular variable that 
describes the position of the electron on the clas- 
sical orbit in momentum space, which we introduce 
following Lifshitz et al.1»® The determination of 

Dy) {p} is formally the same as before, with the 
only difference that the matrix elements of V 
which enter in the expression are replaced by the 
corresponding Fourier components, ! and the func- 
tions 6,(x) are changed to 56 (x). 

It is easily seen that expressions (13) and (14) 
give the first terms of the expansion of the solu- 
tion of the classical transport equation in a mag- 
netic field in powers of 1/w*r. 


2. THE TRANSVERSE ELECTRICAL CONDUCTIV 
ITY OF A METAL IN A MAGNETIC FIELD 


The electric current transverse to the magnetic 
field is given by the usual expression 


j* =e Sp {o0%} (a= x, y). (15) 


It immediately follows from (15) and (11) that 
the terms proportional to 1/H in the expansion of 
the elements of the electrical conductivity tensor 
o@Y are determined in the obvious way:! 


(0) 
Syy = 0, 


at = (ec / H) (ne— ny), (16) 


where ne is the number of electrons and np is 
the number of “holes” in the case of a closed Fermi 
surface. The expression (16) for OW includes the 
current along the x axis due to the last term in 


(12); it gives the following contribution to Oxy: 


Acity, = (ec H) Sp {Fo}. (17) 
It is clear from the meaning of the diagonal ele- 
ments of the matrix Be that the additional term 
(17) can be included in the renormalized chemical 
potential of the electron gas, so that it is indeed 
taken account of in expression (16). 

The part of o?Y which is determined by the 
“collision integral” can be written in the form 
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ot) a 


Chie quit ender (18) 
The quantities x¢Y entering in (18) are given in 
an obvious way by (15) and (12). They correspond 
to the linear terms of the expansion in powers of 
1/w*rt of the analogous quantities x introduced 
in reference 1. 

The classical part of of is obtained from (18) 
by going directly from the summation over €p to 
the integration over € and replacing Xqa by its 
classical value x: 


ol) — =\=— 2 \ (ae dfo yy m'dedpz. (19) 


Following reference 1, we replace the quantities 
Xqa in (18) by their classical values x°Y. This 
operation was discussed in reference 1, and its 
validity was proven for the scattering by impuri- 
ties. Its meaning is merely that we consider only 
the basic term in the expansion of the quantum cor- 
rections to o°Y in powers of A/r, where A is 
the de Broglie wavelength, and r is the radius of 
the Larmor orbit of the electron. Since A/r « 1 
in metals, the magnitude of any quantum effect is 
determined by the basic term of the expansion. 
Starting from (18) and (19) and using the method 
of calculation developed earlier,®»’ we easily ob- 
tain the oscillatory parts of the elements of o®): 
dS,,1 (5) _, 0AM 


Ags Soaese ig (ym ‘3 ae Hi? aie ? 


(20) 


where Sm (¢) is the maximal area of the intersec- 
tion of the Fermi surface with the plane perpendicu- 
lar to H; the index m indicates that the corre- 
sponding quantity is evaluated at the maximal sec- 
tion of this surface. AM, denotes the oscillatory 
part of the component of the magnetic moment of 
the electron gas along the magnetic field and is 
determined in reference 7. 

We note that the classical formula for of with 
kT «K &) (& is the chemical potential of the elec- 
tron gas at T =0°K) can be written in terms of the 
same quantities which determine the amplitude of 
the oscillations in (20): 


) ae 
of) = = NoUay (6), 


(21) 


where ny is the number of current carriers in a 
given group and Uqy has the meaning of an ele- 
ment of the “mobility tensor”: 


p2) = 24m’ {S(e, pz) (22) 

the averaging is performed over the Fermi surface: 
u(t) = \ut, pS p.)dpz | \S(, pz) dpe. 

The quantity S(¢, p,) in (23) denotes the area of 


ut! (s, 


(23) 
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{ 


i 


} 


the intersection of the Fermi surface with the plane 

Pz = const, so that the integral f Se p7) de 

gives the volume bounded by the Fermi surface. 
Using (22), we rewrite (20) in the form 


dinS 0AM 
ee Ol 


gr ey aS (24) 


In this way we see that, as in the work of I. M. Lif- 
shitz,! the oscillations of o®Y are expressed in 
terms of the oscillations of AMz, where the am- 
plitude of the oscillations is determined by the 
classical “mobility tensor.” 

The oscillation amplitudes given by formula (24) 
are in agreement with the results of Adams and 
Holstein? and are larger than the amplitudes deter- 
mined in reference 6 by the factor £)/fw*. This 
last circumstance allows us to neglect the oscilla- 
tions of the chemical potential of the electron gas 
in the investigation of the oscillations. 

We thank I. M. Lifshitz for his advice and valu- 
able comments and also for giving us the opportu- 
nity to acquaint ourselves with the preprint of the 
paper by Adams and Holstein. We are also grateful 
to R. N. Gurzhi for a discussion. 
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A thermodynamic derivation is given of the equations of state (for small magnetization 
changes and deformations) that determine the magnetomechanical properties of magnetic- 
ally polarized ferromagnetic monocrystals possessing hexagonal symmetry. It is shown 
that in the case of nonuniform strains, the equilibrium values of the mechanical stresses 
and of the magnetic field intensity are connected by equations of state not only with the 
magnetization vector and strain tensor, but also with the rotation tensor, which determines 
the orientation of the volume element under consideration. On the basis of the equations ob- 
tained, conclusions are drawn regarding special features of the velocity of propagation and 
rotation of the plane of polarization of transverse elastic waves in ferromagnets. 


ie In works of the author,'»* equations of “state” 
have been obtained that describe the magnetoelastic 
properties of magnetically polarized magnetoelastic 
media in the dynamic regime; and on the basis of 
these equations, it has been shown? that in the prop- 
agation of transverse elastic waves along the direc- 
tion of the magnetization, a rotation of their plane 
of polarization is to be expected. To determine the 
physical nature of certain constants that enter in the 
equations mentioned above and in the equation for 
the angle of rotation of the plane of polarization, it 
is necessary to consider specific types of magneto- 
elastic media. 

2. We consider ferromagnetic monocrystals. To 
make the calculation more definite, we choose for 
consideration ferromagnetic monocrystals possess- 
ing hexagonal symmetry, in which the sixfold axis 
is the axis of easy magnetization. With respect to 
their elastic, magnetic, and magnetoelastic proper- 
ties for small magnetization changes, such mono- 
crystals behave like magnetoelastic magnetically 
polarized media possessing uniaxial symmetry, 
whose properties were treated in references 1 —3. 
We shall furthermore consider equilibrium proc- 
esses and treat the crystal as infinite. 

Let a change of the magnetization I occur in 
such a monocrystal, and let the monocrystal under- 
go an arbitrary elastic deformation, defined by the 
vector displacement u of an element of volume as 
a whole, the strain tensor ¢€jj = 2 ( du; /Oxj + duj /Oxj), 
and the rotation tensor wij = 3 (uj /Ox; — du; /dx;) 
of the volume element. The equations of state that 
connect the equilibrium values of the strains and 
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magnetization with the magnetic field intensity H 
and with the symmetric components jj and the 
antisymmetric components oi; of the mechanical 
“stress” tensor oF can be found from the con- 
dition that the thermodynamic potential 


(1) 


be a minimum; here uUex, Ug, Ume, and ug] are 
respectively the exchange, magnetocrystalline- 
anisotropy, magnetoelastic (magnetostrictive), 
and elastic energies. They are defined as follows: 


(2) 
(3) 
(4) 


For the case of monocrystals of hexagonal symme- 
try, when the x3 coordinate axis is chosen along 
the sixfold axis, the magnetocrystalline-anisotropy 
energy in the first approximation is equal to 


D = Ulex | Ue + Umet Yer Ainlin — oii S77 — FF jWzj 


Uex = 1/Q | La 1/4 Ay |I ae 
Ume = a Qmnij Nel bie ; 


Uei= es CijrtEijEkt- 


tem Ka xk]? 1% (5) 


where k is the unit vector along the x; axis. In 
this case the tensor Gmnij has the following inde- 
pendent nonvanishing components: 


Giri = Yo222) 93333) i122 = Yoe11) 91133 = 422335 


43311 = 433221  o303 = Jose = 43223 = Ya239 = Jisi3 = 41ssi 


= 43113 = Yais1» Qiz12 = Jie21 = Janz = Je121 


= (4irir — Qurze) / 2. (6) 
The choice of uy, in the form (3), with (6) taken 


into account, assumes that in magnetically uniaxial ° 
monocrystals, the magnetostriction is not deter- 
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mined solely by the orientation of the vector mag- 
netization, as had been assumed earlier ,‘*® but de- 
pends also on the value of the magnitude of the 
magnetization. °® 

The tensor Cijki, in contrast to the tensor 
Gmnij> is invariant with respect to interchange of 
pairs of indices ij and kl. Therefore it has the 
same form as the tensor Gmnij except that C3344 
= ©1133- 

3. As an initial state, we may choose the state 
of the ferromagnetic crystal that one obtains by 
applying along the sixfold axis a uniform, constant 
polarizing magnetic field Hjk, strong enough so 
that the crystal will be uniformly magnetized along 
the x3 axis. From the minimization condition for 
the thermodynamic potential (1), we find the equi- 
librium values of the magnetization I)k and of the 


stresses o?. in the initial state: 


1j 
(a, + ao) Io, 


(7) 
o= 1), Gest, 
(8) 


In practice, it is convenient to choose another 
state as initial state, namely in which the initial 
stresses are zero. This is dependent on the fact 
that the crystal is usually not in an absolutely 
rigid environment, and under the influence of the 

stresses oF; it is uniformly strained, i.e., ac- 
quires uniform strains ¢?, = €53 and iy. 

4. We now consider the case in which there are 
present in the crystal a weak magnetic field h and 
mechanical stresses, alternating both in time and 
in space. In the crystal there will occur deforma- 
tions determined by the strain tensor ¢€jj and the 
rotation tensor wjj of the volume element, and 
the vector magnetization in each volume element 
will change its value slightly both in magnitude 
and in direction. 

Expressions (2) — (5) for the various energies 
have already been written in a definite coordinate 
system, related to the crystallographic axes [that 
is, a system in which the tensor constants have a 
completely definite form characteristic of the given 
crystal symmetry, for example the form (6)]; they 
are correct, strictly speaking, only for uniform 
strains and rotations (which were not contemplated 
in the theory of elasticity). In the general case, 
nonuniform strains are connected with nonuniform 
rotations of the volume elements of the crystal, 
and consequently also with nonuniform rotations 
of the crystallographic axes of the volume elements. 

We assume that the form of the expressions (2) 
— (5) for the energy densities, in which the tensor 
constants have a completely definite form charac- 


Ofer 2 ie POS OTE 
S33 = */2 Yasaslo: Sig = 893 = 03, = 0. 
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teristic of the given type of symmetry, remains 
valid also for nonuniform strains, but that these 
energies must be referred to coordinate axes x}, 
xX}, X$ related to the crystallographic axes of the 
volume element under consideration.’ We there- 
fore introduce two coordinate systems: 1) a fixed 
coordinate system x,, X, X3 attached to the crys- 
tallographic axes of the crystal in its initial state, 
with the x3 axis oriented along the sixfold axis; 
2) a local movable coordinate system x{, x}, x 
attached to (and rotating with) the volume element 
under consideration, with the x3 axis oriented 
along the sixfold axis of the given volume element. 
5. We now obtain the explicit form of the ther- 
modynamic potential in the fixed system of coordi- 
nates. We first write the energies ug and Ume 
in the movable coordinate system. For this pur- 
pose it is necessary in formula (5) to replace the 
unit vector k by the unit vector k’, connected 
with k by the relation 


k’ = k + [wxk], (9) 


and in the expression (3) to substitute the values of 
the components of the vector magnetization and of 
the strain tensor in the movable coordinate system, 
Tm and ¢jj;, which are connected with the values 
of the components of these quantities in the fixed 
system of coordinates by the relations 

V =1-+ [be], 


° { 
S19 = Syq + WyE1g — WaF23 + Ws (fC22 — 11), -- =; 


£1 = S11, + 2 (W3S12 — Woks), -- +; 


(10) 


where w is the vector rotation of the volume ele- 
ment, dual to the rotation tensor wjj, with com- 
ponents given by the known relations wy, = Wg 

= —Wo3,-65 - 

We next transform, according to formulas (9) 
and (10), to the fixed coordinate system. Here we 
choose as independent variables, determining the 
value of the change of the vector magnetization, 
the value of the change of absolute value AI and 
the vector angle of rotation @, which determines 
the rotation of the vector magnetization with re- 
spect to the fixed coordinate axes. For changes 
of the vector magnetization that are small in com- 
parison with its initial value I)k, its new value 
can be determined from the relation 


= (I, + Al) (= (6x ky) 21/0 (67k — (0, k) 6), (11) 
and we obtain 
Mia ING {(w — 6)? — (k, w — 6)}, (12) 


U= Vy Guayils (S41 + €22)+ */2 saa! 0833 +9811 Toy, + S92) AT 
+ qs333 1 o&ss Al — Deseret o (£234; — £1399) 


-- (24o323 — 4sas3 + 4as11) Ip (E231 — £132). (13) 
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The exchange and elastic energies have the same 
form in both coordinate systems, since the first 
depends on the absolute value of the vector mag- 
netization, and since the expression for the second 
differs by terms of the third order of small quan- 
tities when written in the fixed and in the movable 
systems. 

On using the minimization conditions 96/86 = 0, 
ow/8AIl=0, and 66/d¢;j = 0 for the thermody- 
namic potential, and on taking account of (7) and 
(8), we obtain the following equations of state: 


Ke = od St Ainfes ae Aig 


Sg = he In + Cypep + CL 04, (14) 


where now by I, are understood the small values 
of the change of magnetization from its initial state, 
and where the new symbols ¢f and wg have been 
introduced; they are connected with the previous 
quantities €jj, Wm, and Wij by the following 
scheme: €g = 2€49,---,Wg = —2W3 
= 2 4). Here and hereafter we shall assume that 
the indices m, n, i, and j run through the val- 
ues 1, 2, and 3; the indices f and g through the 
values 1, 2,...,6; and the indices p and q through 
the values 4, 5, and 6. 
Here the following components are different 

from zero: 

a1 = Y22 = (Ao/Io + 2Ky/Io), 


Ey = Signor 


33 = (Ho/Iy + 2asIo), (15) 


hg, = hy = his = ie = Yssi1lo; h33 = ue = 3ss3l0, (16) 
hys = Nog = gy = hag = Qosoelo, 
his = —— aah Se == Kats; (17) 
Cy, = Cop = Cyyy3, C33 = C3333, C1o = C21 = C11225 
Cy3 = C23 = C31 = C32 = Cij33, 
Caa = C55 = C2323, Cog = (Cir — Cy0)/2, (18) 
Ce Co = — (292323 — 93333 + 4asi1) 15/4 
= — (2hys — fgg + fy1) 1/4. (19) 


If as initial state we choose not the state with the 
initial stresses (8), but the state usually encoun- 
tered in practice, in which these stresses are ab- 
sent, then we still get equations of state of the 
type (14), except that the constant Cis will have 
the new value 


Cr ian Gaacal of 2 = —hysIy/2. (19’) 


6. On further setting 06/dw,, = 0, we get an 
expression for the antisymmetric pompenc at of 
the mechanical “stress” tensor, Oi}, to which is 
equivalent (dual) a certain axial vector Tj. Here 


Ty. =Nonln © Cpe Coa 


(20) 
where 


Ky BV LAB.OV 


Cy = = Cs = == K,/2, 

(21) 
and Tp is connected with Ty gue oF oa rela- 
tions of the type T, = —1T;/2 =0%) -- - 

We shall explain the physical meaning - of the 
antisymmetric part of the mechanical “stress” 
tensor o};. The right member of (20) was obtained 
by differentiating, with respect to the components 
of the vector angle that describes the orientation 
of the volume element, the magnetocrystalline- 
anisotropy and magnetoelastic energies, which de- 
pend on interaction of the magnetization (spin 
system) with the crystal lattice. Therefore these 
derivatives should give expressions for the com- 
ponents of the force couples (with sign reversed), 
—Trh, exerted by the spin system on the crystal 
lattice of the volume element under consideration. 
Since in equilibrium no resultant couple should act 
on the volume element, this couple must be balanced 
by forces transmitted across the surface of the vol- 
ume element from its environment. These forces 
can be described by the antisymmetric component 
of. of the mechanical “stress” tensor ote, From 
this it follows that the force couple Th exerted 
by the spin system on the lattice is determined by 
the vector —Tm (Ti; =—Tm) dual to the anti- 
symmetric component of of the mechanical 
“stress” tensor. However, the resultant force 
and couple (which figure in the equations of elas- 
ticity theory) on the volume element are deter- 
mined by the symmetric part 0jj of the mechan- 
ical “stress” tensor (or simply of the mechanical 
Stress 0jj ). This is easy to show if one considers 
that the force on a volume element is determines 
by the divergence either of the tensor of* j oF of 
the tensor T}, dual to the vector force couple 
Tf» and if one takes account of the requirement 
that the resultant force moment must be expressed 
solely in the form of a surface integral. 

7. In the absence of equilibrium, the derivatives 
of the thermodynamic potential ® with respect to 
the components of the vector 8, which describe 
the orientation of the vector magnetization, deter- 
mine the components of the resultant force moment 
that acts on the magnetization. On taking account 
of this and using (14), we get for this moment the 
relation 


" *“" * 
Cag = — C55 = Caay 


+" “e * 
sy =a Ngo = hys, 


T= [Ipxhef], (22) 


where h&! =hm-—hm, and where hm is that value 
of the magnetic field intensity which would corre- 
spond to the given values of magnetization and 
strain if the process were an equilibrium process; . 
that is, we must substitute for hy its value deter- 


mined by formula (14). Knowing the couple that 
acts on the magnetization, we can construct the 
equation of motion of the magnetization. 
8. We shall compare the relations obtained with 
_ the relations deduced earlier by a formal method. 
Equations (14) and (20) agree with Eqs. (7) of ref- 
erence 1 and (17) of reference 2. (We remark, in 


_ this connection, that in Eqs. (7) and (17) of the ar- 


ticles cited, «4, €5,---,We must be replaced not 
by €93, €43,---,W 42, but by their doubled values. ) 
However, the constants hj, cjy, and cj* intro- 
duced earlier by the formal method are now ex- 
pressed through basic constants I), K;, and qmnif 
that describe the ferromagnetic. 

9. Finally, we shall apply the relations obtained 
to the analysis of concrete physical processes. 

In reference 3 it was shown that rotation of the 
plane of polarization of elastic waves may be de- 
termined, in particular, by the term containing the 
expression hys (his —hijs); which according to (17) 
can be written in the form hj, (1—Ky /Iphys). It 
follows that the rotation of the plane of polarization 
is determined not solely by the magnetostriction 


_ constant, but also by the magnetocrystalline aniso- 


tropy constant. In particular, for hy; >0, the sign 
of the angle of rotation can depend on the ratio of 
the quantities K, and Ijhys, which can change with 
change of temperature. In order of magnitude, hmf 
~ Cijkl\s /Iy, where Ag is the saturation magneto- 
striction, and CijK] ~ 10? d/em?; thus we find that 
a calculation of the term K,/Ijhy; (that is, of the 
constant hj;) is necessary for ferromagnetics that 
possess a relatively large anisotropy constant and 
small magnetostriction. For example, for K; = 108 
erg/cm? and Ag < 10~° this term is greater than 
unity. 

As a second example, we calculate the speed 
ct of propagation of transverse elastic waves 
propagated along the sixfold axis in a magneto- 
dielectric. On solving the equation of motion of 
the theory of elasticity, pj = 90jj/9xj, and taking 
account of (14), we get 


c? = (Caa/o)'*. 
(23) 
This expression differs somewhat from the ex- 
pression for cy derived by Akhiezer, Bar’yakhtar, 
and Peletminskii® (on going over to the case of 
propagation of the wave along the symmetry axis 
and to low frequencies); namely, in it there are 
additional terms, containing the constants hj; and 
ec, which take account of rotations of the volume 
elements. In this connection we note that the ex- 


Cpe (1 — This (Aig = his) — ntarCaal/Y11Caa)"?, 


pression for ct from reference 8, mentioned above, 


can be easily obtained by calculating the speed of 
propagation of elastic waves by the formula cy 
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= (cH /p)¥?, where cll is the value of the elastic 
modulus measured at constant magnetic field. For 
quasistatic processes, there is a definite relation? 
between the components of the elastic modulus ten- 
sor measured at constant field, chip and at con- 
stant magnetization, Cijkl = Cijkl- For the present 


_ case this has the form cH = cy (1 —hjs/y11C44)- 


This difference between cl and cy, bears the 
name “Ag -effect.” Thus the difference between 
the relations for ct given by Akhiezer and others® 
and by us [formula (23)] consists in this, that in 
the derivation of formula (23), along with calcula- 
tion of the Ag-effect, which received attention in 
reference 8, account has been taken of the rotation 
of the volume elements that takes place in propaga- 
tion of elastic waves transverse with respect to the 
polarizing magnetic field Hp. 

We shall assume that in the initial state the fer- 
rodielectric is in an unstressed state. Then in ac- 
cordance with (15), (17), and (19’), we get 


C= ll — (Ais + UPisl oy tacit 


Thus in this case the speed of propagation of 
elastic waves is determined by the Ag -effect 
alone when H)=0. Onincrease of Hy (Hy > 2K,/ 
I,), ct tends, if we take account of (15), not to ef 
but to the value c?(1—hys5Iy)/2c4,)'/?, which may 
be either larger or smaller than cf according to 
the sign of the magnetostriction. 
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The energy losses of an arbitrary moving particle are calculated by means of the macro- 
scopic Maxwell equations. A separation into ionization losses and radiation losses is made, 
outside the framework of perturbation theory. Effects on the formulas for ionization losses 
owing to multiple Coulomb scattering are examined, and also effects of the finiteness of the 
path length. It is found that because of the existence of the density effect the influence of 
multiple Coulomb scattering on this part of the losses can be neglected. 


1. INTRODUCTION 


Ly this paper we study the limits of applicability 
of the theory of energy losses by excitation, ioniza- 
tion, and Cerenkov radiation at ultrahigh energies 
(hereafter for brevity we shall call these losses 
ionization losses). As will be shown below, for 
ionization losses, just as for radiation losses,! 
large longitudinal distances which increase with 
the energy of the particle are effective in a colli- 
sion with an individual atom. This can be intui- 
tively understood from the fact that the “collision 
times” At, ~ (p/v)(1—v?/c?)”2 (p is the impact 
parameter) correspond to large “passage times,” 
during which the field of the particle is formed. 
From the relation 


$2 RWS RSV CF ie fe 
we at once get the required connection 
tere = p/cV1—v%Jfc? for tr =0, Ate At /(1 — 2/C). 


Thus the field of the particle at the atom (t; = 0) 
during the time At, is determined by large pas- 
sage-time intervals Aterf at large distances 
vteff from the atom. 

If the effective distances become sufficiently 
large, various external causes can disturb the 
path of the charge, and this leads to a change in 
the theory of ionization losses. We shail consider 
the influences of three effects: multiple scattering, 
polarization of the medium, and finiteness of the 
trajectory. Inclusion of these effects in the radia- 
tion losses?“ has led to a sharp change of the for- 
mulas for bremsstrahlung and pair production. As 
regards the inclusion of the polarization of the me- 
dium in the calculation of ionization losses, its ef- 
fect reduces to the well known density effect of 
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Fermi and the Cerenkov radiation. Therefore the 
main part of this paper (Sec. 2 and 3) will be de- 
voted to a study of the influence of multiple elastic 
scattering on the ionization losses. 

For a qualitative estimate of this effect we con- 
sider the field produced by an arbitrarily moving 
charge. The Fourier components of the potentials 
are easily found from the Maxwell equations (cf. 
Sec. 2). For example, the vector potential is given 
by the expression 


é 


4r3c 


(< oe nae Ria \ e—ikr(t)-+iot y (f) dt, 
A(r, t) = \ A (k, «) eH! dk do, 


A (k, 0) = — 


If, starting from these expressions, we now calcu- 
late the flux of pseudoquanta, multiply it by the ab- 
sorption coefficient of photons and integrate over 
dk and dw, we get an expression for the energy 
loss of an arbitrarily moving particle. The effect 
on the losses of deviations from rectilinear motion 
is determined by an integral of the form 


\\ ef K (112) 4-40 (tt 2) dt, Cites 


in estimating which it is convenient to integrate 
over the direction of the vector k. 

If we forgo the scattering, then |r,-r, | 
=v(t;—t,), w=k,v, and the effective times will 
be of the order teff ~ (w+ kv)7!. Since k 
= (x2 + w*/v?)!/2, for « «w/v we have 


lett ~ 0/270 


(1) 


(we are using t ~ (w—kyv)7!}, omitting the terms 
with w+ kv). 


Let us now estimate the effect of the scattering. 
In this case?+3 


[fi —te|=0(t;—t,)+ Ar, Ar = o2fE2 E2L 
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and in the exponent there is the additional quantity 


(2) 


(E is the energy of the electron, Eg is a constant 

_ of the order of 21 Mev, and L is the shower length). 
This quantity becomes comparable with the main 

_ term in the exponent, (kv-—w)t, for atime t, 

that can be determined from the relation 


kAr = kvPPES/E*L ~ wot?Ee/2E2L 


(kv — @) ty S woljE;/2E?L. (3) 


Consequently, if t, < tere, then for momentum 
_ transfers in the direction perpendicular to the 
motion that satisfy 


x1 < (WE;/Ev,) V w/Lv (4) 


the scattering must be taken into account. 

It is well known that there is a logarithmic con- 
_ tribution to the ionization loss from all values of 
the impact parameter (a quantity inversely pro- 
portional to xk) from minimum values to maximum 
values 


(5) 


(Wat is a quantity of the order of atomic frequen- 
cies ). 

Comparing Eqs. (4) and (5), we see that the in- 
fluence of scattering begins to be appreciable for 
the calculation of ionization loss if 


Pmax ~~ ‘nin Ss v/o at Wal 23 Dees 


%y Fa %miny 
that is, beginning at energies 


E,/me? F (Lo,,/v)* me?/Es. (6) 


The situation is much changed, however, if we take 
into account the effect of the density of the medium. 
It will become clear from what follows that the den- 
sity effect cuts off the effective range of k ata 
value 


(7) 


(N is the density of particles in the medium). Com- 
paring with Eq. (5), we find that the density effect 
becomes appreciable for 


E./me? F(at/v) V mce?/ 4zN Ze? , 


xa V 42 Ne?Z)mc? 


(8) 


that is, at smaller energies, and therefore the con- 
tribution to the ionization loss from the impact pa- 
rameters at which the multiple scattering has a 
large effect is practically unimportant. 

In the present paper we also consider the effect 
of the finiteness of the path on the ionization loss. 
Since lengths of the order of 


(9) 


are effective for the ionization, the ionization curve 


Chege ~ C/(@ — Rv) = 2W,,/0%? S 2c/oay(1 — v*/c*), 
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must be changed if the length cT of the path is 

comparable with cteff. This condition sets in when 
cT S(E/me*)* c/oat- (10) 


If the density effect is important at a given en- 
ergy, we must substitute in Eq. (9) the value of xk 


from Eq. (7). Then we get 
Clegg <S MCWg/2nN Ze? (11) 


In this case the finiteness of the path length will 
affect the ionization loss if 


cT XS mew ,,/2nN Ze*. (12) 
The effect of the finiteness of the path on the 
Cerenkov radiation was first considered by Tamm.° 

2. THE TOTAL ENERGY LOSS 


We shall calculate the energy loss by using the 
macroscopic Maxwell equations (yu = 1): 


=) A—= SA __ © evs (rr (t)), 
2 oe 4s 
Vv 9—== — e3(r—r(f)). (13) 


The solution for the potentials and the Lorentz con- 
dition are 


--oco 


A(k,@) = ic [ Ze Se(o)| \ v(t) efot—ekr(®) df, 
4 —oo 
£9 hs ee 
o (k,o) = rata |e = S 5 (0)| \ eiot—ikr(t) qf 
oo a 
\ (kv (t) — @) efter dt = 0. (14) 
—0co 


The energy loss is given by the work done 
against the retarding force acting on the particle, 
according to the formula 

co 
F=—e \ E (r,t) v(t) dt, 


—oo 


(15) 


where E(r,t) is the electric field produced by 
the particle moving along the path r(t) with the 
velocity v(t). The Fourier component of the field 
is given by the relation 


E (k,@) = (i@/c) A(k,@) — ike (k,). (16) 


Using these expressions, we easily get the for- 
mula that is the basis of our further calculations: 


ie? \ 33 dkwdw { 
4x3 \ k—we(w) sc? | 


== OO: 


\ ee dt a 


(17) 


Regarding the limits of applicability of this for- 
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mula we must make the following remarks. The 
energy hw transferred to the medium must be 
much smaller than the energy of the electron, 
since r(t) is a prescribed trajectory, and recoil 
cannot be taken into account by such a method. In 
particular, since, as we shall see later on, Eq. (17) 
contains the loss to bremsstrahlung, the energy of 
the emitted quanta must be much smalier than that 
of the electron. For r(t) we must substitute the 
classical trajectory determined by the scattering 
by the Coulomb centers of force. Since, however, 
Ze*/he < 1, the concept of a classical trajectory 
is not valid, and the classical connection between 
the impact parameter and the angle of deviation 
does not exist. Actually this does not affect the 
result, because the procedure for obtaining the 
final result reduces to an averaging of the expres- 
sion (17) over all possible trajectories, i.e., over 
all possible deviations from a straight path. Natu- 
rally, the averaging depends on the laws of mul- 
tiple scattering, which are the same for the clas- 
sical cases in virtue of the accidental circumstance 
that the Rutherford formula is always valid. Thus 
on this point the quantum nature of the phenomena 
is unimportant. Finally, we are using macroscopic 
electrodynamics. This means that the effective 


ae w (e —e*) © 
— ies | ax\ f rear (J 


—oo 


e’kr(t) 


The absorption coefficient is defined by the for- 
mula 


No(w) = iw(s —8*)/2c. 


Here o(w) is the cross section for absorption of 
a quantum of frequency w by an individual atom. 
Formula (18) can easily be obtained in a different 
way. We must calculate the flux of pseudoquanta 
from the moving particle, multiply it by the absorp- 
tion coefficient, and integrate over all k and all w. 
This makes clear how to make the passage to the 
case of collision with a single atom. To do this we 
must set € =1 wherever it occurs in Eq. (18), ex- 
cept in the absorption coefficient. Then we are 
neglecting the influence of the density effect, and 
for a given motion r(t) we get as the formula 

for the loss: 


E\ae\ 


f ao eckr(t) )—lfet dt Ee 


COS 


(e — €*) odw Gs 


2w2 ; ; 2 
= ékr(t)—Zot 
Baa (Pe) lero at 


(19) 


Let us now turn to the problem of separating out 
from the formula (17) the losses by ionization and 
bremsstralung. We first intergrate Eq. (17) 
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lengths must exceed interatomic distances, or in 
terms of momentum transfers this means that kK 
<h/Rat, where Rat is of the order of interatomic 
distances, and x is the component of the vector k 1 
perpendicular to the direction of motion. This re- | 
striction must be made if we do not introduce ex- 
plicitly the dependence of € on the vector k 
(spatial dispersion), i.e., if we use the usual ex- 1 
pression ¢€(w) which is legitimate in macroscopic — 
electrodynamics. 

For large values of k we come to collisions 
with individual particles, so that a quantum calcu- 
lation is necessary and we have to join it on to the | 
formulas valid for small x ina suitable way. On | 
this point our calculations do not differ from the | 
usual ones. 

Finally, we shall make one more remark re- 
garding the passage of Eq. (17) into an analogous 
formula when there is only one atom and we can 
neglect the effect of the medium. Here it is helpful 
to think of the loss as a quantity proportional to the 
imaginary part of €(w), i.e., to the absorption co-. 
efficient. To get this result we replace the integra- 
tion over w between infinite limits by an integra- 
tion from zero to infinity; using the property® of 
the dielectric constant, «€(-—w) =«*(w), we get 


ie kh? — w? (e + &*)/c? 


z 
Je |? 


\ pikr(t)—i 


‘t (18) 


over the direction of k relative to r(t,) —r(t,). 
Then we get 


k?dkwdw 


ie? 
fies 7 eee 


= 


oo 


x [\\ “2 =S) eer eel dt, dte). 
We shall assume the deviations from rectilinearity 
small and expand Eq. (20) in terms of these devia- 
tions. It must be noted that although the deviations 
are small the trigonometric functions can oscillate 
strongly, so that in general they cannot be expanded. 
If we denote the small deviations from rectilinearity 
by Ar and Av 


(20) 


Ar =r,—1r, — V(t2 — 03), AV=V.—Vi, V= vy = const 


and introduce t,—t,=t and t, as variables of 
integration, then since all the quantities in the in- 
tegrand depend only on the difference of the times 
and the integral over t;, gives the total time of 


passage, we shall have for the energy loss in unit 
time 


+ oCO 
pes ie? \\ k?dkwdw ( v2 4 
x Wi ante ma 2 

—O) 


vi Av\ sin (kot + kAr) \ 
+ Cc ) kot + kAr dty. 


(21) 
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EMTS Or APPLICABILITY /‘OF THE 


We further average the expression (21) over all 
possible paths. We use the formulas of multiple 
scattering 


VAY == — 07/2 = EEL, 


t 


ft)? 07 =A) Ss et Od + v2 (\ 0; de)" 


0 


= — vE2f? | tj /6E2L. (22) 
Substituting Eq. (22) in Eq. (21), we get (F’ = F, 
= F, ) 
“= 2ie? kdkwdow G: 4 
Fy m0 \\ ete 5) 
° kot2E? 
x| cos wt-sin (kot — a"), 
0 
a 2ie? kdkwdw v2 4. "OE: v8 ES 
a= s- my \\ k?— ws (w)/c? (S = 3) 12E2L Sar | 
. kv®t2E2 
x \ cos wt sin (kod = EE) (23) 
0 


The lack of exactness of the expressions is due 
to the use of the simple averaging procedure used 
by Landau and Pomeranchuk,” which reduces to 
the replacement of averages of products of func- 
tions by products of functions of the averaged ar- 
guments. For the first term, F,, the lack of ex- 
actness is due only to the fact that the average 
value of the sine is replaced by the sine of the av- 


erage value. In what follows we shall be interested 


in only the first term of the expansion. If in the 

argument of the sine we neglect the term propor- 

tional to Ee we arrive at the usual expression 

for the ionization loss in distant collisions of a 

particle with uniform rectilinear motion (cf. Sec. 3). 
For relativistic particles and for hw > hwg; 

the second term in the expansion as given by Eq. 

(23) differs from the formula for bremsstrahlung?” 

with inclusion of effects of multiple scattering and 


ionization of the medium only in its coefficient. This 
can be shown in the following way. For large energy 


transfers hw > hwgat, the absorption coefficient 
falls off sharply. This means that the medium be- 
comes transparent, and in the integration over w 
we can assume that ¢« has an infintely small imag- 
inary part (we emphasize that for this approxima- 
tion it is necessary that the thickness of the target 
be smaller than the length in which a quantum is 
absorbed ). We now carry out the integration over 
the variable k in the expression (23), using the re- 
lation® 


-+-co Rmax 
d i wk2dkA (o, k) 
\ S \ h® — (w? / c”) ey (w) — (tw? / c*) €2 (o) 
—oo G 


(24) 
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In the derivation of this equation we have used the 
fact that €, is an even function and «,—0 is an 
odd function of w. The function A(w,k) is an 
arbitrary even function of its arguments. Substi- 
tuting the result (24) in the expression for F,, we 
finally arrive at the formula for the bremsstrah- 
lung 


co [oe) 
|S e 


EtaL 


a c, 2 2 
Penne \ do \ cos wt sin (2 , ae dt, (25) 
0 0 
where k = we!/2/c, 

The formula (25) differs by a factor 3 from the 
analogous formula obtained in references 2 and 3 
by the same method of calculation. The starting 
expression used in those papers differs from Eq. 
(17) by the presence of a factor k*v/w in the in- 
tegrand of the second term in the curly brackets 
in Eq. (17). Using the Lorentz condition (15), how- 
ever, one can easily verify the equivalence of the 
two expressions (in this case it is a matter of the 
emission of quanta larger than atomic energies, 
so that one must use Eq. (24) and the procedure 
of integration described above). The reason for 
the lack of agreement of the coefficients is that 
in references 2 and 3 terms were dropped which 
after an integration by parts make contributions 
to the integral (17) that are of the same order as 
the main terms. 

Finally, let us examine the limits of applicabil- 
ity of the expansion (23), and also the connection 
between the distant and close collisions. As we 
have already pointed out, the expansion is in terms 
of the deviations from rectilinear motion, which 
are always small (we note that in such an expan- 
sion the degree of the terms in the integrand with 
respect to t increases, but the integration over t 
always extends effectively to ter, so that the ex- 
pansion remains valid). Nevertheless we know 
that the radiation energy loss of a relativistic elec- 
tron is larger than the loss by ionization. This is 
so owing to the presence of the factor v2/c? — 1/e 
in F, [Eq. (23)], i-e., an accidental circumstance 
which sharply decreases the loss at frequencies 
higher than atomic frequencies. Thus when the 
energy loss occurs in large portions the main con- 
tribution to the loss in the expression (23) is given 
by the second term. This is easy to show. In fact, 
the second term gives the energy loss in the emis- 
sion of quanta of energies smaller than hw (the 
effect of the medium does not change the estimate): 


Fy 40r2Z?NL aah / 137, 


whereas the first term (we integrate it over all 
energy transfers, noting that the main contribution 
comes from atomic energies) gives 
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A crude comparison of these two expressions 
shows that for large losses hw the second term 
is in fact more important than the first, and it 
would seem that to get a knowledge of F, we would 
need to use an exact method of averaging, so as to 
confirm that the small terms dropped from Fy, do 
not change the expression for F,;. The situation is 
much better than this, however, because hereafter 
we shall use the expression F, only for small en- 
ergy transfers, of the order of atomic energies. 
For large energy transfers in the ionization loss 
we must use the formulas for free collisions. Ac- 
cording to the calculations of Bethe,’ already at 
energy transfers of the order of 5me‘/h* the 
main contribution to the ionization loss in hydro- 
gen comes from free collisions. It is clear that 
for such values of hw the effect of Fy is quite 
unimportant. 

Thus in the range of energy transfers in which 
we are interested our approximation consists of 
the replacement of the average value of the sine 
by the sine of the average value, which leads to 
logarithmic accuracy, as we shall see below. 


3. INVESTIGATION OF F, 


Let us rewrite F, in the form 


co 
__ die? 


2 
2 


A= 3 =) Go| a eer Ier LaLa ae | 
0 
+ #] { sin (ko gil ee a) cos wt = (26) 
0 
and consider the integral over t: 
L=1eel, = £1 in| (w+ 40) Poe ue aie 
0 
a £6 sin [(ee w)t ee - (27) 


In the first integral I, the effective range of inte- 
gration is t ~ 1/(w + kv). It is easy to show that 
the second term in the argument of the sine is al- 
ways smaller than unity for all values of the vari- 
able of integration that are important for the inte- 
gral I,. That is, in I, we can always neglect the 
term with the scattering and integrate over t. We 
then find that I, = 7/4 for all positive values of 
w+ kv. 

Let us now consider I,. In the range 


—(vE.JE)V k/12L > ku —w> (vE JE) VR/12L (28) 
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of the variables the term with the scattering can 

be neglected, and we have I,=7/4 if w<kv, and 
I, = —1/4 if w>kv. Since it can be seen from the 
condition (28) that the scattering is important only 
when |kv—w|/kv « 1, we can assume that w ~ kv. 
Outside the range (28), on the other hand, we can 
neglect the first term and get 


foe) ~% 
. 21g Tt wx (e—e*)dx [ w? | v7 a 
P= “5 \do {5 \ re red bee aa 1 +] 
0 ~x, 
*max - 4 
Te. nw (e — 2”) 0) 
+z \ end ca es © 1 +2] ‘ (30) 


Here we have introduced instead of k the variable 
kK? = k* —w?/y2, which in the case of rectilinear mo- 
tion is a quantity inversely proportional to the 
square of the impact parameter. In calculating the 
integral (30) we neglect the density effect. As we 
already know, to do this we must introduce the ab- 
sorption coefficient, according to Eq. (19), and set 
€ =1 in the other parts of Eq. (30). After inte- 
grating over Kk we get 


(2 1 2 (4 — y2/c2)/y2 
Fy BEL dus (wy {4 n| x5 + 0° (1 — 0%/c?)/o 
Tt : ieee x2 + w? (1 — v2 /c2)/02 
+ In ne nas v° w? (1 — 0? /c?)/c? 
x3 + w? (1 — v2/c?)/v? C2 ! x5 + w? (1 — v2/c?) /v? 


_ at (Late? G1) 


¥; + @? (1 — 07/c?)/0? 


To reduce the integral to final form we use the 
well known properties of the absorption coefficient:® 
( ws” (w) dw = 2n*Ne?Z/m, 


0 


(32) 


co 


Ino = SENATE \ we” () Inodw . (33) 
0 

At first we neglect the term associated with the 
scattering. This is legitimate if the inequality 
opposite to the inequality (6) is satisfied. The 


formula (31) takes the form 


a 


(34) 


2 


2nNesZ { ete v| 
mu TS — 
| w? (4 — v?/ c?) c | 
If the inequality (6) holds, the formula for the loss 
takes a different form: 


DeN et 
ieee anNe Z lee 
mv | 


rd 5 (12L) "2 
2a (w/v) PE, 


(35) | 
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LIMITS OF APPLICABILITY OF THE THEORY OF IONIZATION LOSSES 


We shall now show that this case never occurs. 


’ The reason for this is the density effect, which we 
i have temporarily neglected. If, on the other hand, 
_ we neglect the effect of the scattering, the total 


loss (in this case including also the loss by Ceren- 


_ kov radiation) will be given by the formula of 


| 


Fermi 
2 
MOK) ay 


4nNZc* * 


__ 2nNZet* 
mu 


Py (36) 
Comparing Eqs. (34) and (36), we note that the den- 
sity effect begins to be appreciable when the condi- 
tion (8) holds. A comparison of the conditions (6) 


_ and (8) shows that the density effect is always im- 


portant at lower energies (E, « E;,). This means 


_ that when the energy is further increased (for E 


> E,) the contribution to the ionization comes from 
the same impact parameters as for E < E, « Kj, 
at which the scattering still has no effect. 

We can also examine the question of the influ- 
ence of the scattering on the large-quantum energy 
loss. If h > hwg;, we can use the limiting value 
for the dielectric constant 


e= 1 —42NZe?/ mo’. (37) 


It is easy to see that the factor 4m™NZe?/mc? ap- 


pears in the argument of the logarithm in Eq. (31). 
As can be verified without difficulty, the frequency 
range in which the scattering is of importance is 
given by 


4nNZe2\/s/ E \"8 vLeme? ef Es \* 0E* E 
( mic? ) (=z) 3 ER <o<(—5) Ltn?e* < h 
(38) 
and occurs at energies 
El me (42N Ze? | m)” (me? / Es)? L fc. (39) 


A comparison of Eqs. (38) and (39) with the analo- 
gous conditions in the formulas for the bremsstrah- 
lung® shows that they are just the same. Further- 


more, if the condition (38) is satisfied a pole appears 


in the integration of Eq. (30), and passage around 
this pole also leads to an additional contribution to 
the loss. 

As we already noted above, however, these re- 
sults do not change our conclusions about the total 
energy loss, because for large energy transfers 
the absorption coefficient is so small that the con- 
tribution to the loss calculated from Eq. (30) (with- 
out integration over w) can be neglected in com- 
parison with the contribution from free collisions 
(for energies that satisfy Eq. (39), Eq. (38) shows 
that the lower limit of the frequencies considerably 
exceeds atomic frequencies). Furthermore, the 
pole that appears in the first integral of Eq. (30) 
leads to a contribution to the emission of hard 
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quanta satisfying the condition (38); but the inten- 
sity of the radiation is much smaller than that 
given by the term F,. The latter term has been 
calculated inexactly because of the approximate 
method of averaging. Thus also for large energy 
transfers, although Eq. (30) is indeed changed, the 
contribution of F, to the large energy transfers 
can be neglected in comparison with the other 
losses. 


4, INFLUENCE ON THE LOSSES OF THE EFFECT 
OF FINITENESS OF THE PATH 


Let us consider the energy loss of a particle that 
has suddenly started its motion and has stopped 
after a time interval T. We shall neglect the effect 
of scattering. Integration of the basic formula (17) 
with the use of the Lorentz condition (15) gives 


wdoxdxdk, {2 hey? \ 
\ \\ x2 + k2 — oe (w)/c? \ c ew? } 
0 


—oO 


*max --0o 
2ie? 
m2 


f= 


sin? ((k,9—) T /2) 


(2,0 — w)? 


x (40) 

To evaluate the integral we shall use a method 
described above. We at first neglect the density 
effect and look to see that change in the loss is 
caused by the presence of the limits on the trajec- 
tory. For this purpose we rewrite Eq. (40) in the 
form 


*%max co + 


co 
+ 42 ~ ° e—c*)x 2 2 2 
poe \ dx \ do \ (pyar [z oa 
Te A je 2 [x2 k2—wre/c2 2 Cae | 
0 0 —0o e 

ix a Rzu? 12% ku? sin? ((k,v — w) T / 2) 
ea ee ea 
4 | : (41) 


As we already know, the neglect of the density ef- 
fect means that in Eq. (41) we are to set €=1 
everywhere in Eq. (41) except in the absorption 
coefficient (19). Then we can integrate over the 
parameter xk (we discuss the treatment of the 
pole later) and introduce the new variable of in- 
tegration x = (kzv—w)T/2. 

We see from the expression (41) that the main 
contribution to the integral comes from the region 
x81 and we Wat. We get (for vec, |kzv-w/ 
<< h) 

Ps —=\ w dw (¢ —¢") 
0 
x i dx an {in oma i : 


Jo" |2x/To-isofe| 


(42) 


—oa 


From Eq. (42) we at once get the conditions for 
the effect of finiteness of the path to be appreciable. 
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If the condition (10) is satisfied, then the existence 
of the limits on the path has no effect, and integrat- 
ing over x we arrive at the usual loss theory 

[Eq. (34)]. In the opposite case we can neglect the 
quantity 1—v/c in comparison with 2x/Tw in 

the argument of the logarithm and integrate over x: 


Tt mpd oe 
eee rsa wo dw (s —s*) In—— (43) 
0 
Using Eqs. (32) and (33), we get 
F = (2xNe*Z /mv) In (Tc°xinax [ 40). (44) 


This formula is valid if the logarithm is large. 

Now let us estimate the influence of the density 
effect. As we have already seen, the density effect 
sets in when the condition (8) is satisfied. In this 
case the formula for the loss is Eq. (36). The com- 
bination of conditions (7) and (9) leads us to the 
criterion (12) given in the Introduction, under which 
the formula (43) holds. In this case the losses enter 
a plateau, the beginning and height of which are now 
determined not by the density effect, but by the 
finiteness of the path. It must be noted that the 
presence of limits to the path leads to the appear- 
ance of additional losses, which for a transparent 
medium appear in the form of radiation “at the 
stop.”® 

To separate this from the total loss [cf. Eq. (40) 
or (41)] we have to pass around the poles in the in- 
tegration over kK. The passage around the poles 
[cf. Eq. (24)] leads to a formula for the loss by 
radiation 


oo 


pe 


° [02 an sin? ((o — k,v) T / 2) 
\ ois C2 cw? | (w — k,v)? 


Zz 
a 


Frad= 


Tv 


\ o dw . 
g (45) 
Let us rewrite the last formula, introducing the 


new variable 


x=o—k,v=1—(v Vs/ c)cos 9 (46) 


(3 is the angle the emitted quantum makes with the 
x axis): 


co (1-7 V e\c) 

262 G 

jpow = a @ dw ‘ 
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@(1—v V sic) 


ay [( ce 1 ) sin? ee /2) 


ce € x* 


DA Sin= (Kis 2) Sin (Celige2y 


CON cw- 


(45’) 


Suppose that 
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vVe/c> 1, (47) | 
Kein lee ie (48) _ 
Then we can use the equation 
x sin? (xT /2) = + 2T8 (x) | 
and get the loss by Cerenkov radiation | 
Foe=TQ \ w deo (1 —e2/v*). (49) 


vVe/e>0 
If the condition (47) is not satisfied, but Eq. (48) is, 
then we can average the rapidly oscillating factor 
(i.e., replace sin?(xT/2) by %). Then Eq. (45’) 
can be rewritten in the form 


| 

| 

r 2 | 
u%e2 Ve sin? & d (cos 3) 
mc8 do a= Tae 


0 


(50) 


F stop = 


For ¢€ =1 this last expression becomes the well 
known formula (with a factor 2) for the stopping 
radiation. If the condition (48) is not satisfied 
there is a change of the formulas that have been 
given, because of the effect of finiteness of the 
path. Equation (49) is practically unchanged. 
Equation (50) (sic) will be decidely changed, since 
the main contribution to the integral comes from 
the region around xmin. Here there is a complete 
analogy with the formulas for bremsstrahlung, and 
therefore the effect of multiple scattering which we 
omitted in Eq. (40) will also be very important at 
high energies.” 
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The dependence of the polarization vector on the electric field strength is found for a medium 
with a continuous energy spectrum. An integral expression which defines the polarizability 
is derived. Dispersion relationships are found between the Hermitian and anti-Hermitian 


parts of the kernel. 


lee wave functions of states of a continuous spec- 
trum extend widely in space. Therefore when such 
states are excited by electromagnetic waves, the 
polarization at any point of the medium will depend 
on the values of the field throughout the entire me- 
dium; i.e., there will be a spatial dispersion. Under 
these conditions the concept of polarizability, de- 
fined as the coefficient of proportionality between 
the polarization vector and the field strength, loses 
its meaning; one can speak only of a “polarizability 
kernel” which enters into the corresponding integral 
expression. The effect of spatial dispersion has 
been studied by Pekar! for exciton states. We con- 
sider here the case of arbitrary currentless states. 


1. PERTURBATION THEORY FOR A CONTINUOUS 
SPECTRUM 


We use a variant of the method of Weisskopf 
and Wigner, similar to the one used by Born and 
Kun Huang? to investigate the influence of anhar- 
monicity on the dispersion. The Hamiltonian of 
the system is 


H=HA°4+ Hy-+ FH’, 
where Ay is the unperturbed Hamiltonian, AY 
is the dissipative perturbation, and H’ is the 
‘electromagnetic perturbation. The correspond- 
ing wave function in the medium (the field is con- 
sidered classical) is 


Paws, 
where 

Y° = a, exp (— i t) dy. 
describes the ground state, 


= >» An EXP (— Wnt) dn 


describes the states into which direct transitions 
from wW° can be induced by H’, and 


Wa = >) a; exp (— iwgt) vs 
Ss 


are the states of the quasi-continuous spectrum, 
into which transitions from W’ are possible as 

a result of Ay. For electronic states n, the op- 
erator Ag can be found from the interaction of 
the electrons with the lattice vibrations; for the 
phonon states, it can be found from the anharmo- 
nicity. In the expressions given above, the um 
(m=0, n, s) do not depend on time, and are nor- 
malized to unity; Wy = Eq /f, Ey being the en- 
ergy of the unperturbed state. 

Assuming that at the initial moment of time the 
system is in the ground state, neglecting interfer- 
ence of the energy dissipations of different n- | 
states and the width of the ground state, and pos- 
tulating a harmonic electromagnetic perturbation 
of the form 


A’ = h™ exp (— iot) + A exp (iwt), (1) 


we obtain the stationary solution 
(n JAF | 0) 


y= — x fexp li (05+ Die, no ©! n (o) dn 
(=) 
eth Hoy a 
(Ono = On — p); 
o, o+Aw - 
{n(o) = I (Sn| Ha|n) |’, 


a lim.) >) 
Ao 0 Sn 
in which the summation is carried out over the 
states Sy which produce dissipation in the states 
n, the frequencies of which lie in the interval from 
Wot w to wWot+ wt Aw. 
W’ is of the same order of smallness as fl’; 
Wa obviously, is of the order of A Ay. Hence 
the principal (of the order of Hi’) time- -dependent 
part of the operator f is 
(a1 F10) (nth | 0)° 
Ong +O + EY ee) 


i(j=— 


Sens 


mo yi (OF) (aL 10) 


Oi © — iy, (©) 


Jexpt-ie) 
(2) 


653 


654 


2. DEPENDENCE OF THE POLARIZATION ON 
THE ELECTRIC FIELD 


Let us consider the penetration of a transverse 
field into the medium. If a Coulomb calibration is 
used, the Coulomb interaction reduces to the por- 
tion A° + A4 of the Hamiltonian, and fA’ is deter- 
mined by the solenoidal field only; 


H’= == Si(e/m)A(t, t)p, div A(r, t)=0, (3) 


where rj, ej, mj, and pj; are the coordinates, 

charge, mass, and momentum operator of the i-th 
particle, respectively, A(r,t) is the vector po- 

tential of the field, and c is the velocity of light 

in vacuum. In the case of harmonic time depend- 
ence, 


A(r, t) = A(r)exp(— iwt)+ c.c (4) 
Substituting (4) into (3) and comparing with (1), we 
find 
A i A rey joe A 
WY = — Sei) A (rp A HO, 


For the matrix elements appearing in (2) it is 
easy to obtain 


(n|hP|0) = — = JA (A) (r)ar, (5) 


where 
SES (a »> (e:/t)\ On (ta, Roe ht eo, iy eee i) 


L 
x PY (ry, eiel ots Ukit—a flay M44, Soe ry) 
x Oh eis . 2ny 3 Otay « . . dry. (6) 


The intensity of the solenoidal field is 


AD) = 1 OA (r, t) 
Bayt) = Cor 


= Er) exp (— iot) + ¢.c. 
Expressing A(r) interms of E(r) in (5) and 
substituting the result and the analogous expres- 
sions for (n|h‘)|0) into (2), we obtain 


F(t) = exp (— iot) I Ki (0; w) E“) (r)dr4-e.c., (7) 


= a (r)exp(— fot) + ¢.c. 


i Se (n|f|0)H, (r) | 


z yO = 1, () 
(8) 

In order to obtain the material Maxwell equation 
connecting the polarization with the field, we must 

take for f the operator of the electric moment per 


unit volume 


G (r) = as tae (r;) & (tr; 7 r), 


where Av is a physically infinitesimal element 
of volume around the point r and 

ae il. rinside Av ; 
0, r outside Ay 
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Ong + O+ iy, (—a) | ° 


In characterizing the electrical state of the mate- 
rial by a polarization vector, we are limiting our- 
selves to the dipole approximation. The same 
limitation therefore applies in (5) and (6). The 
corresponding calculations yield 


In (r) = (n| G(r) |]J0) = ino (n| G (r)! 0). (9) 
Substituting (9) and (8) into (7), we obtain 
P(r, /)= {G (r)} (¢) = P(r) exp(— iw’) +c.¢., (10) 
eas, \ Ky (ts,0930) Ba (tides (11) 
where the polarizability kernel is 
4 (0| G,, (r) | 2) (2 | G,- (fo) | 9) 
Key (tte; ®) = ae A no \ "en ee 
1G y(t) 10) (0} Gy (Fo) im) (12) 
Ong + @ +17, (— ©) 


We shall write the polarizability kernel in the form 
Kyy (r, To; @) == Qey (tT, To; w) a Rey To; ®), (13) 


where 


’ ve ad (®n9 —®) (0 | G,-(r) |) (2]G,-(t9)] 0) 
dee(t ti = ge Del ae a a 
28 (@,9+ ©) (| Gyr(r)| 0) (0] G(r) | 2) 
(@n5 + ©)? + 12, (— 0) | 3 
Yn (©) (01G,(r) |) (n]G,-(19) [C} 
(nq — ©)? + 72, (w) 
tn (— @) (n[G,, (r) | 0) (0] G,(f9) | 2) 
(no a w)? ata 12 (= @) | ‘ 


Rey (fr, To3 wo) = re on | 
n 


It is easy to see that 

Que (Fy, 3 ©) = Quy (Ty F953 @), 
Rye (ts; fo) == Ryy(t, rs; Oo); 
Ory (Rilor ©) = Oy, (thay, 
Regt; is ©). = Rey (t, Ty; —w). 


Here the first two identities show that Q and R 
are the Hermitian and anti-Hermitian parts of K 
respectively. The last two identities express the 
fact that (10) is real. 

For a system with a continuous spectrum, the 
matrix elements (0|G(r)|n) differ from zero 
for a wide range of values of r. Hence the portion 
of (12) which results from these states leads to a 
considerable spatial dispersion in (11). 


3. DISPERSION RELATIONSHIPS FOR THE 
POLARIZABILITY KERNEL 


Taking into account the spatial dispersion, the 
polarization, which depends causally on the strength 
of the solenoidal field, can be represented in the 
form 


WAVES IN A MEDIUM WITH A CONTINUOUS ENERGY SPECTRUM. I. 


Bort) = BI] kev (f, To; 5) Ey'(t, f—=)dedr,, (14) 
where Kx’y’(r, L95 T) is real. This is in full 
agreement with the results obtained above. At 

the same time, for the case of harmonic time- 
dependence we obtain, from (11), 


Pt, t= S| Ke y’ (f, To; @) exp (— iwt) By (ry) dr, --¢.c. 
y (15) 


For the case of an arbitrary time-dependence of 
the field, 


co 


EO (re, 2) = \ exp (— iwot) Er, wd -- ¢.c. (16) 


0 


and (15) leads to 
P(t, t) =D\\ Reve yr (l, Fo} ©) exp (— iot) Ey (1, ©) 
dw dr, - (17) 


On the other hand, by substituting (16) into (14) we 
also obtain (17), since 


ee 


Key (ty topo) = \ exp (fot) Kyy (t, 1; 7) dt. 
0 

As a result of its finite relaxation time, the 
function Kx’y'(r, Y); T) in the case of a dielectric 
tends to zero as T—>© , being finite for all val- 
ues of t. Hence, if w is taken as the complex 
variable, the function Kyry (2, Yo; W) will have 
no singularities in the entire upper half-plane 
(including the real axis). As w— along any 
path in the upper half-plane, Kyryr (4, Pp; 0) — 0. 
From the foregoing properties of this function, we 


obtain in the usual way? 
OOmnee é 
Key? inal gie a) ay 


inK yy (Tt, To; @) = 0. 


Pa 62) 
as 
Inserting (13) here and separating the Hermitian 
and anti-Hermitian parts. of the equation so ob- 
tained, we obtain the dispersion relationships that 
connect the Hermitian and anti-Hermitian parts of 
the polarizability kernel: 


-++oo 
i Quy (r, fo; X) 
Rey (tr, ts ©) = — = \ dx, 
—co 
+0o 
j 1 ener (Higa td) 
i x'y 
Oat; 3 ©) = = \ fae dx. (18) 


—oo 
These relationships represent a generalization of 
the Kramers-Kronig formulas to the case when 
spatial dispersion is taken into account. 
The formulas (18), which apply to the polariza- 
bility kernel, will in general not be valid for the 
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complex refractive index, which has been introduced 
formally and measured experimentally. This fact 
has been observed in experiments.‘ 


4, OUTLINE OF THE SOLUTION OF MAXWELL’S 
EQUATIONS 


The total strength of the macroscopic electric 
field is 


E(r, ¢) =exp(— iwt) E(r) + c.c., 


in which E(r) can be divided into solenoidal and 
irrotational parts: 


E(r) = EW) (r) + Er), divE“ (ry) =0, curl E® (r) = 0. 
Similarly, we put 

P(r) = P(r) + P™ (x). 
This corresponds to the separation 


Key (t, to; ©) = KY} (8, 9; ©) + Kty (Fr, F03 ©); 
div, KS» (r, ro; @) = 0, curl ,K? (r, ro; ©) = 0, 


where (Ky )x: = Kxry’. In this case 


PW (r) = SY KY(r, 145 0) EY (Fo) dros (09) 
7 
PY (r) =S)\ KP -(r, tos ©) BM (ra) dro. (20) 
- 
From Maxwell’s equations we find 
EF (r) a 4nP (r) = 0 (21) 


and, taking (19) into account, 
APEM(r) + (wo? /c*) EZ? (r) 


+ (4npw? /c?) 2 i KG) (r, tr; ©) ED (ro) dry =0, (22) 


where wu is the iaeeneee permeability, which for 
simplicity will be considered to be a scalar. (22) 
is a system of equations for the determination of 
E(L)(r). When ECL (r) has been found it is then 
possible, according to (20) and (21), to find 


EL(r) =—4rY, \ K,-(r, €); ©) EP (r,) dro. 
. 

Note that the expression exp (ik-r) is not, 
generally speaking, a solution of (22), since the 
spatial dispersion leads to complications in the 
spatial behavior of monochromatic waves. 

The application of the theory developed here 
to the case of exciton states in a crystal will be 
given later. 
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The absorption of characteristic waves in a uniform magnetoactive plasma at frequencies 
close to the gyromagnetic frequency and multiples of this frequency is investigated, taking 


account of the thermal motion of the electrons. 


mechanisms are considered. 


is an earlier work of the author! {referred to 
hereinafter as I) the absorption of electromag- 
netic waves in a plasma (with thermal motion of 
the electrons taken into account) was investigated 
by means of a general dispersion equation for char- 
acteristic waves of all three possible types: ordi- 
nary waves, extraordinary waves, and plasma waves 
(denoted 1, 2 and 3). However, we have not ana- 
lyzed in I cases in which the frequency is close to 
the gyromagnetic frequency wy or its multiples 
2wWH, 3wy, etc. In the present work we investi- 
gate absorption at these gyromagnetic frequencies, 
so that this paper represents a direct extension of 
i, 

The theory of gyromagnetic resonance absorp- 
tion of waves in a plasma has already been devel- 
oped.?74 In certain respects the present analysis 
is more general. Both the damping in time and 
the absorption in space are determined for all 
three types of waves. The first resonance and 
certain problems associated with collision effects 
are considered in greater detail. In addition, we 
make estimates of certain quantities, give numer- 
ical examples, and refine certain of the results 
obtained in references 2 and 3. 

We determine the absorption by starting with 
the dispersion equation of I [(Eq. 1.8)], which will 
not be written out completely here. This equation 
was obtained by solving a linearized system of the 
electrodynamic equations and the kinetic equation 
for the electrons. The problem was formulated 
as follows: We assume that at an arbitrary time 
t the value of the non-equilibrium part of the dis- 
tribution function is given in the plane z =0. Then, 
as the perturbations propagate along the z axis 
(z >0), the asymptotic behavior of the fields is 
determined by a function of the form eikz 


Collisions and specific plasma absorption 


= eikz-qZ, where k is the wave number and q 
is the absorption factor. Another formulation of 
the problem, such as used in references 2 —4, is 
possible. In an infinite space, at t=0, we may 
prescribe a periodic perturbation with wave num- 
ber k. Then the field varies in time in accord- 
ance with the asymptotic relation ePt = e-iwt-yt 
where y is the damping factor. 

Below, in Section I, we calculate absorption in 
the frequency region close to wy. In Section II we 
analyze absorption at w = 2wyH and w ® 3wqy. In 
the last section we discuss the results and give 
numerical examples. 


I, ABSORPTION IN THE REGION OF THE FIRST 
GYROMAGNETIC RESONANCE 


In this section we investigate the absorption, 
assuming that the frequency w is close to the 
gyromagnetic frequency wy, so that 

| (@ — on) / oH\<I. (1.1) 


Furthermore, in accordance with I, we assume that 
the following condition is satisfied: 


6 = («T / m) (k? sin? a/ on)<1, (1.2) 
where a is the angle between the direction of prop- 
agation and the direction of the fixed magnetic field 
H,, « is the Boltzmann constant, T is the electron 
temperature, and wy =eH)/mc (e and m are the 
charge and mass of the electron). Taking account 
of the conditions given in (1.1) and (1.2), we can 
omit a number of unimportant terms from the gen- 
eral dispersion equation. We thus obtain the equa- 
tion used as the starting point for this section: 
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iow’ (Qn Io]o Ig — (R? sin? a / 203)) Ip f°?) 4-0 US 


+. (e2 sin? al}? / 403) <c2R? (1 + cos? x) — 20%) — (c°R? / ww) sin? «cos alo IT} 


— (img / 2w) (c?k 
+ 8 Qnctk® cos* als — ck? sin? a (Ig — I¢ *)>} — 


where k=k-+ iq, and Wy =V4me2N/m is the fre- 
quency of the plasma oscillations (N is the electron 
concentration). The integrals Ij If and If are 
given by 


exp (— mv, | 2xT) do, 


a! 


» | 
= Oy y+v+ ikv, cos a 


@ 
y= ao v,exp (— mo | 2xT) do, 
me (— © = 04) )+v-+ ike, cos a ” 
3 


v2 exp (— mv | 2xT) dv, 


(1.4) 


t (— w = w,,) ++ iho, cosa ” 


where v is the effective number of collisions be- 
tween electrons and other particles. The expres- 
sions for Ip), I; and I, are obtained by putting 
wy =0 in Eq. (1.4). In computing all these inte- 
grals (I), the integration is carried out over a 
contour C which is chosen in the same way as in 
reference 1. 

We shall be concerned here mostly with weakly 
attenuated waves. The necessary conditions for 
weak attenuation, as can be verified by calculation, 
are the inequalities 


o SV xT /m Rcosa, Sy. 


Using the conditions (1.5), we can obtain the usual 
approximate expressions for all the I integrals 
except I}, 1,2° The denominators of the integrands 
in the latter contain the difference w—wy. The 
computation of these terms will be considered in 
detail. In considering the resonance integrals 

I}, 1,25 we must choose a path C such that the 
singularity (pole) vz, =%, is encircled from 
below. This applies for all the I integrals. If 
the pole is in the lower half plane, the integration 
must be carried out over the path C shown in 
Fig. la. However, if the point v, =¥, lies in 


(255) 


Imu,=0 


FIG. 1. Integration paths C for the integrals 
in Eq. (1.4) for Im’, <0 and Imé,> 0. 


the upper half plane, it is sufficient to integrate 
along the real axis, as in Fig. 1b. From the fact 
that the denominators in the integrands of Th1,2 
vanish, we have when q<k 
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Iq (w? — c?k? sin? a) -! 


k® — w?) {(c?k? sin? — 2w*) (It + Ip) + 47 (2k? cos? a — w?) I,: 
(c2k? — w?)? = 0, 


ag By (Ig ++ 1g) <2? — CR (1 - cos? a)) 


+. (Qc%k? sin? a cos a / oy) Ty 


(1.3) 
m 1 (9-H | vg 
Red, = =>( | Seas EE mm) 
i 4 y gq (ow — py) x 
Imiz= aay a = a )- (1.6) 


If q(w—wy)/k > v, as is possible only when 

w > wy, the integration is carried out over the 
contour shown in Fig. la. Furthermore, it can 
be shown that if q «k, then Re %z = (w-—wy)/ 
k cos a sothat |Re %¥,|>>|Im¥z|. When these 
considerations are taken into account, it is easy 
to compute the contribution in I} ;,. due to inte- 
gration around the singularity. Denoting the ap- 
propriate parts of the integrals by the symbol I, 
we have 


I= Z mt m (w — 44)” ENG 


Rk cos & Det —XP \— OTR costa 7” 
2 
ee OR ee NG =e 2 
I ~ kcosa Tor, tei = 2nxT k? cos? g fol (1.7) 


If, however, q(w—wyy)/k < v it must be assumed 
that 1},1,2,1 = 0. 

We now determine the contribution due to inte- 
gration along the real axis. For example, consider 
the integral 


—— + 
m 
V \ 


iGot exp (— mv? / 2xT) do, 


oll 


ener a 
— i (® — w;,;) + v + ikv, cos & 

Following the method of reference 5 for the analy- 
sis of such integrals, and substituting vz =v 2xT/my, 
we obtain 


oo 
Z m ; ye 
Tipe = V te \ dye" izi= Y)y (i (29) 
—0co 
where (@ = Wer) k +- vq 
Rez = —— , 
(k2 + q?) V2xT /mcos a 
a. vk —q(o—w,,) 
Imz == eee ; , 
(k2 + g2?) V2nT /mcosa ceo) 
For weak absorption and |z|> 1, we have 
-+oo ne 4 » 
s a = 5 
Ne ea ee 
— nie son Imz. (1.14) 


This formula is applicable only when | Re z | 

>> |Im z|. If this condition is not satisfied, the 
exponential term must be omitted (the remaining 
terms are not changed). When |z|<«<1 we use 
the expansion 


+0o 

| dye" | @—y) = 
Busing Eqs. (1.11) and (1.12) we can compute I} 77 
7 in various cases. The integrals Ify and Di 
_ can be pease in terms of Ip]: 


V xz—nisgnImz. (1.12) 


“in 
i= 


>=—— «1 + [i (o — wy) — y] lap, 


ik cos a 


[¢(@,,— ©) +] m 
OnxT 2 COS? @ Spor 


= 


[i (@ — ox) —v\ [ofr (1.13) 


We can now proceed with the absorption calcula- 
tion. We assume at the outset that collisions are 
relatively unimportant so that 


1<VxT/mk cose. (1.14) 


We consider first the frequency region close to 
wy, which lies outside the direct resonance re- 
gion; we call this the outer region. In this case 


}o — oy! Ss VxTlmk cos o. 


CUES) 


Assuming that q«<k, we find from Eq. (1.10) that 
|z| >> 1. Using Eqs. (1.7), (1.11), and (1.13) we 
arrive at the customary expansion, which is applic- 
able both for Imz>0O and Imz< 0: 

ia a 1 J R2xT cos? a 

4 v + i (@,— o) m [v + i(o, —o)]? 


4 mn m (@ — w;,)? ) 
ES Rk cos @ i ghia \ 2xTR? cos? a 
= ¥TR cos 
1 mv + i (oy — ©)]” 
il@ Op) ae m (@ — 7)? ) 
TR? cos? a ae P hag IxTR2 costa!” 
ies 4 3xT k? cos? a 
7 = 


2n[v+i(o,—)] 


(@ — o;,)? e \rex & 
' Vx k8 costa \2xT | ’ 


2nm [vy + i (Oy — o)]3 


Pee eas, 


2uT k2 cos? a (1.16) 


Similar expansions obtain for I); . and Ip; 2. To 
convert to the formulas for I);,., we must put in 
Eq. (1.16) wy =0; for Ip4. we must replace in 
Eq. (1.16) w-wy by w+ wy. Since we are in- 
terested only in gyromagnetic absorption, expo- 
nential terms can be omitted from the last six 
integrals. Expansions of the type given in (1.16) 
for I) 1. and Ip ;,. are used here throughout. 
Substituting expressions such as Eq. (1.16) for 
the I integrals in Eq. (1.3), we neglect absorption 
completely in the first approximation (we assume 
that v =0 and omit the exponential terms). We 
thus arrive at the equation 
3°uRn’ — (l—u—v+urv cos?a) n4 + [2(1 —v)? 
4. uu (1 + cos? a) — 2ujn?+ (1 — 0) [u— (1 — 0)*] = 0, 
(1.17) 
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which determines the square of the index of refrac- 
tion, n? = c7k2/ we, for the eaters (n? = ny 
ordinary (n? = ney) and plasma (n? = =n) waves. 
In Eq. (1.17) v = wh/w*, w= wis /w", and 
=v«T/mc? is the ratio of the mean thermal ve- 
locity to the velocity of light c. The general expression 
for R is givenin references 1 and 6-8 (cf. also below). 
When £? <1, the root of Eq. (1.17) correspond- 
ing to the plasma wave is 


1—u—v-+uvcos?a 


2 
n RoR 


1—u—v-+uvcos? a 


~ B20g3 sinta/(1— 4u)-+sin®a cos’a[1-+-(5—u)/(1-w)?]+3(4— w)cos4ay 
(1.18) 


According to Eq. (1.1), |1—u| * 2|1-Vul = 
2|w—wy!/wy «K 1. For values of @ which are 
not too close to a =0 or a=7/2, we have from 
Eq. (1.18) n} x —(1—u)?/4p? cos? a. Since n§< 0, 
plasma waves cannot propagate when ux 1. At 
small a(a<«|1—-u I/v), this relation does not 
apply. We then have ng x (1-—v)/362v, corre- 
sponding to the isotropic case. Here it is clear 
that gyromagnetic resonance absorption is not im- 
portant. When a ~ 7/2, we have n} = 1/8". Al- 
though n3>0, wave 3 (plasma wave) does not 
propagate because one of the initial conditions 
(1.2) is violated and there should be appreciable 
absorption (q~k). For this reason there is no 
need to compute the absorption of plasma waves 
at w * wy indetail. In this section we discuss 
therefore gyromagnetic resonance absorption of 
wave 1 and wave 2 only. 

Because plasma waves are neglected [we also 
neglect the transiton region between waves 3 and 
1 (or 3 and 2)§-®] we can neglect the B*vRn® 
term. Then, in the second approximation, when 
q = 0, we obtain from (1.3), using (1.16) and 
similar expansions, 


q 2$ 2(u— 1) n* + 2 (v? — 40 + 2) n? — 30? + by — 2 
k  2on” _-9 sin? an? +2 + sin? a — 20+ 4(1—Vu).(4 — 0) n2/o 
a (4 — Vu)? 


2 vBn3 cos a 
(ucos 2a— 1)n4+{—4/4 v? sin?a —2ucos? 4+2)n?-L(v —1)(1 -v?/4) 
+24 sin?a —20+4(1—Vu) (1 —0) jo 
(1.19) 


— 2sin? an? 
x exp <— (1 — V u)?/282n? cos”? a>, 


where s=v/w. In obtaining Eq. (1.19) we have 
discarded small terms [terms proportional to 
(1-Vu )* and certain terms proportional to 
(1-Vu )]. We have used the first-approximation 
equation (1.17), where we put g’vRn® = 0. We 
may note that it would not be correct to take 
u=1 at the outset in this equation. It is obvious 
that the first term in Eq. (1.19) is due to colli- 
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sions while the second derives from a specific 
absorption mechanism. It can easily be estab- 
lished that actually q «k under the restrictions 
given above. 

When a=0, for wave 1 when n} x 1—v/ 
(1-Vu ), we have for the slow waves (nj > 1), 
from Eq. (1.19), 
qi 


Ved ee 
Vuh Be V 5 — e120) 


This formula has been obtained by Shafranov? for 
the case s=0 and has been considered as a spe- 
cial case in I. From Eq. (1.15) we find that 

|1— vu | > Bn cos a. If, however, we use Eq. 
(1.20) with s=0 inthe region where |1-Vu | 
~ Bn, we find that q~k. Thus when |w-wy| 
~vxkT/mk the absorption of wave 1 must be ap- 
preciable. The same holds at small values of a, 
except that there is appreciable absorption of 
wave 1 only when v <1; when v>1 it is wave 
2 that is strongly absorbed, rather than wave 1 
(this effect is considered in greater detail in I; 
the statement in I that at small values of a only 


wave 2 is absorbed for any value of v is inerror). 


If however nj, ~ 1, as is the case for values of 
a which are not too small, then we obtain from 
Eq. (1.19), for |1—Vu | ~ Bn cos a, a specific 
absorption q/k ~ B, i.e., q«k. This estimate 
is in agreement with a calculation for the inner 
resonance region, which we now consider. 

In the inner region we assume that the following 
condition [the inverse of (1.15)] is satisfied: 


| —on|<VxT/mk cosa, 


all other restrictions remaining the same as be- 
fore. Now we must use the expansion (1.13). As 
before, we again assume that the absorption is 
weak. This assumption will be violated only at 
small values of a (if a =0 exactly, this is the 
case for wave 1), and also in the case of quasi- 
transverse propagation, i.e., when a@ ~ 7/2. The 
first case can be considered by means of our gen- 
eral formulas. We shall not do this because when 
Vu >1, and nj >0 if thermal motion is neglected, 
our results agree with those obtained in reference 
9 where it is assumed that a=0 exactly. The 
second case (a = 7/2) cannot be analyzed cor- 
rectly in a nonrelativistic approximation. We 
may note, however, that according to Eq. (1.21) 


(1.21) 


Y s 2(v— 1) n*+2(v? 
1) n? + [202 — (6 + sin? a) v + 2) nh? + 0 (v —2)? + 


(v cos 2a — 1) nt + (— 


4u0 + 2) n? — 3v?2 + 6u — 2 ye (Vu 
(2v — 1) Dia Qo 1) Gao ~ Bncosa | 


1/4," sin? a —: 2u cos? a + 2) n?+ (vu—1) (14 — 


the inner regions, in which the absorption is large, | 
become very narrow when cos a <1. | 
Because of the condition (1.14), we can neglect | 
the effect of collisions since under the restrictions | 
of Eq. (1.21) the calculation yields qgnec ~ Bk; 
while the collision contribution is qgo]] ~ sk, so 
that dspec > coll: Putting v = 0 and assuming 
that q «k, we obtain the following expressions 
for the integrals I} 19: 
[pega zm 
R cos a 2xT ’ 
{ im (@ — ®;;) 
iit is tk 2nxT k? cos2a 


(1.22) )} 


= ‘ 
ikcosa 
if 


After substitution of the above values in the dis- 
persion equation (1.3), we again obtain as a first 
approximation Eq. (1.17), where we may take B=0 | 
and u=1. In the next approximation, we obtain 
the following expression for the absorption factor q;:; 


q/k =V 2/z (8 cosa/un) (20 — 2 — sin?a + 2sin?an?)* 
x {1 es (! — = sin? a) 0| nes E = Mbit. 
+ 4-0? (2cos 2a—tan’ a) | as [! —2v+4+ +0? (1 -tan?a) 
+f o%tan? a]}. (1.23) 


It follows from Eq. (1.23) that q/k ~ 8 when | 
nj, ~ 1. Equation (1.23) is similar to that ob- 

tained earlier by Sitenko and Stepanov.” The dif- 
ference lies in the expression inside the curly 
brackets and is apparently due to the fact that the 

ite terms have not been considered in reference 2 


[(cf. Eq. 1.3)]. We may note that our formula, as 
has already been indicated, a not apply when 
awxt/2 (roughly, when cos aS 8). The analo- 
gous formula in reference 2 does not contain a 
similar singularity, which appears at a — 1/2 
or w * 2wH, 3wH, etc. in the inner resonance 
regions. 

Up to this point we have considered the propa- 
gation of waves of a given frequency w and have 
determined the spatial attenuation of the field. 
However, as was mentioned in the introduction, 
another formulation of the problem is possible: 
in this approach the wave number k is assumed 
known and the time-damping term e~Yt is de- 
termined.!? Solving the problem in this second 
formulation, as has been done earlier by a number 
of authors?~4»§-!9 and assuming that the damping y 
is weak, we have in the inner resonance region 


v = 


‘(uv — 1) nt + [20? — (6 4+ sin? a) v 4 2] n? + v (uv — 2)? 4+ (Zu — 1) (1 — 


exp (— (1 — V u)?/28?n? cos? a). (1.24) 
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_ It is easy to show that q in Eq. (1.19) and y in 


Eq. (1.24) are related by the expression 


1% = qdw/dk, (1525) 


where dw/dk is the projection of the group veloc- 
ity in the direction of the vector k. The latter can 
be computed from Eq. (1.17) if we assume for waves 
1 and 2 that p?-—-0. An expression similar to Eq. 
(1.24) has been obtained earlier by Stepanov.’ Our 
expression appears in somewhat different form. 
However, if we compare Eq. (1.24) with s=0 with 
the analogous relation in reference 3, and take the 
transformations used here into account, there is a 
discrepancy in the denominators of the expressions 
which multiply the exponentials. We may note that 
there is also a discrepancy of this kind for the 
other gyromagnetic resonances (cf. below). 

When a@=0, we have from Eq. (1.24), for the 
slow wave 1 


y =v Vx/2((1 —Vu)*/3n] exp <— (1 —Vu)?/26?n2», 


This formulas has been given in I. 

A direct calculation of y for the inner reso- 
nance region leads to an equation which can be 
solved only by numerical methods. However, for 
not too small values of a, we may take for waves 
1 and 2 tentatively y/w ~ Bn, which corresponds 
to the estimate made on the basis of Eq. (1.24) for 
|1—Vu|~£n. It should be noted that Eq. (1.25) 
does not apply in this case. This formula is valid 
only for weak attenuation; however, the condition 
w > y, which is satisfied for the inner region 
when a is not small, is insufficient. The condi- 
tion y<«<vxT/mk must also be satisfied. The 
latter condition is not satisfied in the inner region 
when w © wy, since y ~ Bnw =VKT/mk. 

Up to this point we have used the assumption 
given in Eq. (1.14). We now consider the inverse 
case, when 


¥ S> V «T/mk cos x. (1.26) 


‘Turning now to Eq. (1.10), we obtain for the param- 
eter z, which appears in the integrals I), (as- 
suming that q/k ~ y/w « 1), 

Rez == [(w — wy) Rk + vg/R? V 2x7 /mcos a, 


Imz = wk V 2«Timcosa ss |. 


In this case we may use an expansion such as Ad lps Ball 
since |z| > 1. If we assume that |w-—wy| « », 
then |Im z| > |Rez| and, in general, the expo- 
nential terms, which take account of the specific 
absorption, do not appear. If | w — wy | > v, how- 
ever, although the term does not vanish, 

its contribution is negligibly small. Hence, the 
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specific absorption can be neglected both for 
lw-wy|>v and |w-wy| <« v. 

We thus conclude that if (1.26) is satisfied, the 
absorption of waves 1 and 2 in the region w ~ WH 
is determined exclusively by collisions. For the 
very simple approximation of the collision inte- 
gral we have used (cf. I), there is no point at all 
in carrying out a kinetic analysis; we can limit 
ourselves to the formulas of the elementary the- 
ory, which does not take account of the thermal 
spread in the electron velocities.!! 


2. ABSORPTION IN FREQUENCY REGIONS 
CLOSE TO 2wy AND 3wy 


In this section we analyze absorption in frequency 
regions near w ® 2wy and w ® 3wy when the fol- 
lowing conditions are satisfied, respectively: 


|(m — 204) /o]| K1, — | (o — 30y) 'o| <1. 


To consider cases simultaneously we must sup- 
plement Eq. (1.8) of I with I)** terms. As a result 
we start from the following equation: 


QriOOp slg lo ae Os (lo Ly (OCR Sih a) 
+ nl, (Ig + Ip) [20% — c®k? (1 + cos? a)]} 
— (iws/20) (c2k? — w°) {(c?k? sin? a — 2m) (Ig + Ip) 
+. 4x (c®k? cos? oo — w®) Ip +- bc2R? (22 cos? a Ig 
—sin®a It)} — (c?k? — w?)? 


BY Sig PIG ys oriwetye ts 


me 


(2.1) 


— of ¢(c2R? sin? — w*) Ig — = [c?R? (1 + cos? a) — 20°] I) 
-\- (iw?/2w) (c2k® — w?) (20? — c?k® sin?a)} = 0. (2.2) 
The integrals Ij* and Ij** in Eq. (2.2) can be 
computed by starting from the expression for Ij 
in Eq. (1.4) and replacing wy by 2wyH or wy 

by 3wyH. 

Assuming that (1.5) is satisfied, we first con- 
sider the case (1.14) when the number of collisions 
is relatively small. In Eq. (2.2), for I},1,. we use 
the approximations in (1.16); for Ip 4. and Ip 4¥5 
we use expansions similar to (1.16), omitting the 
exponential terms. The analysis of the resonance 
integrals Ij* (when w © 2wy) or Ij** (when 
w ~8wy) is carried out the same way as in Sec. 1 
(for Ij ). 

Considering the absorption of waves 1 and 2, 
and assuming that q «k we use, as before, a 
successive-approximation method. Neglecting 
absorption, we arrive at Eq. (1.17), in which we 
must assume that B*vRn® = 0. In the next approxi- 
mation we obtain relations for the absorption fac- 
tor q. In this case, in contrast with the first gyro- 
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magnetic resonance, the absorption in the inner 
and outer regions for w ¥ 2wy (or w ® 3wy) 
can be described by a single formula. 

Finally, for waves 1 and 2 we have 


Z _ (2 Vuy 
“2B82n? cos? a Ms ; 
(2.3) 


cos a 


y Basin? dp aay i 
a(u = Sew ¢ 


(| 274 / me Bin3sinta 4 Jf 1-3 Varn 
taV ee COS a B(u 7) exp \ -282n? cos? a 7 ~ 
(2.4) 
For the functions A(u) and B(u) we have 
(20 -+ u— 3)n* +(20?— 80— 2u—-6)n?— 3v?+-6u-+-u- 3 
A (u) ~n2 (2 (1— u—v-+ uv cos? a)n®— 2(1— v)?—(1--cos? a)uu+ 2u]’ 
__ (uw — 1) Menssin?a+{v[!/2+1/2cos?a-+sin2a/(1+Vu)] 
B (u) un? 2(1—u—v- uv cos? a) n? om 
eR —(1+1/.sin2a) }n2+-( 1—v)[1—0/(14+-Vu)] (2.5) 


—2(1—v)?— (1 + cos? a) uv + 2u 


When w © 2wy, we take u= Y, in Eq. (2.5) and 
when w © 3wH we use u= %. 

It follows from Eqs. (2.3) and (2.4) that the 
change in the specific absorption with frequency, 
Gspec» is determined in the region w = 2wy or 
w = 3wy by an exponential resonance factor. Under 
the conditions considered here, the absorption due 
to collisions is of non-resonant nature and the value 
of qeol]] depends to a considerable extent on the 
quantity s=v/w. As avery rough maximum, we 
can take dgnec ~ B at w * 2wy and dgpec ~ f° 


at w © 3wy (for simplicity we assume that a ~ 1). 


Because 62 =kT/mc? is small, the value of spec 
falls off rapidly as the number of the resonance in- 
creases. It can be shown that when w & 4wy, 
dspec < 8° and when w * 5wy, dspec < 6". Thus 
the largest specific absorption for waves 1 and 2 
obtains for w * wy and 2wy, in which case 
Aspec © 8. If one speaks of specific absorption, 
Eqs. (2.3) and (2.4) are not meaningful in the inner 
resonance regions [cf. the condition in Eq. (1.21), 
where we must replace wy by 2wy or 3wy] 
when a = 17/2. This is approximately the case 
for the second gyromagnetic resonance when 


cos a S B and for the third when cosa < £°. When 
cos @ <1, the inner resonance regions are very 
narrow. 


We now consider the absorption of the plasma 
wave (wave 3). For this wave n? >1 in all 
cases. We shall not dwell on the properties of 
these waves, but shall concentrate our attention 
on the question of absorption. In considering ab- 
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sorption, one must keep in mind the fact that these 
waves are damped if Bn~ 1, 2,6-8 regardless of 
the gyromagnetic resonance mechanism. The at- 
tenuation is small when 


[1 —u—v + uvcos*a| Sl. 


At the same time, the quantity |1-u—v+uvcos’a| 
must not be too small if we are to avoid the transi- 
tion region between waves 3 and waves 1 (or 2 838 
We shall not analyze absorption in the transition 
region. 

For wave 3, analysis of the resonance is more 
simple at w ~ 3wy than that at w = 2wy. This 
situation results from the fact that the term with 
Ij** in Eq. (1.2) does not change the first-approxi- 
mation equations (1.17), unlike the terms with Ij”. 
For w * 3wy, the absorption for waves 3, as well 
as waves 1 and 2, can be given by a single formula. 
From Eq. (2.2), and Eq. (1.17) we have, when nz > 1 
and as «k 


Ou) 


(2.6) 


= B8n3u sin’ a be Ser j  (—3Vu)*\ 
n/t cos a Diu 7a ie) Soa 2 B2n2-cos? a /” 
(277) 
with 
3 —2u—u 
C (u) = {—u—v + uv cos? a’ 
} (1 — u) sin* a 

Dies 2u (1 —u — 0 + uv cos? a) ° (2.8) 


If a is small, we must introduce certain correc- 
tions in the second relation of (2.8). When a <1, 
however, because of the presence of the sin’ a 
factor, the absorption is relatively small. 

When w & 2wy, we again obtain a formula 
similar to Eq. (2.7); this formula applies only 
when |w-—2wy| > VKT/mk cos a (in the outer 
region): 


D (u = = )exp = (es | “ 


4 Ve 8 a 282n2 cos? a | 
*(2.9) 

As the frequency w = 2wWy is approached (in 
the outer region), the absorption becomes appre- 
ciable (q3~ k). We shall not give formulas for 
this case, but simply indicate the following point 
of interest. From Eq. (1.18), we have when 

=~ 2Wy 


ngs {| ¢ (1 —v) — + usin? | / 38*u sin? a (1 — 4u). 


Whence it is apparent that n? changes sign on 


going through u = Ue Thus, the region of strong 
specific absorption is not isolated, but is contig- 
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uous with the region in which n3< 0 and propa- 
gation is forbidden. Under these conditions it be- 
comes more difficult to isolate the specific absorp- 
tion effect than in the cases when there are iso- 
lated, broad absorption lines (this is the case for 
waves 1 and 2 for large values of a, or waves 3 
at Ww ® 34). 

We now consider the formulas for the damping 
factor y, limiting ourselves to waves 1 and 2. 
Solving the problem in the second formulation (cf. 
Introduction and I) we have 


ry Ss ! 
eS ae (1 = %) 
aa = upnsin® a BN (42 Vu)? 
+ V = 2 cos a G(u=F)exp(—Par 
(2.10) 
/ i 
E=ZF (u=5) 
v % 27083n3 sind a 1\ (1—3 Vu)? )\ 
+ V3 16 cos @ G (u = t)exp(— Gare |, 
(Aah) 
where 
F (u) = (20 + u— 3) n3 + (20° — 8u — 2u + 6) n? 


(2—v—u)n*— <2 (1 — 0)? + wv (1 + cos? a) 


— 3v? + 6u + u—3 


~~ Shi(uto—1)pn? —(o— 


(2812) 
6) = (1 —u){2/.n4 sin? a + <v[2/e 4-1/2 cosa -- sin?a/(14+-Vu)] 
u {(2—v—u) ni'— <2 (1 — v)? + wo (1 + cos? a) 
_, at + Yasin? a)> n® + (1 — 0) (4 — o/(4 + Vu) 


—4(u + v —1))n®—(v— 2){(1— 0)? =u] —(1 — 0)(u + 20—2)) 
(2.13) 

Equation (2.10), which reflects in part the con- 
tribution of a specific damping mechanism, applies 
only in the outer region; on the other hand, Eq. 
(2.11) can be applied to both the outer and inner 
resonance regions when w * 3wy. In this connec- 
tion, we note that Eq. (1.25) does not apply for the 
inner resonance region when w ® 2wy. Thus, the 
last relation is violated for the inner resonance 
region when w © wy and w © 2wy. It does apply 
to all other cases considered here (for v K w). 

A comparison of Eqs. (2.10) and (2.11) (with 
s = 0) with the anaiogous relations from reference 
3 indicates a discrepancy, due to the differences 
between the denominators in Eq. (2.13) and the cor- 
responding formula of reference 3. 

In concluding this section, we note that if the in- 
equality (1.26) is satisfied, the absorption of waves 
1 and 2 is determined by collisions exclusively, as 
in Sec. 1. If the collision frequency v is assumed 
given, the absorption calculation can be aces 
out in the framework of the elementary theory.'! 

A similar conclusion applies to the gyromagnetic 


2)((4 — 0)? — a]— (1 — v)(u + 20 — 2) 
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resonance absorption of waves 3. However, be- 
cause the latter waves are slow (n3 > 1), in- 
equality (1.26) is satisfied-only at relatively high 
values of the collision frequency v. In passing we 
also note that in the case of wave 3 and in the trans- 
sition region collisions may affect absorption and 
propagation even when w > v.!? 


3. EXAMPLES AND ESTIMATES 


In this section we discuss the results obtained, 
using certain estimates and numerical examples. 
We use the relations derived in Secs. 1 and 2, as 
well as the results obtained in I, in which the non- 
resonance absorption of waves in a plasma is con- 
sidered. 

In comparing absorption due to collisions and 
due to specific damping mechanisms, in accord- 
ance with Eqs. (1.14) and (1.26), we must compare 
vy and the quantity V«T/mk cos a = wBncos a. 
Typical values of v and £B for different condi- 
tions are given in the table. The table is in no 
way complete nor highly accurate, but is given 
merely for purposes of illustration. A high- 
temperature, completely ionized plasma!® which 
is the best approximation to the example in the 
table is the plasma in the solar corona. 


V: sec” pB 
Solar corona 40—10-3 40-2 
Solar chromosphere 403 2—4-10-3 
E layer 408 2.5-10-4 
Ionosphere F layer | 493408 pa a A 
Plasma in a gas- 40®—1010 {—2-10-3 


discharge tube 


For non-resonance absorption associated with 
the Cerenkov losses in the plasma,’ damping due 
to the specific absorption mechanism is important 
only for relatively slow waves. When Bncosa <« 1 
the smallness of this absorption is determined by 
the factor exp {— 1/2p?n2 cos? a} ; however, if 
Bn 21, the absorption can be noticeable. When 
fn ~ 1 the phase velocity vph = c/n is of the 
same order of magnitude as the thermal velocity 
of the electrons, v; = VxT/m . If the inequality 
Bn «<1 is well satisfied, the specific non-reso- 
nance absorption is insignificant. For plasma 
waves which do not satisfy (2.6), specific absorp- 
tion becomes significant so that q3 2k (y3 = ). 
The strong absorption found when Bn; ~ 1 can be 
seen from Eqs. (2.12) and (2.14) of I, in spite of 
the fact that here we are somewhat outside the 
range of applicability of these equations. If the 
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condition Bn; <1 is well satisfied, the non-reso- 
nance specific absorption is vanishingly small and 
is unimportant compared with absorption due to 
collisions. As is clear from the above, the inverse 
is true only when Bn3;21 and w >v. 

In contrast with plasma waves, the slow low- 
frequency ordinary waves (cf. I) are not strongly 
absorbed even when Bn, cos a ~ 1. Thus, from 
Eq. (2.18) of I it follows that q2 spec/k < w/wH 
x cos a. At the same time, in accordance with 
Eq. (2.15) of I, wycos a >w, so that gq, spec/k 
<1. It is apparent that the specific absorption ob- 
tains also when wycos @~ w. To carry out an 
exact calculation of the absorption here, it would 
be necessary to extend the analysis of the particu- 
lar case given in I. At the same time, as we have 
indicated, it is possible to have a case in which 
q2/k «<1 over an appreciable frequency range, 
but in which the absorption is not a vanishingly 
small quantity. In the propagation of low-frequency 
noise in the upper atmosphere (atmospheric 
whistlers), which are believed to be groups of 
type-2 waves, asarule wycosa@ >w. At the 
same time, in the passage of an atmospheric at 
great heights above the earth, it is also possible 
to have wy cos a~ w. In this case the frequen- 
cies f=w/27 ~ 10* in the spectrum of the atmos- 
pheric approach the high-frequency limit (fre- 
quencies exceeding this limit are blocked in the 
ionosphere). A noticeable contribution due to the 
specific absorption can be expected only when 
Bn2g & 1. This condition can hardly be realized in 
the upper atmosphere under non-turbulent condi- 
tions. However, the situation may change if there 
are strong corpuscular perturbations. A calcula- 
tion of the specific absorption under such condi- 
tions can be found in a paper by the author.'4 

We now return to the gyromagnetic resonance 
absorption and consider the absorption of waves 1 
and 2. For these waves, (if we neglect propaga- 
tion at angles close to @=0 and @=7/2) the 
following rough approximations hold: qspec © 6k 
for w* wy and 2wy, and dgpec S Bk for 
ws 3wy. The effect of collisions is roughly de- 
termined by qdco]] ~ Sk = kv/w. To compare the 
contributions of the different absorption mechan- 
isms it is necessary to estimate the ratios rj » 
=Bw/v and r; = Bw/v. If we are interested in 
radio waves (w + 10°—10!°), rz; <1 for all the 
cases indicated in the table, except the solar 
corona. 

It is clear even from this estimate that the 
greatest specific absorption can occur when waves 
propagate in a hot, highly ionized plasma such as 
the solar corona. Thus, under the conditions which 
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FIG. 2. Curves characterizing the specific absorption of 
wave 1 (solid curve) and wave 2 (dashed curve) as a function 
of the parameter v = @>/w* for o@=@,, and & = 45°. 


obtain in the solar corona, in contrast with the 
other examples, it is quite possible to have a case 
in which rz >> 1 and moreover ry, = B°w/v 2 1. 
The ratio rj. canbe large under the conditions 
found in the chromosphere. In the ionosphere 
[excluding very high frequencies, when the iono- 
sphere has no noticeable effect on the propagation 
(w < 10®)] we find that the condition rj. 21 can 
be realized only at the level of the maximum of 
the F-layer or higher. Collisions are always 
predominant in absorption of radio waves in the 
lower ionospheric layers. 

It should be emphasized that the estimates 
given above are extremely coarse. It is possible 
that an exact calculation with the formula given in 
Secs. 1 and 2 would show great differences in the 
values of the absorption factors. This statement 
can be illustrated by curves such as those shown 
in Figs. 2 and 3. In Fig. 2 we show the curves 
qi/kB and q,/kf (in different scales), which 
characterize the specific absorption of wave 1 
and wave 2, on the basis of Eq. (1.23), for the 
inner resonance region w ® wy at a@=45°. For 
a given value of a, the absorption given by the 
curves in Fig. 2 represents the maximum or at 
least the order of magnitude of the maximum. 
The shape of the specific absorption line close to 
® = WH has not been obtained, but the width of 
this line is of order Aw ~ wn cos a. 

In Fig. 3 we show similar curves for wave 1 
and wave 2, also when a@ = 45° but with w= 2wWy- 
The shape of the absorption line close to w = 2wy 
is given by the factor 


exp {— (w — 20,,)* ] 20°8?n* cos? a}, 


and it is apparent that the curves in Fig. 3 deter- 
mine the maximum absorption values. It follows 
from Figs. 2 and 3 that the absorption of wave 1 
differs greatly from that of wave 2 under the same 
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FIG. 3. Curves characterizing the specific absorption of 
wave 1 (solid curve) and wave 2 (dashed curve) as a function 
of the parameter v = @>/w* for w = 2a,, and @ = 45°. 


conditions; this is why different scales must be 
used. The absorption of a given wave in a plasma 
at its wavelength ) (q/k = 27qA = 2m7qA,)/n) changes 
considerably as the parameter v is changed. 

The differences indicated above in the values 
of the absorption factors again emphasize the need 
for exact calculations. 

We note in connection with Figs. 2 and 3 that 
the curves corresponding to different character- 
istic waves lack those sections where n? <0 and 
propagation is forbidden (in Fig. 2 this is the case, 
for example, for wave 2 at v >1). The relatively 
high values of absorption in Fig. 2 are due to the 
fact that nj —0 and n,—-0 as v—0. and v— 1, 
respectively (we determine the absorbtion per wave- 
length in the medium, A =A) /n). If, however, we 
relate the absorption coefficient to the wave num- 
ber in free space, ky = 27/)y, the increase in the 
values of q/k8 is not so great. In Fig. 3 the in- 
crease in q/kB close to v= he arises because 
at this value nj—-«. Actually, it is necessary to 
take account of the effect of thermal motion on 
propagation in the region v = Pe In this case 
plasma waves exist in the region v < %. In this 
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region the gyromagnetic absorption must be ana- 
lyzed by means of Eq. (2.9) (cf. also the remarks 
following this formula). 

The author is indebted to Professor V. L. 
Ginzburg for his continued interest in this work. 
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Antiferromagnetic substances are considered within the framework of Vonsovskil’s s-d- 
exchange model. The energy of the spin waves is determined by perturbation-theory meth- 
The possibility of the existence of an antiferromagnetic state in the absence of direct 


ods. 
d-d -exchange interaction is discussed. 


ly their previous work! the authors expressed 
opinions regarding the necessity of studying the 
indirect interaction of electrons in the unfilled 
inner shells of the atoms of transition metals 
(d electrons) and rare earths (f electrons). It 
was shown that the indirect interaction of d elec- 
trons by means of the conduction electrons can lead 
to ferromagnetism. In the present paper a study of 
the role of the indirect interaction of d electrons 
is carried out for the antiferromagnetic state. 

The Hamiltonian of an antiferromagnet in the 
s-d -exchange model has the form? 


ie) E(k) Ge, Ge, — J >) Sn Sn 
ko <nmp> 


Fea a en LAO GNP bie 
Soa DEA SNA Vr oe OS iSh) ak, Qe,(—) 


Rkykon 
i Gcaki nae ries Caan ara) 
ode, y geen [(S = Si) ee Qk, = 


Se Ope iS Gr aie =) (Se iS an (== )e. 


+(S + Sin) a8, (—) ae, (—)! , 
where ax and a,(—) are the Fermi operators of 
second quantization for electrons with a momen- 
tum k and with positive and negative spins, Sy 
is the spin operator of the n-th lattice point, J 
is the d-d-exchange integral between two nearest 
neighbors, I is the s-d-exchange integral (inde- 
pendent, in our approximation, of the electron mo- 
mentum), V is the volume of the system, n and 
m are the numbers of lattice points of two differ - 
ent sublattices, the sign < > denotes summation 
over the nearest neighbors, E(k) = Ak? is the 
conduction-electron energy, and A is the trans- 
port integral. 

We go over from the spin operators to the Bose 
operators of the spin shift 


VO LDUMESGE 
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Si 33/pe= bi bal eS astS Pee Dean Stas ee 


4 c we x TOU meas 
Se = — ay + Cin Cr Se =F tS. =e oe Sin ver iSin = ais 


for the two sublattices, respectively. Then, going 
over to the Bose operators in wave-number space 
according to the formulas 


9 4a 5 
bs Ee. (7) » a ae be 
mn 


we obtain the Hamiltonian in the form 


2 \'h ‘m). 
cstreas 7) we Crs 


~ 


H = DEB) ais dee —2 >) (Of Oy + ch t+ tr (rer + OF a) 
Ro x 


ma 4 (ot &. — CFG) (Gk Gn — a (—JYae (—)) 
ki 


ay Di bleh + NO, + OF) ait ae, (—) 
kyo 


+ (ct + ba) ag; (—) an), 


where z is the number of nearest neighbors of 


a given atom, y, =1/z 2) elP\, and p is the ra- 
Dp 


dius vector from the given atom to its nearest 
neighbor. The part of the Hamiltonian quadratic 
with respect to the Bose operators is easily diag- 
onalized with the aid of the linear substitution 


2 \ Se + 
by = 04, Ga + Mx Ep, Cy = Oya Er, + Oya Eo. 


The commutation relations between the operators, 
and the requirement that the coefficients in the non- 
diagonal parts of the energy operator equal zero, 
lead to equations for the transformation coefficients: 


2 2 j 
47, — Oo, ee 1, 


c 4 2 2 ; 
2% 17, Xy, Sa. (einee x5») ——) (( 


Having determined these coefficients, we obtain 
the transformed Hamiltonian in the form 
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H —— Hy + Aine, 
Hy = S\E (k) dite Gne + 3 © (X) (Eh Gia ++ GK Eon), 


ko 


Hint = — +7 D(a a — af (—) ax(—)) (Eh bn — 8h En) 


kr 


tray >) d(kg —k, +) ¢ () LEK + bo) aff, ap, (—) 


RykoA 
+ (Ea + 8) at (—) ae), (1) 
where ¢€ (A) =-—J(z/2)'/2X is the spin-wave en- 
ergy, and 


EY) =a + ta = (20? / ae 


Unlike in previous work,! perturbation theory 
will be applied here not to an arbitrary spectrum 
but to a given unperturbed-energy level. We are 
interested in the correction to the elementary ex- 
citation energy of the Bose branch e€(A) due to 
the interaction terms. In accordance with pertur- 


bation theory, the spin-wave energy €(A) of inter- 


est to us is equal, up to terms of the second order, 
to 


& (2) =e (A) a KCe ei, int at Gay 
— <Cobin Hint (Ho— Eo—e(h)) Hint 8 Co), (2) 
where 


= J] 8(Ne, 1)8 (Ne, 1) T] 8 (tua, 0) 8 (aa, 0) 
A 


R<Rp 


represents the unperturbed wave function of the 
ground state. Nk and Nj; are the occupation 
numbers of conduction electrons with positive 
and negative spins, respectively, n are the oc- 
cupation numbers of the spin waves, 
k<kpP 
is the ground-state energy of the unperturbed sys- 
tem, and kf is the boundary Fermi momentum. 
Calculating the matrix elements in (2), we obtain 


ee I2g? (A) 
eN=c)——-y Dy 
| ky>kp> ky 
(Ri —Ro= >) 


‘ 1 
(E (ki) — E (ko) + (A) 


1 ) 

E(k) — E (hx) — 8 (A)/* 
For the right-hand side we can substitute the in- 
tegral 


V 4 
(27)* \ C (k1) — E (k2)'-+ @ (A) 
1 et Vee keh) ak, eee 
STE i Tn am ae 
which can be easily calculated in the approxima- 
tion A/kp « 1.° Substituting k,+A for ky, dis- 
carding in the denominator terms with A/kp toa 
power greater than 1, and taking into account that 
k, +’ >kp, we obtain for the integral 
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27 1 
{ 
a \4 mes i dk, ae phe Fe (A) aie ae 
a 
where y is the cosine of the angle between k, 
and A, and ki, = kp (1— 2uq/kp)”. 
Finally we find that 


a (A) kp 
“era [2+ 


1—2Ahk,/ 2 (A : 
TP2AKR, e(n)|* (3) 


s (A) In 
2ARp 


& (A) =e (h) — 
To analyze this expression formally, we can 
consider the two limiting cases: a) 2AAkR/e (A) 
<1, and b) 2AAkp/e(A) > 1. The first case 
corresponds to the approximation in which the 
energy of the virtual electron transitions is as- 
sumed to be considerably smaller than the energy 
of the corresponding spin wave. Expanding the ex- 
pression in square brackets in (3) into a series in 
2AAkR /e (A) and limiting ourselves to the first 
nonvanishing terms of the third order, we obtain 
e(\)=Jett’, Jett =— IV + {= tp Ae 


Thus, in our case the indirect interaction 
favors antiferromagnetic ordering, increasing 
the effective exchange integral. 

The second case corresponds to the approxima- 
tion for which the energy of virtual electron transi- 
tions is considerably larger than the spin-wave en- 
ergy. In this case we obtain from (3) 


%(K) =e Qh) — Pg? (0) he /8x2A 


faa 2 2 
e(})=Jogph, ete = Sa at Pies 


The effective integral in this case, as in case 
a), consists of two terms corresponding to direct 
and indirect exchange. However, in this case the 
indirect exchange decreases the effective exchange 
integral, and in the absence of direct d-d-exchange 
coupling (J = 0) the effective integral becomes 
negative. Consequently, the energies of the ele- 
mentary excitations and of the spin waves become 
negative, which means that the antiferromagnetic 
state becomes energetically unfavorable and, there- 
fore, does not come into being. 

Case a), although it offers the possibility that 
indirect exchange favors antiferromagnetic order - 
ing, is nevertheless of no physical significance, 
since the inequality 2AAkp/e(A) «1 is not ful- 
filled in any of the known estimates. Therefore, 
this case need be considered only as a purely for- 
mal possibility. 

Thus, the general conclusion is that indirect in- 
teraction of d electrons through conduction elec- 


or 
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trons in transition metals decreases the antiferro- 
magnetic exchange coupling, preventing the forma- 


tion of antiferromagnetic ordering and, consequently, 


cannot lead, in the absence of direct d-d-exchange 
interaction or of some other ordering mechanism, 
to antiferromagnetism. 

The calculations in the present paper are exact 
up to second-order terms of perturbation theory. 
The calculation of higher-order corrections, be- 
ginning with the third, require that account be taken 
of Hamiltonian terms which contain products of four 
or more Bose operators, and which were left out 
in the derivation of (1). Thus, the precision of the 
calculations increases when the system is consid- 
ered at low temperatures. 
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It is shown that account of resonance interaction of two mesons in Fermi’s statistical 
theory permits one to explain a number of experimental facts which remained inexplicable 
by the statistical theory which takes into account only the nucleonic “isobar” Cy. ooh Such 
facts are the mean multiplicity of and K mesons in pp annihilations, mean multiplicity 
of strange particles in meson-nucleon collisions, and angular correlations between 7 mes- 


ons in 7 p interactions at an energy of 1.0 Bev. 


Barasuenxov and Mal’tsev! have reported a 
confirmation that account of resonance m7 inter- 
action worsens the agreement of the Fermi statis- 
tical theory with experiment. In this research we 
shall show that there is no foundation for such a 
conclusion at the present time. 

It is known that resonance interaction of two 
particles can be considered within the framework 
of the statistical theory of Fermi. Account of reso- 
nant interaction of a meson with a nucleon (nu- 
cleonic “isobar” ) considerably improves the agree- 
ment of statistical theory with experiment.? How- 
ever a series of experimental facts remained un- 
explained even in this case: 1) the mean multiplic- 
ity of m mesons in pp annihilation was shown to 
be significantly smaller, while the percent of cases 
of annihilation with the formation of K mesons 
was significantly larger than observed by experi- 
ment; 2) the presence of maxima in the angular 
distribution among the mesons and in the mo- 
mentum representation of nucleons in 7 p colli- 
sions at energies of 1.0 Bev was not explained; 

3) the multiplicity of “strange” particles in meson- 
nucleon collisions remained significantly larger 
than that experimentally observed. 

There is at the present time a sufficient amount 
of indirect experimental and theoretical indications 
on the presence of resonance interaction of two 7 
mesons. By considering this resonance interaction 
as the presence of a 7-meson “isobar” with iso- 
spin T=1 and effective mass yw =0.47* we shall 
attempt to improve the relation of the statistical 
theory with the experimental facts just enumerated. 

1. Resonance m7 interaction in a state with iso- 
spin T= 0 inthe process of pp annihilation was 


*Here and below, ie C= Minucl = 2: 


considered by Eberle,** who obtained the mean 
multiplicity of mesons, n, = 3.8, and the per- 
cent of cases of annihilation with formation of the 
observed K mesons, PK = 12 per cent. Accord- 
ing to experimental data given by Segré at the 1959 
Ninth International Conference on High-Energy 
Physics in Kiev, n,; =4.7+0.1, PK =(3+41) per 
cent. In order to improve the agreement between 
theory and experiment, Eberle made use of the 
assumption of Barashenkov® on the creation of the 
K meson in its volume VK [VK = GE ) mri, 

where ry = 1/M,] and obtained n, = 4.4. Here 
the percentage of cases with formation of the ob- 
served K mesons appears to be greatly reduced, 
PK = 0.35 per cent. We note that the annihilation 
of a strongly slowed or arrested antinucleon is the 
most advantageous process for verification of the 
assumption on the production of K mesons in the 
volume Vx, since only K mesons are produced 
from the “strange” particles in this case. By con- 
sidering the resonance interaction of two 7 mesons 
in a state with isospin T=1, we obtain the follow- 
ing statistical weight of the finite state of pp anni- 
hilation (normalized to 100 per cent): 


2Kn 2K2r 
Li Snel 


22 =38n 4n Sue ie IK 


LO Oey PAD scar elas) WA We 


For the calculations, we have assumed that the 
K mesons, like the t mesons, are produced in 
the Fermi volume V, = (4%) 7r3, where r, is 
the ma-meson Compton wavelength. From the 
statistical weight of possible finite states given 


*Resonance am interaction was considered by Goto.* How- 
ever, in this research the calculation of the statistical weights 
of all processes was carried out according to the same very 
approximate formula. 
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above, it follows that the mean multiplicity of the 
m™ mesons is n, = 4.5, while the percentage of 
cases with formation of observed K mesons is 
PK =7.7. The distribution of charged products 
of pp annihilation was also computed by us ac- 
cording to the number of prongs: 


2-prong cases — 38 (40); 
6-prong cases — 4 (5); 


0-prong cases — 2 (5); 
4-prong cases — 56 (50); 
8-prong cases — 0 (0). 


Here the figures in parentheses correspond to 
the experimental data,® normalized to 100 per cent. 
The statistical weight of cases with the formation 
of two charged 7 mesons (p+ p—7*+7 ) was 
shown to be less than one per cent. The results 
that were obtained were in reasonable agreement 
with the experimental data given by Segré.°® 

Taking into account the resonance mz interaction 
in the state with T=1, S=1, and effective mass 
= 0.60, we obtain better agreement with experi- 
ment: n, =4.9, PK = 4 per cent. 

2. In the majority of researches on the statis- 
tical theory of multiple production of particles, 
correlations between the directions of motion of 
the secondary particles have not been taken into 
consideration. At the same time, an investigation 
of this problem would permit one to decide on the 
necessity of taking into account resonance interac- 
tion of two particles, since this interaction ought 
to lead to the appearance of definite angular cor- 
relations. In the general case, this problem is 
very complicated and evidently cannot be solved 
without consideration of the law of conservation 
of momentum, which is neglected at the present 
time. However, in the case of 7 p interaction 
in the energy region of 1.0 Bev, where the proc- 
esses 


zm+N—>N+rtnr . (1) 
EIN Ne eee eg Paes (2) 
mr+NoI+N>N4+r4+n (3) 


play the principal role, with relative statistical 
weights 41.9, 41.9, and 16.2, the distribution over 
angles among the 7 mesons can easily be found. 
For this purpose it suffices to assume that the 
characteristic features of this distribution are 
brought about by the resonance processes (2) and 
(3), and therefore one can neglect angular corre- 
lations in the process (1). 

In the process (2) (here the symbol N’ denotes 
the nucleonic “isobar” ), the meson moves ina 
direction which is strongly opposed to the direc- 
tion of the “isobar.” Therefore, the angle g be- 
tween the direction of motion of the “isobar” and 
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the direction of motion of the 7 meson from de- 
cay of the “isobar” will be connected with the 
angle @ between the directions of motion of both 
m mesons by the relation gy + @6=7. Making use 
of the angular distribution of 7 mesons from the 
decay of the “isobar,” given in the review of Rozen- | 
tal’,’ one can easily obtain the distribution over the 
angle @ for the secondary 7 mesons. 

The angular distribution over the 7 mesons in 
the process (3) (here the symbol II denotes the 
7 -meson “isobar” ) can be obtained if use is made 
of the dependence of the angle 9 between the two 
m™ mesons from the decay of the m-meson “isobar” | 
on the energy of the m mesons pe Transforming 
from the energy distribution of one of the  mes- 
ons to the angular distribution between them, we 
obtain 


N (0)dcos 0 = dcos9 {ue cos 0 VM / 4 — E2 u cos? 6 


—(cos?@ 4-1) (2/4M4 = Pa act 0) 
— cos? 0 sin? 6E? wl (4pcyu sin? 8) 

Me 
~~ 2sin?@ 


(1/4M*—Eo p? sin*0) "Ci Fo ew 


,_ COs 0 
“ sin? 0 


V MYA — Ex? sin? 8)”, 
where Ey) and v are the energy and velocity of 
the m-meson “isobar” in the center of mass of 
the meson and nucleon; y = (1—v?)~'/?; M is the 
mass of the 7-meson “isobar,” equal to 0.47; 
uw is the mass of the m meson; Pg is the momen- 
tum of the m meson from the decay of the 7- 
meson “isobar” in its rest system; 6 is the angle 
between the two a mesons from the decay of the 
m-meson “isobar.” The limits of variation of the 
angle @ are easily obtained from the usual formu- 
las given in a review by Rozental’.’ 

Distribution over the angles between the 7 mes- 
ons in the reactions 


(4) 


was computed by us for an energy of 1.0 Bev. The 
resultant distribution is plotted in the drawing, 
where the experimental data of reference 9 are 
represented by the histogram, while our calcula- 
tions are given by the solid curve. As is seen from 
the drawing, the results obtained here are in excel- 
lent qualitative agreement with experiment. The 
maximum is brought about by process (3) when 

cos @ = 0.2 and by process (2) when cos @ =—0.8. 

A certain quantitative discrepancy comes about 
here by the fact that we have neglected angular 
correlations in process (1). 


a ppt pm, Ro pos ne Rt 


Viel? 


2 Distribution accord- 
ing to the angles be- 
tween the 7 mesons in 


1b reactions (4) at an en- 


£ ergy of 1.0 Bev. Histo- 
9 12 gram from the experi- 
ment in reference 9; 
Bs smooth curve —calcu- 
Zz 


lated according to the 
statistical theory with 
account of resonance 
interactions (nuclear 


and z-meson ‘‘isobar’’), 
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The effect of consideration of resonance mr in- 
teraction on the momentum distribution of the 7 
mesons and nucleons, obtained theoretically for the 
reactions considered above, has been investigated 
by us in reference 10; therefore, we shall not dwell 
on it. We only note that consideration of resonance 
interaction of two mt mesons allows one to explain 
the characteristic maximum in the momentum dis- 
tribution of nucleons in mp collisions at 1.0 Bev. 
(The momentum distribution of the secondary par- 
ticles, calculated with account of the 7-meson 
- “isobar” in a state with isospin T=0, differs 
slightly from the momentum distribution computed 
with account of the -meson “isobar” in a state 
with isospin T = 1.) 

3. We shall further consider the effect of reso- 
nance m7 interaction on the multiplicity of strange 
particles in meson-nucleon collisions. It is known 
that the statistical theory of Fermi, which takes 
into account only the nucleonic isobar (%, %), 
gives a ratio of the cross section of production 
ef strange particles to the cross section of pro- 
duction of 7 mesons, dgty/o7 = 0.3.2 By taking 
into account (along with the nucleonic isobar) the 
resonance az interaction in the state with isospin 
T =1, it is possible to lower this ratio to Grosse 
However, both in reference 2 and in reference 11, 
calculation of the statistical weights of processes 
with four and more particles was carried out by 
approximate formulas. Therefore, some of the 
reactions with strange particles were not consid- 
ered in these researches. More exact calculations 
increase the ratio given above by a factor of more 
than 2.5. Therefore, although calculaticn of the 
resonance mz interaction significantly lowers the 
ratio Ogtr/o7, this ratio still remains larger than 
that experimentally observed.” 

In the first part of this paper, we showed that 
account of the resonance interaction of two 7 
mesons ina state with isospin T=1 in the case 
of pp annihilation, where only K mesons are 
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produced from the strange particles, allows one 

to obtain a reasonable multiplicity of strange par- 
ticles. Starting out from this situation, one can 
attempt to improve the agreement of the statistical 
theory with experiment by assuming that in the 
case of meson-nucleon collisions, the statistical 
weight of all strange particles (hyperons and K 
mesons) is determined by the statistical weight 

of processes with the production of only meson 
pairs K+K. The scheme of elementary particles 
advanced by Goldhaber (see reference 13) lends 
some support to this assumption; in this scheme 
the hyperons are the product of a medium-strong 
interaction of secondary K mesons with second- 
ary nucleons. The given assumption makes it pos- 
sible to lower the ratio ogtr/o7z to 0.14. In the 
calculation of this ratio, reactions previously 
omitted!! have been taken into account.* The ex- 
perimental value is o,4,/o, = 0.04." This ratio 
is known to be too low, since the strange particles 
in reference 12 were established only by the decay. 
Therefore, the ratio that we have found of ogty /o7 
= 0.14 can be regarded as not very far from the 
correct one. 

We note that if the scheme of elementary par- 
ticles of Goldhaber is correct, then in those cases 
in which the energy of the emitted m mesons in 
meson-nucleon collisions is below the threshold 
of formation of two K mesons (1.34 Bev), for- 
mation of the latter is possible only virtually in 
an intermediate state. Consequently, formation 
of strange particles up to this energy region can- 
not be considered within the framework of the sta- 
tistical theory of Fermi. It is quite evident that 
all other consequences of the Goldhaber scheme 
remain valid under such considerations. 

In conclusion, we take up the principal objection 
against calculation in the statistical Fermi theory 
of resonance m7 interaction, put forward in the 
work of Barashenkov and Mal’tsev.! This objection 
is that in the case of consideration of a m-meson 
“isobar” the theoretically determined distribution 
of charged products of 7p collisions according 
to the number of prongs differs from that experimen- 
tally observed. As seen from reference 11, the 
distribution computed with account of the m-meson 
“isobar” is in better agreement with experiment 
than that which takes into account only the nucleon 
isobar if in this case we can take into account the 
formation of strange particles. The departure from 


#We are grateful to V. S. Barashenkov and V. M. Mal’tsev 
for making it possible for us to use their calculations of the 
statistical weights of the reactions omitted by us in reference 
11, and for discussion of the problem. 
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the experimentally observed distribution is evidently 
brought about by the crudeness of the statistical 


theory. 
Actually, for example, the state with tsospin 
T=% and T=~-—% can be resolved into two 7 


mesons and a nucleon in two ways: 


I°/2, —MYal = V5 (*/2,—*/2) (2,0) + V/s (2. V2) (2, — 1, 
Pie, =a) = V6 P/es—'/el (1.01 +V Ys Plot) Et —1- 


Within the framework of the statistical theory, 
these two distributions are considered equally 
probable. Account of the interaction matrix ele- 
ment Hjf should lead to a deviation from this 
equality of probability. Processes taking place 
close to threshold (see, for example, the appendix 
to reference 2) represent a trivial example of such 
a discrepancy. 
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The effect of spin on the intensity and polarization of the radiation produced in a ferrite by a 
charged particle with intrinsic magnetic moment is considered by quantum electrodynamic 


methods. 


Tae Cerenkov radiation produced by electrons, 
_and its polarization, have been studied by a num- 
ber of authors;!~> a number of other authors have 
considered the radiation due to a “superluminal” 
magnetic moment.®»’ In this note we consider the 
“mixed” case, i.e., the radiation from a charged 
particle with intrinsic magnetic moment. 
As is well known, the operator associated with 
the energy of interaction between a charged par- 
ticle, having intrinsic magnetic moment, and an 
electromagnetic field in a medium, is given by 


W = e(@A) + Uy {ps (@B) + p2(sE)}, (1) 


where (3, py, @, and o are Dirac matrices. The 
vector potential A for the quantized transverse 
electromagnetic field in a medium characterized 
by €(w) and w(w) can be written in the form?® 
A= ey (Qzc"h |x) [aexp (— ic’xt +-ixr) 

+ a* exp (ic’xt — izr)], (2) 
where c” =c’', c’ =c/n, n =Veu and hk is the 
momentum of the photon. 

In order to investigate the polarization of the 
radiation, we separate the eran ide of the vector 
Bpontial into two components:? 

a= ae + as = 6242 + Bods, 
Bo = [xox ko] / V1 — (xk), By = [xxBal (3) 


for linear polarization and 
a=atay=figi + bag, 
V 26», = Bo + ih$s (A =1,—1) (4) 


for circular polarization. Here k° =k/k, k® = k/k, 
and the qj (j = 2; 3, 1,.—1) are the quantum- 
mechanical operators of the vector potential A. 

If there are no photons at the initial time, the 
interaction-energy operator (cf. Eq. 1) becomes 
am = Mey (2neh [x exp {i(c’ xt — xr)} 

x {e(aaj ) — ing [ps (¢ [*xaz ]) + ut po(eaj)l}, (5) 
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The radiation is analyzed near threshold. 


where multiple photon production has been neglected. 
Using perturbation-theory methods, we can find 

the radiation probability for a charged particle with 

intrinsic magnetic moment:* 

Wi = a Di RF Riéx, k’425(K’ + *%/n— K), 


ko 


R,= = L— ?(2nc%h |x)” b'* {e (aa?) 


— ipo [ps (9 [%xaj +r x2 (Ga 7) 6, (6) 


where hk, chK, and hk’, chK’ are the momen- 
tum and energy of the particle before and after it 
radiates, and hk, /e is the particle mass. Com- 
puting the necessary matrix elements in Eq. (6), 1° 
we can obtain an expression for the radiation inten- 
sity per unit path for the case of linear polarization 
(Geb, 3H) )8 


Sasc ‘SiS men SKS aN SS 
W jtot= Wich i Wim a Wier. (7) 


Here ; 

, hin2w3 9 

Vina | uO) ev Pe (lo) 
cos 6<1 


+ ss’t u ie eee Cisolees § — 2(j — 2) n sin? 6}} dw; 


and w®?S si and wea m are the radiation intensities 
for the charge and magnetic moment respectively; 
these have been found earlier;”!! 


In what ees we will consider only the cross 
term WF? et 

If the spin orientation is unknown before and 
after emission of the photon and the total radiation 
intensity is measured, then we must average over 
initial spin states and sum over final spin states 
in Eq. (7); this procedure yields 


hnzw? V1 
“pers 


Wires == Cthy \ U. (o) — 4 (I Ts ir) dw ) (8) 


cos0<<b 
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whence it is apparent that the polarization is not 
linear. In the relativistic or classical approxima- 
tions, the cross term Wj cr tends toward zero, 
in complete agreement with the classical theory. 
It follows from Eq. (7) that close to threshold 


(cos 6 = 1) the intensity is given by 
ae 2 Si. Con, (a 7 VI=#(L—2) 
. cos oa 
(1 ss'\ do a] = 2,8): (9) 


Whence, Ww; Ss =(0 for ss’ =+1; for ss’ =— 
however, 
Wier = eo 


\ » (0) “oS V1—82(1—n)do, (10) 


cos0<1 


that is to say, the radiation near threshold is asso- 
ciated with a spin flip, a pure quantum effect. The 
fact that the threshold radiation is finite is a con- 
sequence of this quantum effect. 

Using similar techniques we can obtain an ex- 
pression for the radiation intensity per unit path 
in the case of circular polarization 


Wie Wit Wie +Wre  (=1,—1), 
where 
eee nw 4 ->—z5 * 
Wises \ uo) SeVI-B {dl —27) 


cos6-<1 
x[1+ 


+ ss’é E 0% — ra COS. Utes sin?! do. 
Using Eq. (11), we can determine the threshold 

radiation for a particle with oriented spin: 

Wie= = \ oo) VIF 


cos 0<1 


(11) 


finw\} \| 


+- jscos § — js’ E (cos #2 


x (1 — n-*) (1 + js) (1 — ss’) do. (12) 


It will be apparent that near threshold the radiation 
is associated with a spin flip; for a flux of particles 
characterized by spin s =+1, the radiation near 
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threshold exhibits right-circular polarization (j 
=+1) while if s=-1 it exhibits left-circular 
polarization (j =-—1), since we et #0 only 
when js =+1. 

It should be noted that the radiation described 
by Eq. (8) is not polarized, because we have aver- 
aged over initial spin states so that particles char- 
acterized by s=+1 and s=—1 make equal con- 
tributions. 

In conclusion, the author wishes to express his 
gratitude to Professor A. A. Sokolov for guidance 
in this work and to Yu. M. Loskutov for discussion 
of the results. 
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For the Be’ nucleus viewed as consisting of two a particles and a neutron, the equilibrium 
distances between the a particles and between the neutron and the centers of the a particles 
have been determined from the condition of minimum energy. Vibrations along the axis of 
symmetry and aot the center of mass of the a particles are considered and the energy 
levels of the Be’ nucleus are derived. The results obtained are compared with data relating 


to the ,Be® hypernucleus. 


g The model of the Be? nucleus in which the odd 
neutron moves in the centrally symmetric field of 
the residual Be® nucleus has been effectively used 
by many authors!’ to investigate the disintegration 
of this nucleus by photon and electron modes. Since 
the lifetime of the excited state, in the reactions 
investigated, was significantly shorter than the life- 
- time of the Be® nucleus as regards decay of the lat- 
ter into two a particles, it appears more or less 
valid to neglect the structure of the residual Be® 
nucleus as was done by these authors. However, 
for the ground state or for those excitations of the 
Be® nucleus which are not attended by emission of 
the odd neutron, we must evidently presume that 
the residual Be® nucleus consists of two a par- 
ticles located a certain distance apart. 

Blair and Henley? recently proposed to explain 
some of the Be® excited levels as being rotational, 
viewing the nucleus as a system consisting of two 
@ particles and a neutron. Furthermore, Suh‘ has 
shown that the binding energy value of the A par- 
ticle in the ABe® hypernucleus can be made to agree 
with experiment only if it is assumed that this par- 
ticle moves in the field of the two a particles. 

The aim of the present paper is to examine the 
stability of such a system and to explain the ob- 
served energy spectrum of the Be® nucleus. 

2. The Hamiltonian of a system consisting of 
two qa particles and a neutron has the form 


ff = — (h7/ 22) A, Vana ({@—u/2]) 
+ Vn ({e + u/2|) + Vaa(u) + Coa (u), (1) 


where u is the relative a-particle radius-vector; 
p is the neutron radius vector relative to the cen- 
ter of the two a particles; Vpq and Vgq are 
the potential energies of the nuclear interaction 

of the neutron with the a particles and between 


7 (h° / 24) A, + 


the two @ particles, respectively; Cgq is the 
potential energy of the Coulomb interaction of the 
a particles; 4g =2M and p= 8M/9, where M 
is the nucleon mass. 

In order to determine Vynq, we follow Suh and 
proceed from the nucleon-nucleon interaction, 
which we take in the form 


Ven => Viens. (2) 


where, as shown by Hochberg et al.,® B? = 0.266 
x 102° em~*; we then normalize the expression by 
using a distribution of the nuclear material in the 
a particles in the form 


Pa (r) = 4 (a2/n yee, (3) 


For the rms radius of the a@ particle we use 
the value Vr2 = V%a2 =1.44 fermis found by 
Hofstadter.® For the n-a interaction we there- 
fore obtain 


ae 2 2 § 
vat= = Hh( ap) (—atp tr) 
Following Suh,’ we select the potential Vaq in 
the form 


(4) 


(5) 


where 62 = 0.406 x 1022 em~, «2 = 0.116 x 10° cm™ 
A = 96 Mev, B=30 Mev. The potential (5), which 
shows short-range repulsion and long-range 
attraction, best describes the experimental results 
of low-energy a scattering. 

To find the Coulomb potential Cgaq, we assume 
that the a-particle charge distribution follows a 
law analogous to Eq. (3). Noting that the odd neu- 
tron in Be? is ina p state, we take a zero-approx- 
imation trial function of the form 


W (@, 1) = 2 V DaDbue-e%e “PY am (1), 


Vea = Ae? — Be-*", 


(6) 
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where a and b are variation parameters estab- 
lished by the mean-square distance between the a 
particles and between the neutron and the center 
of the a particles respectively; Ny is the unit 
vector with direction p. We point out that the 
presence of the factor u guarantees a null value 
for the wave function describing the relative mo- 
tion of the two a particles at the coordinate origin; 
this tallies with short-range repulsion. 

On the basis of Eqs. (1), (4), (5), and (6) we 
finally obtain for the mean energy value of the 


system under investigation ‘ 
VoM (xy) 


4) 
= ale — 
Ee (B28 y) WX | my (8xy + 4x ae mk 1 Zz (8xy + 4x + y) 


px'/2 ae nx? kx’ (6x + i) (7) 
“Get py Qxtgyh © Gxt iyh ’ 
where 
© = 7RL/6 Ue, m=5W?/2u, 
M = (2° V 2/3) (a?/(a2 + ))%, 
0o=4V2A, n=4V2B, k= 20%/3V2r, 
12 = oB2,(a2 + 82), x=@/2, y=O/L, 
p=S/P, ga el2, fj =a/l?. 


In expression (7), x and y are the variation 
changes; Vp») is a parameter requiring determina- 
tion which enters into the expression for the Gauss- 
ian potential (2); e is the electron charge. 

To determine the possible values of Vp, we 
proceed from the experimental fact that there is 
no bound state of He! + n, i.e., that there is no 
binding of a neutron to a single a particle. It is 
easily seen that in the solution of variational prob- 
lems for the system He! + n, we find the same 
parameters a, B, and y that occur in our prob- 
lems. If we require that the minimum energy value 
of the system He’ +n be positive or zero, itis 
possible to determine the possible values of Vo. 

As a result, it turns out that Vp < 26.6 Mev. 

3. As can be seen from (7), it is impossible to 
find the minimum of the function E(x, y) ana- 
lytically. Therefore this function was tabulated 
within the square 0 =x =5, 0=y <=5 in steps 
of 0.5 for three values of Vy (V) = 26.6, 20, and 
15 Mev). We note that the interval in question for 
x and y corresponds to the mean square distance 
from © to 1x 107!3 em. 

Calculation shows that the function E(x, y) has 
a minimum in the region of negative values only 
when 26.6 Mev = Vp = 20 Mev. For Vy < 20 Mev 
the curve of E(x, y) is positive in the square of 
interest, and with further decrease of Vp» the mini- 
mum gradually flattens out and finally vanishes. 

The figure shows curves expressing the depend- 
ence of EC) on y for x= 0310, Offs, and 
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0.20, using V) = 26.6 Mev in every case. As can 
be seen from the figure, the function E(x, y) has 
an absolute minimum for x =x)=0.15 and y =yo 
= 0.40, for which the corresponding energy value 
is —3 Mev. 

If we require that the energy at the minimum 
should coincide with the observed 1.6 Mev binding 
energy of Be’ when considered in the form of two 
a particles and a neutron, then we obtain a value 
of 24 Mev for Vy. It can easily be seen that for 
this case the minimum point coordinates x9 and 
yy hardly move. To these values of x) and yo 
there correspond the distance between a particles 
Ra = 5.8 x 107!3 cm and the distance between the 
neutron and the center of mass of the a@ particles 
Rn = 3.6 x 10°'8 cm. The fact that on the average 
Rn < Ra gives us a basis for assuming that the 
Be® neutron moves in an axially symmetric field 
whose axis passes through the centers of the a 
particles. If it had happened that Rn >Rq, then 
the existence of two centers would have been im- 
material to the state of the neutron in the Be? nu- 
cleus. From the condition Ry < Rq it also ensues 
that the neutron in Be? must spend the major part 
of its time between the a particles, as if it were 
implementing the bond between them. 

4, Since the Be® nucleus is characterized by 
axial symmetry, it follows that it must possess 
rotational and vibrational excitation levels. The 
rotational levels have been investigated by Blair 
and Henley,*® who used them in calculating certain 
effects related to the excitation of these levels. 
Upon requiring that the energy of the second ex- 
cited level, which appears under the rotational 
assumption, should coincide with the experimen- 
tally observed level (2.4 Mev), Blair and Henley 
found Rq = 4.6 x 1073 cm, which is satisfactorily 
close to our value of 5.8 x 107!3 em. 

Using this value of Rg, the above-mentioned 
authors likewise calculated other possible values 
of rotational level energies, but these values are 
in poor agreement with experimental data. There- 
fore we must conclude that only the second excited 
level of Be® with 2.4 Mev energy appears to be a 
rotational level. As regards the remaining Be? 
levels, we can assume that all of them are vibra- 
tional, as will be shown below. For this purpose 
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we shall consider the Be® nucleus as a combina- 
tion of two independent oscillators with frequen- 
cies wy and w,, one of which corresponds to vi- 
bration along the axis of symmetry, and the other 
corresponds to vibration of the neutron about the 
center of gravity of the system. The first of these 
can be described as a vibration of the a particles 
along the axis connecting their centers, while the 
second can be described as a vibration of the odd 
neutron about the center of mass of the two a 
particles. 

We shall designate by n, and n, the quantum 
numbers characterizing these vibrational modes. 
Then for the total excitation energy, reckoned from 
a given level, we can write 


(8) 


If we require that the first 1.7-Mev Be? level 
correspond to excitation of only the first neutron 
vibration (n,; = 0, ny = 1), while the 3.1-Mev level 
correspond to excitation of only the first a@ -particle 
vibration (n;=1, n,= 0), it is possible to deter- 
mine the frequencies w, and w,. Assigning the 
mMalues ny, =.0,°1, 2, -3, 4,'5, 6,... for n,=0 
and for n,=1, it is possible to obtain the entire 
excitation energy spectrum for the Be? nucleus 
with the exception, as is to be expected, of the 
2.4 Mev energy level, which appears to be purely 
rotational according to Blair and Henley. 

The table shows theoretical values of the Be? 
excitation energies calculated by Eq. (8), and also 
shows the experimental data contained in references 
7 and 3. 

As can be seen from the table, the agreement of 
the theoretical results with experimental data ap- 
pears to be quite satisfactory. It should be noted 
however, that (8) predicts levels of energies 9.3, 
/12.4, 14.1, and 15.5 Mev, which have not yet been 
found experimentally. if we consider that the in- 
terval between the two neighboring observed levels 
at 11.3 and 17.2 Mev (like the one between 7.9 and 
11.3 Mev) appears to be so large that it does not 
correspond to the observed level density found for 
other energy values, then this appears to make 
plausible the existence of the levels predicted by 
theory. 


Enns = MRO, + Nohog. 


In addition, experiment shows two very close 
levels at 17.27 and 17.47 Mev, while the theoretical 
value corresponding to a vibrational level is 17.2 
Mev. This could lead to the assumption that one of 
these levels is rotational. However, calculation 
shows that it is impossible to obtain a rotational 
level of 17.2 or 17.5 Mev for any value whatsoever 
of the moment J for the Be® nucleus if we pro- 
ceed from the Blair and Henley value Rg = 4.6 
x 1073 em. This leads to one of two choices: 
either these levels coincide, in which case we 
really have only one level to deal with, or else a 
level uncoupling occurs which is not covered by 
our Eq. (8). 

It is possible to conclude from the basic data 
given in the table that all the Be’ levels fall into 
two series, characterized by n,=0 and n,=1, 
for each of which nj = 0, 15.2,°3, 4,%5, 6,-- seine 
first spectral series corresponds to the excitation 
of vibrational modes along the axis of symmetry, 
when the odd neutron is found in the first excited 
state of vibrational motion. 

Our assignment of the quantum number n, to 
vibration along the axis of symmetry and ny, to 
vibration of the neutron about the center of mass 
is related to the fact, known from experiment, that 
the reaction for electron and photon disintegration 
of Be’ with emission of a neutron is observed be- 
ginning with 1.7 Mev energy, which corresponds 
to the neutron binding energy. Since our investi- 
gation shows that the single-particle model as 
applied to the neutron is valid in several cases, it 
is reasonable to assume that when a Be? state has 
an excitation energy greater than 1.7 Mev, the neu- 
tron cannot receive more than 1.7 Mev of this en- 
ergy. It follows that there cannot be a series with 
n, >1. In fact, all the experimentally observed 
lines fall into series with ny=0 or nh, =1. 

5. Let us compare our deductions with results 
dealing with the jBe® hypernucleus. For jBe® 
there have been obtained‘ the values R& * 2.5 
x 1073 em and Ry x 2x 107! cm. We observe 
here that Ra < Ry, just as in our case before. 
The smaller values of Ra and R®@ for the jBe® 
hypernucleus than for the Be® nucleus can be ex- 
plained by the fact that the A particle in the jBe® 
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hypernucleus is inan s_ state, while the neutron 
in the Be® nucleus is ina p state; it is therefore 
obvious why Ry>R,. Furthermore, if we con- 
sider that the interaction radius of the A particle 
with a nucleon is smaller than the nucleon-nucleon 
interaction radius, and that consequently the A-a 
interaction radius is smaller than the n-a inter- 
action radius, then we can assume that R@ < Raq, 
since the A particle does the binding in the jBe? 
hypernucleus while the neutron does the binding 
in the Be® nucleus. This conclusion seems all 
the more plausible, because the binding energy 

of the A particle in the ,Be® hypernucleus is 
greater than the binding energy of the neutron 

in the Be® nucleus. 

In conclusion we wish to express our thanks to 
our associates at the Computer Center of the 
Academy of Sciences of the Armenian S.S.R., and 
especially to F. M. Ter-Mikaelyan and R. A. 
Aleksandryan for preparing the table of functions 
on the “Erevan” computer. 

Added in proof (February 12, 1960): A recent 
paper [H. H. Thies and B. M. Spicer, J. Astr. 
Phys. 12, 293 (1959)] shows the nuclear spectrum 
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of Be? with the following new levels: 6.2, 9.2, 

and 13.3 Mev. As can be seen from our table, 

the first two are in good agreement with our val- 
ues of 6.2 and 9.3 Mev, while the 13.3-Mev level 
falls between our theoretical values 12.4 and 14.1 
Mev. The 6.8-Mev level, also observed experi- 
mentally, does not fit into our scheme and evidently 
has some other origin. 
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Parameters f,, characterizing the degree of nuclear orientation, are calculated for orienta- 
tion produced by saturating a forbidden resonance and for a double resonance. Modifications 


of the double resonance method are examined. 


a During 1956 and 1957, Feher and Jeffries pro- 
posed two new methods for obtaining polarized nu- 
clei. Jeffries’ method! is based on the saturation 
of a forbidden paramagnetic resonance, while 
Feher’s uses double resonance.” Experimentally 
both methods have led to observable polarizations. 
In this paper we calculate the quantities f, which 
‘characterize the degree of orientation,’ and discuss 
the two methods. 

2. Let the sample be a paramagnetic salt or 
silicon (or germanium) doped with nuclei having 
valence five or three. We assume that the nuclei 
of the paramagnetic ions, or of the impurity atoms, 
have spin, and if the sample is a paramagnetic salt, 
assume that the electron cloud in the paramagnetic 
ion has effective spin 3. For silicon or germanium, 
we assume that the temperature is so low that the 
impurity atoms are not ionized. 

Such a system can be thought of as a set of elec- 
tron clouds with spin S, and a set of nuclei with 
spin I, the electron clouds being those of the para- 
magnetic ions (with an extra electron or hole). In 
a strong magnetic field, the energy levels of such 
a system are given by the equation 


MepH + KMm + 0(B?/ 23H, g)3H, P). 


3-8 


(1) 


The notation is standard (in particular, M and m 
are the projections of the electron and nuclear spins 
respectively on the axis of quantization). 

Figure 1 shows the energy levels when all terms 
can be neglected, except the Zeeman energy of spin 
S (as is the case when computing Boltzmann fac- 
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be denoted by m’, while the state M=-—4, m 
will be denoted by m. 

The ordinary paramagnetic resonance lines in- 
duced by the alternating field are due to transitions 
with selection rules AM=+41, Am=0, and energy 
differences given approximately by g8H + Km. 
Those transition which have selection rules AM = 0, 
Am =+1 and energy differences ~ K/2 correspond 
to nuclear magnetic resonance (more precisely, 
there will be correction terms of order B*/g§H, 
g]GH, and P). 

The forbidden paramagnetic resonance lines 
correspond to transitions with AM=+1, Am=41 
and energy differences of about g@H + K (m+3).'%!4 
In particular, if the spin Hamiltonian is axially sym- 
metric about the direction of the magnetic field, then 
transitions will occur with AM = —Am=+1 (pro- 
vided that the alternating field has a non-zero com- 
ponent along the main field). In other cases, other 
transitions will be possible, with selection rules 
AM = Am = +1. 

There are also relaxation transitions, as follows: 

1. Vertical transitions: AM=41, Am=0 
(purely electronic relaxation). 

2. Horizontal transitions: AM=0, Am=+#1 
(purely nuclear relaxation). 

3. Flip-flop transitions: AM = —Am = #1. 

4. Flip-flip transitions: AM = Am = +1. 

5. Quadratic transitions: AM=0, Am=#2. 

We note that the contact interaction between elec- 
tronic and nuclear spins can give only flip-flop 
transitions. The dipole-dipole interaction between 


tors). For conciseness, the state M = 3, m will these spins can give transitions of type 1, 2, 3, and 
i —— M=+ 1/2 
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4. The quadrupole interaction between the nucleus 
and the electric field of the electron cloud gives 
rise to transitions of types 5 and 2. 

3. Jeffries’ method is based on saturating the 
forbidden paramagnetic resonance and can be used 
when the vertical relaxation is predominant over 
other modes. These conditions are always fulfilled 
for paramagnetic salts, and also for silicon, doped 
for example, with As® or Sb'”*. In general, it need 
not be more difficult to saturate a forbidden reso- 
nance than an allowed one. Forbidden transitions 
are less likely than allowed ones, but on the other 
hand the relaxation rate of the forbidden transition 
is usually smaller than that of an allowed one. 

Returning to Fig. 1, suppose that one of the 


transitions AM = —Am =+#1 is saturated (in 
particular, the transition ~<—pu-—1’ where yu 
can take on values I, I-1,...—I+1). Figure 2 


shows three pairs of levels from Fig. 1, the levels 
corresponding to nuclear spin projections wt+1, u 
and w-—1. Let W(wu) be the probability (per unit 


yet He. pot 
y i i Wahi 
FIG. 2 


time) that the alternating field induces the transi- 
tions 4~<~~-yu-1’. In this case there are three 
characteristic times: the time Ty =1/W(p) re- 
quired for the alternating field to cause one transi- 
tion (on the average), the vertical relaxation time 
Te, and the nuclear relaxation time Ty (i.e., the 
relaxation time associated with changing m). 
Suppose these times satisfy the inequalities 


a Tre< Mine 


In this case, in a relaxation time of order Ty, the 
alternating field will make the populations of the 
states » and w-—1’ equal. Inatime of order Te 
equilibrium will be established between the states 
pw and yw’, and also between p-—1 and w-i’. In 
atime Ty, full equilibrium will be established. 
We will use indices r, e, and n to distinguish 
between the orientation parameters corresponding 
to these three stages. 
It is easy to obtain the results* 


ee tanh 6 ~~ 3 (2p —1) ; 

rn Tasty? TU + hy era tanh 6; (2) 
e tanh 3 Piet 3 (2p — 1) 

‘ie a, v7 OTe 1) ? ifs - tanh 6, (3) 


(FA) Cre) 


where 6 = gBH/2kT. 


*The f,. are normalized so that their maximum value is 1.? 
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It is also easy to find an expression for the 
mean value of m‘ (where k is an arbitrary, posi- 
tive integer ): 


<m*> — mk), (4) 


In Eq. (4), the index zero denotes no saturation, @ 
is 4 in the first stage (r), and 1 in the second 
(e). From this last formula, it is easy to find the 
values of f;, f4, etc in the first two stages. It 
turns out that 


—otanhs-[u*—(u — 1)*]/(27 + 1), 


fe = 2h (5) 
for all k. 

Buishvili!? has obtained the following expressions 
for ff and f}, on the assumption that the nuclear 
relaxation is due to the contact interaction only: 


ae [7 +1)—(»—1)] sinhd , 
; rmdU+t—pyet +04 pe] - 
[i+ 1)— 4 (2 — 1) Gy = 1) sinh 


jee (6) 


d+ t—pye? + pel A= 4) - 

What is the physical meaning of these results? 
f,; is negative because the alternating field causes 
more transitions from pu to w—1’ than the other 
way around (the population of the state p being 
larger before saturation), with the result that the 
mean value of the projection of the nuclear spin 
decreases. Similarly, it is easy to see why f, is 
proportional to 1—2,y. Indeed, it can be shown 
that if » >4, then <m?*> decreases when the 
resonance <—yu-1’ is saturated, while if yw 
<3, then <m?> increases. 

From the formulas for f, it follows that 
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which is also not difficult to understand. After the 
populations of the states » and pw—1’ have be- 
come equal, vertical relaxation occurs between 
the states yw’ and uw, as wellas yw-1’ and p—1, 
followed by transitions 4—p-—1’ induced by the 
alternating field. When nuclear relaxation enters 
the picture, there will be transitions between the 
levels on the left in Fig. 1 to those on the right. 
All this increases the population of states with 
small m. 

If the inequality Ty « Te does not hold, equi- 
librium under the alternating field and under ver- 
tical relaxation will be established simultaneously, 
and formulas (2) will not be applicable. If the in- 
equality Te «< Ty is violated, vertical and nuclear 
relaxations will establish equilibrium at the same 
time, and formula (3) will no longer hold. 

The equations (6) remain valid in all cases, ex- 


cept that if the transitions ~<-y-—1’ are not com- 


pletely saturated (which will be the case if Ty 
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~ Ty), then the right hand sides must be multi- 
plied by a factor s(u) which tells how saturated 
is the transition.” 

At first sight it would appear that to get maxi- 
mum polarization, Ty should be as small as pos- 
sible. However, this is not the case because when 
the nuclei relax quickly it is hard to saturate the 
forbidden transition. 

Finally, it is easy to show that if the forbidden 
transition «4<—y+1’ is saturated, the minus sign 
in formulas (2) and (3) has to be replaced* by a plus 
sign, and 2u-—1 replaced by 2u+1. The formulas 
for ff and fj become much more complicated 
because in this case the alternating field and the 
nuclear relaxation cause different transitions. 

4. We now consider the double resonance 
method of orienting nuclei. Bloch has shown” that 
an adiabatic fast passage through a resonance re- 
sults in an inversion of the two populations, pro- 
vided the resonance is swept through quickly 
enough. In the following, the inverted pair of lev- 
els i and k will be denoted by the symbol [i,k]. 

In Fig. 1 (or 2), let the pair of levels [y, p’ ] 
be inverted. The nuclei will not be polarized as a 
consequence of this, and so the amount of polari- 
zation will remain small. Now let us invert one 
of the pairs [u, u-1], [u, w+1]), [yw’, uw-1'], or 
[u’, w+1’]. This will result in a significant nu- 
clear polarization. 

For example, the two inversions [y, w’] and 
[u’, 4-1’] are equivalent to exchanging the pop- 
ulations of the levels » and p-—1’. Asa result, 
the number of nuclei with spin projection p—1 
will increase, while the number with spin yp will 
decrease. This leads to a negative nuclear polari- 
zation (f; < 0). 

The final expressions for f, and f, in the four 
possible cases are given below: 


3 (2u — 1) 


a tanh 6 | i 2s 
fi 2 Oley Ch) 


soa per tanh 6, (7) 


the upper sign corresponding to inverting first the 
pair [p, ’] andthen [y, ~-1], while the lower 
sign corresponds to inverting first [, w’] and 


then [y’, uw-—1’]. Furthermore, 
_ tanh 6 Leth. 3 (2p + 1) 
age J ties er—p ant o: i) 


where the upper sign corresponds to the inversion 
[u, w+1] after [p, w’] while the lower one corre- 
sponds to [p’, w+1’] after [py p’ I 

Formulas (7) and (8) are applicable only in the 
~~ *On the right hand side of formula (4), » — 1 must be re- 
placed by p+ 1. 


681 


case where the time between the two inversions 

is significantly smaller than the vertical relaxation 
time Te. If this inequality does not hold, less ori- 
entation will result because partial equilibrium be- 
tween the levels yw and yp’ will have been estab- 
lished by the time the second inversion occurs. 

The orientation obtained by Feher’s method will 
decay away with the nuclear relaxation time Tp. 
Although vertical relaxation transitions occur be- 
tween the two inversions, they do not change the 
projection of the nuclear spin. 

From the results given above, it follows that 
the values of the f, obtained by Feher’s method 
are the same as those in the second stage of Jef- 
fries’ method. For example, inverting the two 
pairs [u, uw’] and [u’, w—1’] gives the same 
result as saturating the forbidden transition pu 
<~—y-I1’. Clearly, the two inversions can be 
replaced by one — the one being an inversion of 
the two levels in the forbidden transition. For 
example, instead of inverting the pairs [p, p’ ] 
and [p’, u-1’], it is sufficient to invert the pair 
[u, M— L” lie 

5. Different variations have been proposed on 
the method discussed above.'*!5 For example, we 
could saturate the transition ~~<— wy’, and then 
either saturate or invert one of the horizontal pairs 
(see Fig. 2). It is easy to see that if we were to 
saturate the transition ~<—w’ and then invert 
one of the pairs [p, +1], [p, u-1), [w’, pt) 
or [y’, u-1’], the resulting orientations fk would 
be half as big as those given by formulas (7) and 
(8). In other words, the values of f, so obtained 
would be those corresponding to the first stage in 
Jeffries’ method. The orientation would decay to 
its equilibrium value with a relaxation time of 
order Tp. 

The values of the f, would not change if the 
saturating field were to be removed after the hori- 
zontal pair of levels was inverted. When the satu- 
rating field goes off, vertical transitions between 
the levels » and yp’ take place, but these do not 
change the projection of the nuclear spin. 

6. Another possibility is to saturate one of the 
vertical and also one of the horizontal pairs of 


levels. It is not difficult to show that 
dimt> — <i. = — sp z {let +(e — IH 
ae eh +(e — DL eel, (9) 


where k is any positive integer and the upper sign 
in the exponents corresponds to saturating the tran- 
sitions zp’ and uw’ <—pu-1’, while the lower 
one corresponds to w<—~yp’ and w~~-p-1. The 
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index zero denotes no saturation. Furthermore, 


{ 
7) aaa 


[Que + (w+ 1)e(1 + ext8)]| (10) 


<m*) — (im*) 9 = 


{tet + (ue 


eee er 


where the upper sign in the exponents corresponds 
to saturating the transitions 4~+— yp’ and yp’ <— 
+1’ while the lower one refers to ~<—wp’ and 
j.+—pt+i1. As in the preceding cases, the polari- 
zation decays away with the relaxation time Ty. 
If both saturating fields are turned off, the de- 
gree of nuclear orientation will not change for 
times less than Ty. When the field saturating the 
transition ~~~ yp’ is turned off, vertical transi- 
tions will occur, but these do not change the pro- 
jection of the nuclear spin. When the field satu- 
rating the horizontal transitions is turned off, 
transitions will occur with relaxation time Typ. 
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Internal bremsstrahlung in the 6 decay of polarized nuclei is studied. The general form of 
angular distributions is given. It is shown that a measurement of the correlation between the 
direction of emission of the internal bremsstrahlung photon and the nuclear polarization pro- 
vides information on the form of the £ interaction. 


] It is well known that as a consequence of parity 
nonconservation in 8 decay the emitted B electrons 
are longitudinally polarized. Therefore the internal 
bremsstrahlung of these electrons will be circularly 
polarized. The theory of internal aes une 
was studied by a number of authors;'~* effects due 
to parity nonconservation were also discussed.‘~® 

In particular the degree of circular polarization of 
the internal bremsstrahlung has been calculated 

for allowed and once forbidden £ transitions.°”® 

We wish to discuss the internal bremsstrahlung 
in the B decay of polarized nuclei. As a result of 
parity nonconservation there exist in this case cor- 
relations between the direction of emission of the 
photon and the polarization direction of the nucleus 
(of the type n-k where 7 is the polarization direc- 
tion of the nucleus and k the momentum of the pho- 
ton), and also between the direction of emission of 
the B electron after the internal bremsstrahlung 
and the nucleus polarization direction (of the type 
n-p where p is the 6 -electron momentum after 
the internal bremsstrahlung ), if the direction of 
emission of the neutrino is not observed. 

A measurement of the correlation between the 
direction of emission of the internal bremsstrah- 
lung photon and the nucleus polarization provides 
information on the form of the 8 interaction. Con- 
sequently the study of internal bremsstrahlung of 
polarized nuclei is of well defined interest, particu- 
larly since it may turn out in a number cases that, 
due to considerations forced by experimental meth- 
ods, an observation of this effect will be more con- 
venient than the study of the angular distribution of 
B electrons in the B decay of polarized nuclei (this 
is due to the difficulties encountered in measure- 
ments of the B electron energy as a consequence 
of their scattering in the source, etc). 
~~ *Nuclear Physics Institute, Peking University. 

tInstitute for Nuclear Research, Czechoslovak Academy 


of Sciences, Prague. 


2. The calculation of the internal bremsstrahl- 
ung in the 8 decay of polarized nuclei is carried 
out for allowed transitions on the assumption of 
the V-A interaction form. The matrix element 
for the internal bremsstrahlung is written in the 
same form as in references 3 and 5. 

The angular distribution of particles emitted in 
the B decay of polarized nuclei, accompanied by 
internal bremsstrahlung, may be written for the 
general case as follows: 


W (Ven, One, 9np) = A (8p) + Bx (xp) cos One + Bp (Dep) COS Onp 
+ p[C (Bp) + De (8xp) COS Ong + Dp (xp) COS Ono], (1) 
where 


A (90) = =praps| {<1 [Bat 


ZA site 
2j1+ 


2P, Fart ea 
Br (Sep) = a soe fe 26),, V = +1 


4 ' 
+35 a g| <a> A% (h*p' — kp? + pep C05 Ox], 


i= in VW BT ><A 


en (2) 


r |<a> PAS {p? (&p +B) Sin? Yep — 2p 3}, 


A <a <1) 


9 2Pe 
By (9p) = © pore 


2je 1 ! 9 , : 
ar so 7 &l<e part {pkp’ — p* sin? Op) |. (4) 
1; 
C (8kp) = =p ae <P 
2j Je+ 2 2\ 29 RR 
-L oF -| <a> |?A pee sin? 94) — k®p p’))) (5) 
2P, 7 rN ap 
Dz (8p) = = pk | 28. ree i— Eph ( 
— pcos 9,,)— 2p*k + 2k*p’} 
| +32 g| <o> PA? {e,kp COS Dep aa pk + rp’) | : (6) 


<a> CIDA 


0 ae | ag i 
Dp ( ep) = ey) eas Nig Tol ee 


g| <a>? Att Rpp’ | (7) 
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The notation used in Eqs. (1) — (7) is as follows: 
k, k — momentum and energy of bremsstrahlung 
photons; p, €) — momentum and energy of 6 
electrons after bremsstrahlung; » — sign of cir- 
cular polarization of the internal bremsstrahlung 
photons (u=+1); 9kp — angle between directions 
of emission of the photon and f electron; 97k — 
angle between direction of photon and nucleus po- 
larization; Onp — angle between direction of 
emission of 8 electron (after bremsstrahlung ) 
and nucleus polarization; <1> and <ao> — 
matrix elements of the Fermi and Gamow-Teller 
type; p’ = —€p + PCOS Oxy; ji, jn — nucleus spin 
in initial and final state; P, — degree of nuclear 
polarization; A = Ca/Cy = 1.19 + 0.04.! 

The coefficient g depends on the change in the 
nucleus angular momentum in the given f£ transi- 
tion and is equal to 
for transitions J2 = fi + 1, 

ZS 1/(j1 + 1) for transitions J2 = ji 
for transitions Jo = j1— |. 

3. Next we analyze expression (1). We note 
that for internal bremsstrahlung in the B decay 
of unpolarized nuclei the terms proportional to 
Bk, Bp and Dk, Dp vanish. Therefore the ex- 
pression 


Wo (9%p) = A (%p) (8) 


represents the probability for unpolarized internal 
bremsstrahlung in the 6 decay of unpolarized nu- 
clei and it differs from previously given expres- 
sions!~3 only in the inclusion of parity nonconser- 
vation. On the other hand the expression 


1 (8p) = A (Pep) + uC (Yep) (9) 


represents the probability for circularly polarized 

internal bremsstrahlung in the 6 decay of unpolar- 

ized nuclei. We note that the degree of circular 

polarization of the internal bremsstrahlung (for 

the V and A interaction variants) is equal to 
G pk sin? oo k?p’ 


P=u = 3 in2 2p! 
OA © Be + h)sin’,,— kp"? 


(10) 


which agrees in magnitude with but differs in sign 
from the expression previously derived.*’® The 
disagreement in sign is a result of different as- 
sumptions regarding the ratio of the constants C 
and C’. Namely, we assume, in agreement with 
recent data,® that for the V and A interaction 
variants the relation C =+C’ holds; whereas 
Sawicki and Szymanski®?® assumed C = —C’. 

Let us further note that the terms in expression 
(1) proportional to D, and Dp are not due to par- 
ity nonconservation and represent scalars of the 
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type (oy°k)(K*7) and (oy-k)(p-n) where Ov 
is the circular polarization vector of the photon. 
Lastly, the expression 


Wo (Yep: Yap, One) = A (9p) + Be (Gp) COS Ong + Bp (icp) Cos Onp 
(11) 
represents the desired angular distribution of un- 
polarized photons from the £ decay of polarized 
nuclei, accompanied by internal bremsstrahlung. 

4. Let us look in more detail at expression (11). 
After integrating it over the angle Op we obtain 
the expression for the angular distribution of un- 
polarized internal bremsstrahlung photons from 
the 8 decay of polarized nuclei in the form 

wy ~ 1 + ag cos On2, (12) 
where the asymmetry coefficient a, is given by 


(28, ,V ial Ga F 1K0><1A+-[2fet+1)/(2irt 1)1El<s>?? AP] 


va [5 Kd EF lie + Deh + DI > PA 
x @(A, k), (13) 
and (A, k) isa function of the £ -transition en- 


ergy and the photon energy k given by 
Be, + 4k— p- [2 +- m? 4 

@ (AS anions Gaee me 
—4(e, +k) + p*[e5 4 (+ &)7] In[(e, + pe, — PI 
(14) 


The table shows numerical values of the function ® 
integrated over the 8 -electron energy (all ener- 
gies expressed in units of mc”). It is seen from 
the table that the asymmetry coefficient is quite 
large and does not depend strongly on either the 
energy of the £ transition or on the photon energy. 


Values of the function (A, k) 


Otee lt x Cob bene eee 
4.0 —0,58 —0.64 | —0.78 
3.9 —0.99 —0.58 | —0,71 
Dae —0,53 —0.95 — 


By integrating expression (11) over the angle 
Onk we get the angular distribution of B electrons, 
which have emitted a bremsstrahlung photon, from 
the B decay of polarized nuclei; this represents one 
of the radiative corrections to the asymmetry coef- 
ficient in the Wu effect. 

In conclusion the authors express their deep 
gratitude to Prof. Shapiro for suggesting this 
problem and for useful discussions. 


HG Chang and D. Falkoff, Phys. Rev. 76, 365. 
(1949). 
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The physical ideas and the mathematical methods developed in superconductivity theory are 
applied to a study of the properties of light nuclei. On the basis of the shell model of the nu- 
cleus, it is shown that account of the residual interactions of protons and neutrons located 
near the Fermi surface leads to the appearance of superfluid states. Data on the binding en- 
ergy of the last neutron in the 22 < A < 32 region indicate the presence of paired (pp), (nn), 
and (np) correlations with the same quantum numbers s and m connected with the super- 


fluidity of light nuclei. 


Apericarion of physical ideas and mathematical 
methods developed in superconductivity theory! to 
the theory of heavy nuclei has proved to be very 
fruitful. The residual interactions of protons and 
neutrons found in the outer shell of light nuclei can 
also lead to a large role for pair correlations and 
to the appearance of a superfluid state, i.e., to an 
energetically more favorable state than that of com- 
plete degeneracy of the Fermi gas. In this connec- 
tion, it is of interest to consider the possibility of 
the appearance of a superfluid state of a light nuc- 
leus and to investigate its basic properties. The 
present paper is devoted to the study of these ques- 
tions. 

Taking the shell model of the nucleus as a base, 
we shall investigate certain properties of light nu- 
clei with atomic weight A lying in the range 16 
< A < 40, where one can stilluse the hypothesis of 
isotopic invariance. We shall assume that the pro- 
tons and neutrons forming the closed shell Z = 8, 
N=8 create a radially symmetric field, which is 
distorted somewhat by nucleons lying outside this 
shell. Therefore our consideration applies directly 
to even weakly deformed nuclei (this restriction 
evidently has a purely methodological character ), 
i.e., to nuclei lying in the 22 < A < 32 interval.? 

We consider the residual interactions of protons 
and neutrons lying in the outer shell. The most 
significant difference of these interactions in light 
nuclei in comparison with heavy nuclei is the pres- 
ence of neutron-proton interactions in addition to 
pp and nn interactions. We shall characterize 

the state of the nucleon by a choice of quantum 
numbers s, the quantum number m (the abso- 
lute value of the projection of the momentum along 
the axis of symmetry of the nucleus), and the num- 


ber p=+1 (the sign of this projection), while 
in the case of LS coupling p also characterizes 
the direction of the spin. 

The Hamiltonian of the residual interactions of 
the nucleons close to the Fermi surface, i.e., in 
the region Ep-—6 =< E(s,m) =< Ep+A, will be 
written in the isotopically symmetric form; that 
is, 

H = X{E(s, m) —}} {dom (S)*dom (S} + Bom (S)* Bom (s)} 

+ YaBI (Sy Sy Sp Sly Ogg: py, ph) 

x (Ging (S)"O rag (5) n’ (s,) Oem’ (s}) 

els pes (s,)* yaa (S,)" 0 on (s,) Om (s,) 


at 20. my (s,)" ba: (s,)* Pom (s;) 6" m" (s})}- 


(1) 
Here summation is carried out over s, Si, So, Sj, 


s, for all positive values of m, m,, my, mj, m$§, 
and for p=+1, while 


Sd ae ye 
pM, + PIN, = pM, + p,IN,, p71, ce p,/7,, 


amp(s), bmp(s) are the operators of absorption 
of a proton and a neutron, A is a parameter play- 
ing the role of a chemical potential, which is de- 
fined by the condition 


(= » {pm (S)* Gom (S) + Dom (S)* Bom (s)}. 


S, Mm, 


(2) 


We carry out a linear canonical transformation 
Gom (s) =Um (s) Xm,—o + PUm (s) Gime + ifnm (s) Bm,—e 
+ if@m (S)Bine 
Coin (s) = Um (s) Bm,—p a2 2Um (s) Bine 
+ 1p@m(S) Gino, 


+> iMm (S) &m,—p 
(3) 


where the real functions um, Vm, Xm, Wm are © 
related by the following relation 
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Um (S)” + Um (8)? + Mm (Ss)? + wm (s)? = 1. (4) 


We determine the new vacuum state by the re- 
lation 
Oem (S) ‘EF = Bom (s) ¥ = 0. 
Solving (5), we obtain a wave function of the new 
vacuum state in the following form 
Y= IT (n+ nh) + (0% + w2,) aks ak_bt ot 


= (UnOm = a W mlm) (anh. cake arr bt bt_) 
+c i (UmWm as NmUm) (Ea le oa ape bpsyy megs 


(6) 


where apm(s) %=0. The canonical transforma- 


tion (3) is so chosen that the np interaction is taken 


into account, i.e., so that 


(E"dembon¥) = dom Opae == 0. 


Further, proceeding as in reference 3, we find 
the mean value of the energy operator H over the 
new vacuum state, and we determine the DN ), 
Vm(S)> 2y,(S), and wy,,(s) from the condition of 


the minimum H; as a result, we get 


Cm (S) + */2 Dd (s, s’|m, —m, 


, ’ Cin! (s’)? 0 7) 
— im ? m ) VEG. my +2C,, (8)? m’)?? ms aCe (s’? rae 3 ( 
UmnUm — Omlm = Umm + UmUm = —Cm(s)/2e(s, m); (8) 


where 


Cs) = 2 J (s, s’'|m,—m; —m’, m’) (Um (s’) Um: (s’) 


— Mm’ (8) Wm (S’)), 
e(s, m)=V&(s, m)? + 2C p(s)’, 
u2, + nt, =1/,(1 +8 (s, m)/e(s, m)), 

x v2, + w?, = 1/2 (1 — § (s,m)/ (s, m)). 


Let us consider the approximation 


J == const, p = const, 
i.e., J and the level density p are constant in the 
energy range Ep-6=<=E< Ep+A. We solve Eqs. 
(7) and (2) in the same way as in reference 4 and 


obtain 


4Q—n)n eG 
(Gis V(4Q2—n)n e 


G1 2V ap’ Lo) 
2Q—n 4 
Er x = 2p e2/G__ 4 ? (11) 
where G=-—pJ, n=number of neutrons, while 2 


is the number of levels in the outer shell of the nu- 
cleus. We note that C=C, IN Onn HelEGy where 
C) and €) correspond to the case of the absence 
of np interaction.’ 

Thus, if the model considered for a light nucleus 
is valid, then the residual (after separation of the 


self-consistent field) np, pp, and nn interactions 
lead to the formation of a superfluid state of the nu- 


cleus. It should be noted that the energy of the 


(5) 


E(s, m) = E(s, m)—2, 


(9) 
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ground state of an even nucleus does not depend on 
how the nucleons are coupled together: protons with 
protons or neutrons with neutrons or also coupling 
of protons with neutrons takes place. 

The first excited state in light even-even nuclei 
(and also in odd-odd nuclei, in which N= Z, when 
the last neutron and proton are described by the 
same quantum numbers) is separated from the 
ground state by an energy gap of order 2¢€, and the 
behavior of single particle excitation levels in these 
nuclei ought to be similar to the same degree to 
which isotopic invariance is valid. However, for 
the explanation of energy levels and the energy of 
coupling of nuclei in the region 22 < A < 32, one 
must take into consideration the quadruple corre- 
jlation of a -particle-like nucleons in addition to 
pair correlations; these new correlations evidently 
play a very important role and somewhat mask the 
effect of pair correlations. 

We now consider the data of Brink and Kerman 
pertaining to the coupling energy of the last neutron 
in light nuclei. The binding energy of the last nu- 
cleon in ;.Mg%8, ,,Al3], and ,;P?!, where all the 
neutrons are coupled, is of the order of 11 Mev, 
while in the nuclei ,,.Mg?3, ,Mg%!, and ashe 
where the last neutron is not coupled, it is of the 
order of 7 Mev. Further neutron-proton couplings 
in ,,Nai?, ,,A128, and ,;P3? reduce to a last-neu- 
tron binding energy of the order of 11 Mev, and in 
odd-odd nuclei, where the last proton and neutron 
are described by different quantum numbers and 
therefore the pair correlation between them does 
not exist, the binding energy of the last neutron 
is also of the order of 7 Mev. 

Thus the data on the binding energies of the last 
neutron in light nuclei confirm our assumption of 
the presence of np, pp, and nn pair correlations 
with identical quantum numbers s and m, lead- 
ing to a superfluid state of light nuclei. 

In conclusion we express our gratitude to N. N. 
Bogolyubov for his very interesting discussions. 
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The influence of shell effects on elastic constants and mass coefficients of vibrational de- 
grees of freedom of a nucleus, on the mass distribution of fission fragments, and on the 
magnitude of their excitation energy is considered. 


i The fission asymmetry and the excitation of the 
fragments have previously been considered.!»? It 
was shown that the degree of asymmetry and the 
magnitude of the excitation energy of the fragments 
depend on the values of the elastic constants for 
vibrational degrees of freedom of the fragments, 
and the excitation energy also depends on the mass 
coefficients of these degrees of freedom. 

In references 1 and 2 it was noted that experi- 
ments on the Coulomb excitation of nuclei give 
evidence of a considerable deviation of the true 
values of the elastic constants and mass coeffi- 
cients from their theoretical values calculated on 
the basis of the liquid-drop model. However, in 
references 1 and 2 elastic constants and mass co- 
efficients calculated on the basis of the liquid-drop 
model were used in estimating the degree of asym- 
metry and the excitation energies of the fragments. 
Recently, Belyaev® showed a method for calculating 
the elastic constants and mass coefficients for vi- 
brational quadrupole degrees of freedom of the nu- 
cleus, taking account of shell effects and of nucleon- 
nucleon interaction. According to Belyaev,° the po- 
tential energy of the nucleus, which depends on the 
deformation, has the form (a simpler case, when 
only one type of nucleon is present, was considered 
in reference 3) 
eee pp ten 


wae (Q-Qp AF QQ =F CONOR (1) 
where Qc, Qp, Qn are the (volume) quadrupole 
moments of the filled shell, and of the protons and 
nucleons outside the filled shell, respectively. 

For small Qp and Qn 


= Po use| ae Ono 
Soa Gath 2) , Tn = @ (—x/h) 


Ie 


®p) and @no) are numerical parameters charac- 
teristic of the given shell, and ®p and @n are 
the occupation factors: 


4N N 
a, — (1a \ 


p max p max 


(2) 


where Np is the number of protons in the unfilled 
shell, and Nypmax is the maximum number of pro- 
tons possible in this shell. @y has an analogous 
form. The notation is the same as in reference 3. 
The values of the elastic constants k and x must 
be found from experiment (k ~ k/2, cf. reference 
a 

The kinetic energy T is of the form 


T =LBQE ++BQ5 +> BaQh; 
Be has the same meaning as in the liquid drop 
model: Bg = 5m/24AR?; Bp and Bn are consid- 
erably larger: 


h? ED Ono xk E 
(GN, maxi 2)* ©, k—x’ 


By 


for Bn we have an analogous expression. Here m 
is the nucleon mass, A — the atomic weight, R — 
the nuclear radius, and G — the mean matrix ele- 
ment of the interaction energy; G is connected 
with the magnitude of the energy gap. The normal 
coordinates Q;, Q»,, Q3, and the frequencies of 
the normal vibrations for the Hamiltonian H = T 

+ Ug are easily found. The main role is played 

by the lowest frequency w, 


= t= E (Ge —1)+5-(3 —1) 


Pp 

my 4 (e) 0 4 8, 2 4 Vr 
ge a (ee) +a] fs @) 
if w, is real, the nucleus is spherical.’ 

The probability of Coulomb excitation is deter- 
mined by the matrix element of the operator 
ZeQce/Ac + Qp of the oscillator » functions for 
@,. Comparing the theoretical values of the fre- 
quencies w, thus found and the probabilities of 
Coulomb excitation with the experimental data on 
the values of the vibrational levels and on the prob-. 
ability of Coulomb excitation (cf. reference 4), it 
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is possible to find @yp, ®po> Commande Kean Shales 
Belyaev, private communication). 

The potential energy of the fissioning nucleus 
before scission is determined by the deformation 
energy of the future fragments; this deformation 
energy depends on the total deformation of the 
fragments, i.e., on the total quadrupole moment 
Q=Qc+Qp+ Qn (cf. reference 1). Since the de- 
formation process of the fissioning nucleus is 
quasistatic, it can be assumed that Qp and Qn 
take on values which correspond to a minimum of 
the energy Ug. Thus, to find the deformation en- 
ergy of a fragment before scission, the potential 
energy Ud in (1) must be expressed in terms of 
Q, Qp, and Qn, and minimized with respect to 
Qp and Qn fora given Q. Here Ud = CQQ’/2, 
where 
1 — 0, / O9— 9, / Ono 


( Cir cs ip ice es RED aA I Se 
Q 0, / 950+ On / Ong + */(k—*)* 


(4) 
It is easily seen that Cg has maxima for filled 
shells. However, these maxima are not as sharp 
as the maxima of the frequency w,, of the elastic 
constant, and the mass coefficient for the normal 
coordinate Q; with a frequency w,. These sharp 
-maxima are observed on the experimental curves 
of the elastic constants and mass coefficients in 
references 4 and 5. In Cg values of k, k, ®no, 
®po> found from a comparison with experimental 
data should be substituted (see above). 

Since CQ has a maximum for filled shells, the 
sum of the deformation energy of both fragments 
will, for the same parameters of the fragment de- 
formation Q, be larger for magic than for non- 
magic fragments. This effect will counteract the 
shell effects as far as the binding energy of spher- 
ical nuclei is concerned! and, consequently, will 
not favor asymmetric fission. However, an esti- 
mate cf CQ according to (4) shows that with the 
new values of CQ the energy minimum of the fis- 
sioning nucleus is increased only by 1 —2 Mev com- 
pared with calculations based on the liquid drop 
model,! and corresponds, as before, to asymmetric 
fission. Numerical calculations of the energy of 
the fissioning nucleus with new values of Cag will 
be published in another paper. 

2. Taking account of sheli effects on the elastic 
constants and mass coefficients of the nucleus also 
changes the excitation energies of the fragments. 
The fragment excitation energy E,, consists of 
the energy of the inner degrees of freedom of the 
fragments at the instant of scission Ep, and of 
the additional excitation energy after scission 
E.. — Ey (reference 2). In reference 2 the author 
showed that E,, — Ey « Ey; however, there the 
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calculations were made on the basis of the liquid- 
drop model. In accordance with the new model, 
instead of a single parameter of quadrupole frag- 


ment deformation af), i.e., Qi) (i=1, 2), 
three normal coordinates Qi), Qi), Qf), have 
to be introduced, and the deformation energy Ug 
and the Coulomb interaction energy Ujnt, de- 
pending on aD (QD) (cf. reference 2), have to 
be expressed in terms of these normal coordi- 
nates. However, at the same time, only those 


terms depending on the coordinate Qh which 
corresponds to the lowest frequency wit can 
be retained in Ug and Ujpnt, since higher ex- 
cited frequencies will be considerably weaker. 
An estimate shows that here too, as before, Ey 
— Ey) « Ey. Therefore, for an approximate es- 
timate of the excitation energy E. it is suffi- 
cient to calculate Ey corresponding to the most 
probable fragment mass ratio A,/A, = Alight / 
Aheavy: The value of E) depends only on a) 
(i.e., on Q@) and on a) (cf. reference 2). 
Numerical calculations of E) and E, as func- 
tions of Z and A of the fissioning nucleus will 
be published elsewhere. 

Of great interest is also the calculation of the 
excitation energy of each fragment separately for 
different mass ratios A;/A,). The figure gives the 
values of the total energy EY) = = ue + T% (in 


units of e har for ro = 1.22 x 1073 cm, e*/rp 

~ 1.18 Mev) at the instant of scission, calculated 
for three nuclei on the basis of the liquid drop 
model. In calculating T) in the expression for 
(Q)eff the term AU(A,/A,) [cf. formula (7) in 


reference 2] was, for simplicity, not taken ee 
i 


account. The fragment deformation energy Uq’, 
Ms 
ra one 
1g 
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unlike the energy of the vibrational degrees of 
freedom T(i), changes little with A,/A,; only 
when A,/A, « 1 is the energy us? noticeably 
smaller than U®). The ratio T/T®), however, 
as was to be expected,” increases sharply when 
A;/A, decreases. On account of this Ey be- 
comes larger for a lighter fragment. In the new 
model, which takes into account shell effects on 
the elastic constants CW), Us. and uf? will, 
obviously, no longer remain practically constant 
while A,/A, changes, but will increase from 
A;/A, equal to unity up to A;/A, corresponding 
to magic or nearly-magic fragments (that is near 
the most probable value of A,/A,); then, upon 
further change of A,/A, they will decrease. E§! 
and E{?) should prove to be more sensitive func- 
tions of A;/A,. Taking account of AU (A;/A,) 
leads to the same results, since |AU| (and, con- 
sequently, also T“)+ T®@)) has a maximum for the 
most probable value of A; /Ag). 

For such calculations of Ef!) and E{?) we 
assume that scission takes place at the neck thick- 
ness dy which is close to zero, for instance for 
dn ~ (0.1 to 0.15) R (R is the radius of the fis- 
sioning nucleus) (cf. reference 2), and at that, 
in the most narrow place of the neck. However, 
as O. Bohr noted (private communication), if the 
fluctuations of the scission location are taken into 
account, an even stronger dependence of E§!)/E{?? 
on A;/A, may be obtained in the region where 
A;/A, is close to unity. Indeed, if for a given 
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position of the narrowest part of the neck the 
scission point is moved towards the heavier frag- 
ment, the energy of the lighter fragment is in- 
creased, since its deformation becomes larger. 
Inasmuch as a very strong dependence of the exci- 
tation energy ratio E{')/E®) is observed® in the 
region of A,;/A,=1, the effect of the fluctuation 
of the fracture location evidently plays an impor- 
tant role. 

In conclusion, I wish to express my gratitude 
to S. T. Belyaev for an interesting discussion, and 
to I. G. Krutikova for carrying out the numerical 
calculations. 
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An approximate method is proposed for the calculation of the energy levels of uw mesic atoms 
from radial Dirac equations with a potential which simultaneously accounts for both nuclear 


volume and screening effects. 


A. For the calculation of the energy levels and the 
wave functions of the meson in mesic atoms it is 
necessary to solve the quantum mechanical prob- 
lem of the motion of a meson in the electrostatic 
field of the nucleus with the most reasonable (from 
the point of view of nuclear physics) distribution 
of protons. In the case of # mesons one usually 
solves the relativistic Dirac equation with the po- 
tential 


VA. = Ze(sR* 7") (2R* VN), 


Vr) = Ze /r (Took), (1) 
which corresponds to a proton distribution whose 
density is constant inside, and zero outside the 
nucleus. The screening effect is neglected by 
assuming that the electrons, which move at rela- 
tively large distances from the nucleus, do not 
have any appreciable effect on the 4 meson which 
moves close to, or inside, the nucleus. 

These considerations, however, are not the only 
reason for neglecting the screening effect in the 
calculation of the energy levels. Another reason 
which made the inclusion of the screening effect 
impossible was the absence of reliable approxi- 
mate methods for integrating the Dirac equation 
with a combined potential of more complicated 
form than the potential (1). We note that even the 
integration of the radial Dirac equations with a 
potential of such a simple structure as potential 
(1) cannot be done exactly. The most exact solu- 
tion of this problem is obtained by joining the wave 
functions at the boundary of the nucleus. 

In the present paper we propose the use of the 
quasi-classical method of solving the radial Dirac 
problem (see reference 2) for the calculation of 
the energy levels of ~ mesic atoms including 
nuclear volume and screening effects. 

2. We propose to take account simultaneously 
of both the nuclear volume and screening effects 
in the calculation of the energy levels of w mesic 


atoms with the help of a combined potential which 
inside the nucleus is a Thompson oscillator poten- 
tial and outside, a nonrelativistic statistical Thomas- 
Fermi potential, corrected at small distances from 
the nucleus: 


U(r) = Ze(3R? = r7)/ 2R® 
Ure Zell B(r—R)]/r 
U(r) =e/r+(Z— leg (r/p)/r 


where R is the radius of the nucleus, g)(r/u) is 
the universal function of the statistical model of the 
atom, pw = 0.8853 a)/(Z —1)'/3, and ay is the Bohr 
radius of the hydrogen atom. The constant B, as 
determined from the continuity condition on the po- 
tential (2) at r=a)/Z, is equal to 


1) [1 — 9 (@0/#2Z)]/ (ao — RZ). (3) 


The qualitative agreement of potential (2) with 
potential (1) allows us to solve the radial Dirac 
problem with the potential (2) for the mesic 
atom with the help of the quasi-classical method 
developed by the author,” by constructing an ap- 
proximate quasi-classical solution of the radial 
Dirac problem with the potential (2) from the more 
exact solution of the analogous problem with the 
potential (1), obtained by the method of joining the 
wave functions at the nuclear boundary.! 

As was shown earlier,’ the approximate eigen- 
values of the radial Dirac problem are, in the 
above-mentioned quasi-classical method, deter- 
mined by the equations (14a) and (14b), which in 
our case have the form 


(r-< R); 
(R <Gie—<e Ay | Z). 
(7S "G57 2); (2) 


B= 


( K (p) do = \ L(s)do (for states with x+—1), (4) 
| K ed =( Lies 6) 


(for S states; » — — 1) 


0 0 


where x is the quantum number of the radial Dirac 
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problem, and r; and ry, are the zeroes of the func- 
tion under the integral sign, K(p); s,; and s, are 
the zeroes of L(ca). The functions K(p) and 

L(o) have the form 


K2(p) = a2 [E + sas (3R?— 0%) |) +2[E + ape BR — 0')| 


x (x + 1) 
ier 


Zx aa 
+ TED] a 32) 2R) Re zp/2 (for 0<R); 


K%X(o) = 02 (E — ZB + Z"/0)? 


+2(E—ZB + Z*/p)—*29 
Z°x 


tga: 2 cenit 6 
+ az" (E— ZB +2] a)/ 9) (6) 


(for p>R), 


where Z* = Z(1+BR) and a is the fine-structure 
constant; 


L?(o) =at[e + she (3R?— o*) | 


+2Ie 35 aR3 (3R? — 3%) | — gel 
Zx : = 
Tt -@yoje pez Re—ze2 (fore<R), 
L? (2) =a? (e+ Z/o)? + 2(e-+Z/0)—~eF4) 
+ ae (for o> R). (7) 


o2(Z + (e + 2/ a?) o) 


In formulas (6) and (7) € is the level energy calcu- 
lated from the Dirac equations with account of the 
nuclear volume effect, but neglecting the screening 
effect, by the method of joining the wave functions 
at the nuclear boundary;*® E is the required level 
energy which includes both the nuclear volume and 
screening effects. The energies € and E are 
measured in units of e”/rp = 5.6366 kev, where 


Fh] mye 2,555 2 10cm; 


p, 0, and R are measured in units of ry and 
the constant B in units of ro‘. In the functions 
K(po) and L(o) in formulas (6) and (7) we did 
not include the terms corresponding to the third 
line of the potential (2), since we do not have to 
know these terms in the solution of (4) and (5) 

(the zeros of these functions which are farthest 
away from the center of the nucleus, rz and So, 
lie considerably closer to the nucleus than the 
point r=a)/Z). 

3. The method outlined above was used for the 
calculation of a number of energy levels of u 
mesic lead. The results of the computation are 
shown in the figure. The comparison of these re- 
sults with the values of the level energies of pu 
mesic lead calculated earlier by Pustovalov® with- 
out account of the screening effect shows that the 
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Energy levels of mesic lead, calculated with account of 
the nuclear volume effect (for constant density distribution of 
the protons): a—not including the screening effect, solving 
the Dirac equations by the method of joining the wave func- 
tions at the nuclear boundary;* b—including the screening 
effect, solving the Dirac equations by the quasi-classical 
method. The numbers near the levels give the values of their 
energies in Mev. The mass of the meson is 207 me, the radius 
of the nucleus is 1.2 x 107'3A'4 cm, where A = 208. 


screening of the nuclear field by the electrons 
moving at the periphery of the mesic atom leads 

to an additional level shift which amounts to about 
0.03% of the 1S level energy, to 0.15 to 0.25% of 
the 2P and 2S level energies, and to 0.46 to 0.63% 
of the energies of the levels 3D, 3P, and 3S. How- 
ever, this should not lead one to think that these 
results are unimportant. 

The results obtained become of definite inter- 
est if we compare them with the Lamb shift of the 
levels in uw mesic lead which is mainly due to the 
polarization of the electron-positron vacuum. 
Pustovalov showed? that in mesic lead the po- 
larization shift of the 1S level is 53 kev, that of 
the 2P levels is 28 kev, and that of the 2S level 
17 kev, if nuclear volume effects are included. The 
additional level shift due to the screening effect is 
therefore about 5.7% of the Lamb shift of the 1S 
level, 25% of the Lamb shift of the 2P levels, and 
about 53% of the Lamb shift for the 2S level. 

A serious shortcoming of the quasi-classical 
method used in the calculations is the absence of 
a rigorous criterion for its applicability, as was 
already pointed out in reference 2. To estimate 
the accuracy of our calculations we therefore re- 
sort to the criterior for the applicability of the 
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usual WKB method in the case of the Coulomb 
field: the extent of the region which is important 
in our calculations is mainly given by the poten- 
tial Ze[1-—B(r-—R)]/r, which is essentially a 
potential of the Coulomb type. The above-men- 
tioned criterion (the absolute value of the energy 
of the » meson must be small compared with its 
energy in the first Bohr orbit‘) is satisfied ( poorly 
at first, but then better and better), starting with 
the 2P states. The additional shift of 3 kev of the 
1S level can be crudely estimated as the energy 
of the electrostatic interaction (repulsion) be- 
tween the yp meson inside the nucleus and the 
(Z-—i) electrons which are separated from it by 
a mean distance of the Bohr radius. This crude 
estimate gives about 2.2 kev. 

In conclusion we note that our method of includ- 
ing simultaneously the nuclear volume and screen- 
ing effects in the calculation of the energy levels 
of 4 mesic atoms can also be applied in the case 
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of an arbitrary distribution of positive charge over 
the volume of the nucleus. 

The author expresses his gratitude to B. T. 
Geilikman for his interest in the present work. 
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A variational principle is formulated for the calculation of the diamagnetic correction to the 


ground-state energy of an electron in a molecule. The method is based on the variation of 
the gauge-transformation functions of the vector potential. 


Iw a constant magnetic field The value of E{?) is invariant with respect to the 
choice of the function f. However at the same time 


— 1 A . 

a (1) the individual terms in (2) depend substantially on 
the correction to the i-th nondegenerate electron the form of the function f. In particular, the “para-_ 
energy level in a molecule, quadratic with respect magnetic” term in (2) becomes zero if we assume 
to H, is represented in the form in (4) that f =f; where the function fj satisfies 

ope : the equation 

EY = GJM + SE Seve eee : | 

kod et (2) bey? fi + Vil + Aov9: = 0. (6) 
Here Ej and 7j are the energy and wave function The solution of this equation can be found by 
of the i-th stationary state in the absence of a mag- various approximation methods as well as by ex- 
netic field, pansion in the functions 7. In the latter case we 

Chee nude (3) have, for example 
The functions ~, are assumed real. This corre- ies = > os — dp. (7) 
sponds to an absence of orbital magnetic moments Ee rots 
in unperturbed states. The summation over the The important point now is the existence of a solu- 
index k denotes here and below summation over tion of Eq. (6). Ee) is now represented in the form 
the discrete and integration over the continuous 
( e 2 

spectrum of the unperturbed problem. EY = ee. \ 7 (A, + vf? de. (8) 


Unlike the first (so-called “diamagnetic” ) 


term of formula (2), the computation of the second Multiplying (4) by yjf; and integrating, we obtain 
(“paramagnetic”*) term causes serious difficul- 


ties, since it requires the knowledge of all eigen- \v (Ayviz + vif) d= = \ (f:Ay + fivi)] dS =9. (9) 
values and eigenfunctions of the unperturbed prob- 
lem. We shall show that these difficulties can be Taking (9) into account, expression (8) is trans- 
avoided if we use the gauge invariance of H. formed into the form 
We shall represent the vector potential in the 
form Bie (ey airae \ 07 (Ad + Aoyfi) dc. (10) 
Ars Ag Vis (4) Since the integral (8) is not negative, the mag- 
where Ay is some fixed vector potential, satisfy- netic susceptibility of the electron in a state with 
ing the conditions zero orbital momentum is of diamagnetic charac- 
ter.* One must, however, take it into account that 
curl A, = H, divA, = 0. (5) the proof of the inequality Et?) = 0 is based on 
*We note that this term is unconditionally paramagnetic *The inequality E® > 0 for real wave functions was bt 
only for the lowest energy level (for i = 1). proved by a different method. ! 
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the existence of the volume integrals entering 
Eqs. (8) and (9). From (7) it can be seen that the 
integral ei yVi;Vi;dr may not exist if the func- 
tions 7~j have a nodal surface (or surfaces). 
Therefore, the statement about the diamagnetic 
character of the magnetic susceptibility is proved 
only for the ground state (i=1). For excited 
states of the electron (i>1), EY? may be smaller 
than zero. This is in agreement with the results 
of direct calculations of the diamagnetic suscepti- 
bility of a electrons in aromatic molecules and 
(in contradiction to reference 1) indicates that 

in principle the existence of the so-called van Fleck 
temperature-independent paramagnetism 

is possible. 

The above considerations allow a formulation 
of the following variational principle. The correc- 
tion, quadratic with respect to the constant mag- 
netic field intensity, to the electron energy for the 
ground state with a real wave function 7%, is equal 
to the minimum of the integral 


Ib = (2 | 2mc*)\ 43 (Ao + vi)? dr, (11) 
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which is a functional of the function f [here, as in 
(4), Ag is some fixed vector potential satisfying 
conditions (5)]. Indeed, Euler’s equation for the 
function f is identical with Eq. (6) and, conse- 
quently, the minimum of I, is equal to 1p [see 
Eqs. (11) and (8)]. The significance of minimizing 
I) lies in the search of a vector-potential gauge for 
which the paramagnetic term in (2) vanishes. The 
variational principle (11) is very convenient for 
practical calculations. In addition, the form of 
functional (11) emphasizes the diamagnetic char- 
acter of the correction E) and shows that it is 
fully determined by the density distribution of the 
electron charge in the ground state. 


“Guys Tillieu, and Baudet, Compt. rend. 246, 
574 (1958). 
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A perturbation theory is developed for the Green’s function in which the Green’s function cal- 
culated for the superconducting ground state is used as the zero approximation. Dyson equa- 
tions are written down from which the electron Green’s function can be determined. Interac- 
tion between electrons and phonons is not assumed to be small. The spectrum and the damping 


of the excitations are calculated. 
1. INTRODUCTION 


As Migdal! has shown in his work, a perturbation 
series for the vertex function of electron-phonon 
interaction converges rapidly, independent of 
whether the interaction is weak or strong. The 
expression Ajhwy)/Ep served as the expansion 
parameter, where Ag S ae Wo — Maximum fre- 
quency of the phonons, Ep — Fermi energy. For 
this reason, it was possible to solve the Dyson 
equation and find the Green’s function of the elec- 
trons and the phonons with accuracy up to 

Aghwy /EF. 

Application of this method to the study of the 
superconducting state is not possible if one starts 
out from the states of non-interacting electrons. 
Contemporary superconductivity theory makes use 
of a new system of approximate wave functions." 
The corresponding energy spectrum has a gap 


e (k) = VE (k) + C*(k), 


where é(k) is the spectrum of the normal state 
reckoned from the Fermi surface and C(k) isa 
quantity defining the gap. The wave functions of the 
new collection of states depend both on the C (k) 
and on the parameter. It is possible to determine 
them, for example, by a variational method? or by 
the method of Bogolyubov.? Starting out from the 
new states, Bogolyubov determined the single par- 
ticle spectrum of the superconductor with accuracy 
up to Aghwy/Ep.! 

It is of interest to apply the Migdal method, 
using superconductivity theory, to the determina- 
tion of the Green’s functions of the electrons in 
the superconductor. In addition to the results of 
Bogolyubov et al.,* this also allows us to compute 
the damping of the excitation. 


The Green’s functions of the electrons in a 
superconductor were computed by Gor’kov® for 
a model with a simplified four-fermion interaction. 
Use of a simplified Hamiltonian assumes the aver- 
aging of all quantities over the region with linear 
dimensions of order vy/wy) ~ 107° cm (v9 — ve- 
locity of electrons on the Fermi surface). Since 
the depth of penetration of the magnetic field in a 
superconductor far removed from the transition 
point has the same order of magnitude, then the 
obtaining of equations of the type of the Gor’kov 
equations for the Frohlich Hamiltonian is of par- 
ticular interest. Such equations are derived in 
the present work with the aid of superconductivity 
theory, in which the Green’s functions computed 
for the “superconducting” BCS-Bogolyubov ground 
state are used as the zero approximation. 


2. ZERO HAMILTONIAN IN THE INTERACTION 
REPRESENTATION 


Following the work of Migdal, we shall consider 
a system with the Frohlich Hamiltonian (the sys- 
tem of units is used in which h =m =1): 


H = \\dx (OF (x) (H (x) — pl ds (x) 
+ $3 (x), (x) 9 (x)} + Apa, 


be (x) = Ver age 
k 


(1) 


oxy SV Do, Oy bee ae 


qs om 


(2) 


Here H(x) is the one-electron Hamiltonian, aM 
is the maximum momentum of the phonons; for 
q< aM > 


a7 = hor*sq / Ro, (3) 
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Ag S 1 is the dimensionless parameter of Fréhlich, 
ky is the Fermi momentum, s is the sound veloc- 
ity. The chemical potential y is included in the 
Hamiltonian, since states will be used with a vari- 
able number of electrons. The explicit form of the 
phonon Hamiltonian is not needed. 

We now introduce an abbreviated notation which 
is suitable for further exposition. We number the 
operators Y4/2, Y1/2, Yi 1/2. Yiy2 and will then 
deal with the “vector” vq (a@=1, 2, 3,4). The 
operators Yq satisfy the commutation relations 


{a (x), bp (x’)} = Ta, 55 (k —x’), (4) 
0 


i (5) 


ose Oo 1S 


0 
0 
we 


12=£ (£ is the unit matrix). 
Along with ¢%q, we shall consider 
$ = Taps. 


(6) 
such that 


{p* (x), dp (x’)} m= 8ap9 (x a Se (7) 


_ In this notation, the Hamiltonian has the following 
form: 


isl Hey + A ph ate Hing, 
Her = \ dx (x) [H (x) — 11 95 (%) Nou 
Hine = \ dxd> (&) Qo (%)  (%) Noo. (8) 


The matrix N guarantees the normal order of the 
operators: 


N= (9) 


=y Kany 
oor CO 
SOs. 
wy eT BSP KS) 


As has already been noted, application of per- 
turbation theory to the Hamiltonian of non-inter- 
acting electrons He] does not lead to supercon- 
ductivity in any finite order, independently of 
whether we expand the Green’s function or the 
vertex function in a series. Our aim is to con- 
struct a perturbation theory for the Green’s func- 
tion on the basis of the collection of states em- 
ployed in contemporary superconductivity theory. 
Bogolyubov*»® determined these states as the eigen- 
states of the operator of the number of particles 


[dx Lug (x) 20% + 2G (®) 24) 


where x*, x are the creation and annihilation 
operators of the excitations, introduced by means 
of the canonical transformation 
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10 (x) =Jdy(U &% Vb, —V% yo, W)) 
1) =ldyU(, vd, +VO W4b,()1 (0) 


U and V are, generally speaking, complex func- 
tions. Such conditions should be imposed on them 
that the operators xy satisfy the commutation re- 
lations for Fermi operators. The ground state is 
determined as a vacuum excitation. 

In connection with what has been pointed out, 
we redetermine the zero Hamiltonian and write 
down the total Hamiltonian in the following form: 


Wes, 2H, Hy = Hat Hon, 


jefe i (he tie: 


~ 


Fas =\\ Hap (X, y) 9 (8) ds (y) dx dy, 
Hep (%, y) = Hpa(Y, %). 


In order that the matrix Hag be diagonal in the 
Xx -representation, it must have the following form 
in the representation of the ~-operators: 


(11) 


Hf (x, y) = 
H (x, y) 0 = C(x, y) 0 
0 H (x, y) 0 —+C (x, y) 
- C*(y, x) 0 0 0 
0 —+C' ly, x) 0 0 


(12) 


In the absence of external fields, H (x, y) and 
C(x, y) are real functions of the difference in the 
arguments. We denote their Fourier components 
by =(k) and C(k), respectively. As we shall 
see, = (k) will represent the renormalized en- 
ergy of the electron excitations in the normal 
state, while C(k) will determine the energy gap. 
The transformation functions (10) are also real if 
there are no external fields; their Fourier compo- 
nents are connected with =(k) and C(k) inthe 
following fashion: 


uk =4-(1+F(/V P(e) + C2), 


k=L(1-Fey/VRH+C WH). (13) 

We now determine the Green’s functions 
G8 (x, t;x’, t’) = —i Td, (x, A)" (x, t)>, (14) 
D(x,t; x’, t’) = —i<Te(x,t) (x,t). (15) 


For brevity, we shall call the matrix G with the 
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matrix elements (14) the electron Green’s function. 
Sometimes we shall find it convenient to deal with 
quantities 


Gap (Xt; x’t') = —i<T a. (Xt) bp (%°st')>- 


The electron Green’s function of zero approximation 


satisfies the matrix equation 

= G (x, t; x’, t’) — \ dy A(x, y) GO (yi, Ox) 
= E8(x —x’)d(t—?’), 

A(x, y)=H (x, y)—1H' (x, y)i 


(Ho y) 0 C (x, y) 0 
0 H (x, y) 0 —C(x,y) 


al C*ly, x) 0 —H*(x, y) 0 
ee OF (Ye) 0 —Fi'(x, y) 


Transforming to Fourier components in x and 
t, we obtain 


(16) 


[o£ — A (k))G (k, w) = E. (17) 


The solution of Eq. (17) can be written as follows: 


Ge (R, o) 
G (k, «) 0 FO (k, o) : 
‘i , G (k, «) 0 — F (k, «) 
FO) (Rk, w) 0) 2=.G) (k, — ©) 0 
0 — F (ge, w) 0 —G (k,—o) 
2 2 
a uy, Up 
NO AO) ery) ts ener yyy aa 
oa) aoa i), 


(e(k) = WB) +C(). (18) 
The imaginary part was determined by a theorem 
of Landau.’ The functions G® and F°) have 
the same structure as the corresponding Gor’ kov 
functions.° 

To construct a perturbation theory, it is neces- 
sary to establish the rule of calculation of the av- 
erages, over the ground state of the Hamiltonian 
Hy, of the T-product of the ~-operators in the 
interaction representation. Direct application of 
the Wick theorem is not possible, since the concept 
of a normal product does not exist for the w~ -oper- 
ators. We transform to y-operators by means of 
the transformation (10), which we shall write for 
brevity in the form %g = Uapxg- With reference 
to the y-operators, the ground state is a vacuum 
one. Therefore, the usual rules of calculation of 
the mean are applicable. Considering the T -prod- 
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uct of four operators for simplicity, we obtain 


(T,4,.93> =U a.U op, UU ss, CT hada 
ee U aU pp U v4 38, (TY .hp? THX3,? 


a Cee te, Pes, 2. Tha.% TeX?) 
= <T habe> <Thyhs> 
— XT baby> <T bahs> + <Tpahs> <T haps. 


Here it is evident that, in the notation used, the 
average vacuum states are computed according 
to the usual rules. In this case the matrix G“ 
serves as the Green’s function. 


3. DERIVATION OF THE EQUATIONS AND CAL- 
CULATIONS OF THE ELECTRON GREEN’S 


FUNCTION 


We begin with the equation for the Green’s 
function 


[isp bey — HEI) + oP O| GE(x, Hx’, 1) 


= 6.25 (x — x’) d(¢t — 7’) 


(19) 


— TEXT (x, t) dy (x, OF (XE), 
H(x) 0 0 0 
ae 0 H(x) 0 0 
HO) —gign SER mee 
0 0) 0) £4 Ae) 
wade Oe BUG oO 
4(0) Se 
i ~8 187 =( | Seer (20) 
OG 20:a foes 


Introducing the matrix > (x, t; x’, t), we write 
(19) as follows: 


; 0 T a i] S) J ys a / y 
i SEA (x) + pl ONG (x, f; x’,t’) 
= £3 (x —x')8(¢—?’) 


alls dy dz (x, ie ve =) Gly, KE Ne (21) 


In the absence of an external field in (21), we can 
transform to the Fourier components in x and t: 


[o£ —&(k) PO — E(k, 0)] G(k,o) =E. (22) 


For the study of the structure of the self energy, 
we shall expand <T¢(x, t) p(x, t) wh (x, t')> 
in a perturbation-theory series. Since the vacuum 
averages in the interaction representation are ex- 
pressed in terms of the matrix G) by the usual ~ 
rules, we can make use of the usual graphical tech- 
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niques. To each solid or dashed line, there corre- 
sponds an electron or phonon Green’s function, 
multiplied by i, and to the simple vertex there 
corresponds the matrix PO) [see (20)]. We re- 
call that by the electron Green’s function we mean 
the matrix G, defined by (17). 

It is now clear that we can write down the Dyson 
equation which defines the connection of the self 
energy 2 with the exact Green’s functions and the 
total vertex function I: 


B(k, 0) =a Bee \edi acioGa(ka. 


x D(k — ky; © — @,) r (k, @; ky, @,). 


To expand [ ina perturbation theory series, 
we need to know the zeroth Green’s functions which 
contain the (still undetermined) quantities = (k) 
and C(k). We shall assume that we are limited 
to a simple vertex I’), There is no necessity in 
the exact expressions for z and C for an esti- 
mate of the contribution of higher approximations. 

For a normal metal, as has already been pointed 
out, we can replace the vertex function by a simple 
vertex. Calculations, completely analogous to those 
_ performed by Migdal, lead to the conclusion that in 
our case we can, with the same accuracy, neglect 
all corrections and limit ourselves to a simple 
vertex. Without presenting the calculations here, 
we shall make only a few remarks. For computa- 
tion of =. the larger values of the transferred 
momentum q~ ky) are important. Therefore, for 
example, in a simple tripole, both electron Green’s 
functions enter with a large difference in the argu- 
ment, and are therefore shown to be almost orthog- 
onal. The difference of the “superconducting” 
Green’s function from the “normal” does not ap- 
pear to be essential here. It would have been nec- 
essary to take into account the counter term of H’ 
only in the calculation of subsequent corrections 
to the vertex function. 

‘Thus, replacing f° by f, we obtain the fol- 
lowing expression for 2: 


oo) 


aay ne dk, do,G (ky, @;) 


Mk ky @-=-@)) Lo (23) 


The phonon Green’s functions of the supercon- 
ductor and the normal metal are practically iden- 
tical, since the region of momenta which is impor- 
tant for the determination of D is large in com- 
parison with the region of momenta close to the 
Fermi surface which is responsible for supercon- 
ductivity. Therefore, we can use for D the ex- 
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pression of Migdal:! 


of n 4 
D(q,0) = aj 0, ( © — , + id; (9) oa @ + ©, — 1 (9) 


@F = (0)? (1 — do + 2oq?/8R2), 


81 (q) = Tho (0(0)?/4Roq. (24) 


Equations (22) and (23) now form a closed sys- 
tem. We eliminate = from the equations and 
write down the resultant matrix equation in the 
coordinate representation: 


[i 2 BA (x) + ph] G (, tx',1) = £8 ex) (¢— £1) 
+ i\ dydz PG (x,t; y,7) 


x D(x,t;  y,t) POG (y, t; x’, £’). (25) 
If we were to write out this equation in detail, 
then it would be seen that the system obtained here 

has the structure of the Gor’kii equations. Equa-: 
tion (25) was derived for the case in which external 
fields are absent. However, it can be expected that 
it remains valid even when H(x) contains an ex- 
ternal field, for example, a magnetic field. We 
note that it has a gauge invariant form. 

We now turn our attention to Eqs. (22) and (23). 
The matrices G and = in them also have the 
same matrix structure as the matrix G [see 
(18)]. The formula for G is obtained from (18) 
if the index zero in the latter is omitted; = is 
obtained from (18) if we replace G®) and F) 
by 2, and 2», respectively, where 


2, (k, 0) = ae oar | dk,do,G (k,, ©;) D (k —k,,@ — ©), (26a) 


pe er) Gee | dk,dw,F (k,, ©) D (k —ky, © —,). (26b) 


ee (2) 


It will be convenient for us to solve the equation 
for 3; therefore, we express G interms of = 
by means of (22): 


=o +£(k) +34 (k, — )]/2(k, 0), 
F (k, ©) = Zp (k, 0) /Q(k, 0), 
Q (k, o) = [wm —& (k) — 24 (R, ©)] 

wo +(b) + 3: (Fr — ©) — Ba (&, 0). (27) 


We divide 2,(k, w) into an odd f(k, w) and 
an even p(k, w) part relative to w. Then, by 
substituting in (26a) the expression for G from 
(27), we get the equations 
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i E(k ky, 
(44 (k, @) = Gn \ dk, dw, — ( UT oy) 


x D(k — ky, o — o)). (29) 


In Eq. (29), we divide the region of integration 
over k; into two parts, with |&(k,)|< &, and 
|é(k,)| > &, respectively, where wy «K &; K Ep. 
The integration over the first part vanishes be- 
cause of the odd nature of the integrand relative 
to & (we can include the p, in & under the in- 
tegral). In the integral over the second part, we 
neglect 2 in comparison with . We can then 
complete the integration over w,. Then, transform- 
ing from integration over the angles to integration 
over q=|k-—k,|, and taking it into account that in 
the important region, wg « |é|, we obtain for py, 
the expression 


q 
4 ee (0) ro bs) 

th (k, ©) = — gasp | qos dq-P\ ae dkx. (30) 

0 


For w<«< EF and k~ kp, the function p, does 
not depend on k and w, and represents a correc- 
tion to the chemical potential 


u=E (Ry) + 44. 


Before proceeding to solve the equation for f 
and 2», let us investigate certain analytical prop- 
erties of the electron Green’s function in a super- 
conductor. We shall not undertake a rigorous deri- 
vation of these properties, and therefore shall con- 
sider for simplicity the Green’s function of zero 
approximation (18). The function G)(k, w) can 
be written as 


G® (k, o) = (@ + &(R)) /(o — &(R) + 18) (@ +8 (&) — 28). 


Simultaneously, we consider the function of com- 
plex argument 


G (k, 2) = (2 + €(&) /[z—s Ml lz +e), 
which is analytic at all points inthe z plane ex- 
cept the parts of the real axis (—~, —A) and 
(A, +”), where A=e€(ky) (Fig. 1). In the inter- 
val (-A, +A), wehave G=@G®, For w <= —A, 
the value of G® coincides with G® on the lower 


FIG. 1 
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side of the cut, while for w =A, onthe upper side | 
of the cut. The values of G) on the opposite sides } 
of the cuts are complex conjugates. Analytic con- 
tinuation of G) in the upper half plane for w < —A, 
and in the lower half plane for w >A, has poles 
which determine the single particle spectrum of the 
system. Here, the path along which the analytic con- || 
tinuation follows must intersect the real axis outside 
the cut (—A, A). Everything that has been said also | 
applies to the function F®, The exact function G 
and F must also possess the general properties 
that have been enumerated. For A=0, these 
properties coincide with the analytical properties 

of the Green’s function obtained in reference 8. 
Thus we can assume that the functions 2, (k, z) 

and £,(k, z) exist and are analytic everywhere 
except for the parts of the real axis (— =, —A) 

and (A, +) and coincide respectively with 

=,(k, w) and Z,(k, w) onthe lower side of the 
cut (—», —A), at the cut of the real axis (—A, A), 
and on the upper side of the cut (A, +). The val- 
ues of & , and 5 on the upper side of the cut 
(—%, —A) and on the lower side of the cut (A, +) 
are equal to oy and = , respectively. 

We shall now employ these properties in the 
solution of the equations. We transform in (28) 
from integration over the real axis to integration 
over the contour L (Fig. 1), replacing the functions 
of real argument uw by the corresponding analytical 
functions. Moreover, we transform from integra- 
tion over k, to integration over &, gq =|k—k, | 
and gy. Since k~ ky, and the integral over ky 
converges in the interval k, ~ kj, then dk, 
~qdqkj'dtdg. Asa result, f is shown not to 
be dependent on k. In what follows, we shall see 
that 2, also does not depend on k. Therefore, we 
can write Eq. (28) in the form 


seh oe: (0) 4 
5 ° o . — 
@) 2 eek lepaee cae (yee eee ae 
Ho) CFR Te 0, te “E— OO 
4 é 4 4 
x ferer aan Z— W + ©, — 183 (q) } 


where q; = min(2k), qyj) and the notation 
Q} (0) = [o — f (@)? — [23 (@)? 


has been introduced. 

The function [z-—w-—- Wg + id, (q)]? is analytic 
in the upper half plane. Therefore, in the corre- 
sponding part of the integral, the contour L can 
be deformed into the contour L,. By analogy, in 
this part of the integral, which contains [z—w+ Wg 
~ id, (q)]“', the contour L can be deformed into 
L, (Fig. 2). Further, since [z—f(z)][£?- 03 (z)]7! 
is an odd function, one can proceed from inte-ite- ° 
gration over L, to integration over L,. Finally, 
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(2) 


FIG. 2 


by carrying out integration over £&, we arrive at 
the equation 


1 o(® 


f() = — a NP ag) de SS signin Os 


Q (2) 
xX [1/(2 —@ + , — id; (q)) — 1/(z-+ @ + wg — id; (q)). 


On the upper side of the cut, Im {Q,}.>0, and it 
appears that on the lower side, Im {Q, } <0. 
Taking this into account, we obtain 

9) ae 


f (®) = — aE | esl dw, Re {° 


Si) ma 
Q1 (1) 


: 4 eee ee ee Ss 
A coerers EEG) 


We introduce the function 


Q (@) = Xs (@) /(1 —f (@) /e). 


As we shall see, for w =A, the imaginary part 

of Q vanishes, while the real part is equal to A. 
For w>A, we have ReQ<A, ImQ <«A. There- 
fore, 


Re {(@; — i (@;) / 2; (@1)} =o, /V 0 — A? 
Since 6;(q)/Wg ~ Apwo/EF, then 


Re f (©) = fo () 


(31) 


Here we take it into account that in the integral 
W,~ Wo >A. For w K wp, 


Bo ote oq? /8k> 


1—A,y (32) 


fo () = —o, =n 


We see that f)(w) coincides with the correspond- 
ing part of the ee energy of the elec- 
trons in the ground state.! 

In the calculation of the imaginary part of f(w), 
we should, in the limits of the desired accuracy, 
assume that 6,(q) is an infinitely small quantity, 
since 6,(q) <A. Therefore, for w >0 [fi(w) 
=-f(-w)], 
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ra of) © —, 
2 ——— tN 
sae 10, Yoo, p— Secinieg 
1 forw>0 
6 (0) ={ 
(o) ieee OF (33) 


It is therefore evident that f,;(w) =0 for w <A. 
For a= (w-—-A)/A «1, it is not difficult to ob- 
tain the result that 
2A \2/8 
( Wo ) Gs 


For w >A, the quantity f, transforms into the 
imaginary part of the self energy of the normal 
state: 


Tg (2 — Ao) 
(1 — Ao)? 


Fl Osea 


ath + O [ah] )A. (34) 


Tg (2 — Ag) 
6 (1 — Aj)? 


fi(o) =— (=) Ger Wp = Dske V 1 = e/2 (BD) 


Applying the same considerations as in the deriva- 
tion of the equation for f(w), we can get from 
(26b) and (27) the following equation for Z,(w): 
n (0) 
4 @ 
anh, \ 9% fap dq 


0 


° Le (@1) 1 1 4 
x \Re {aron) foreaes 0,8 T foto, 
A 


Introducing the function Q(w) in place of 


L, (w) = 


do t. 


Z_(w), we get 
Q(o) = aK [: —i(@) ae ans" Re See oe } 
x ( EE een ) don. (36) 


For w <p, the quantity Im f/w «1, and con- 
sequently, 


1 (0) foe) 
= SPS ee Wie PC (w2 (6) 
Re Q (#) =C () = Fag pH ae aa\ cto a 
‘ 4 { , 
Simicecnc ie aOR 1 


The integral is calculated in the sense of the prin- 
cipal value; 2» is determined by Eq. (32). We have 
carried out the substitution w,— v é? + A? under 
the integral sign. 

For w~ wo, the imaginary part of f(w) is 
comparable with w if A) ~ 1. Therefore, for rg 
~ 1, determination of the spectrum in this region 
of values of w no longer makes much sense. For 
w >> wy, we have f(w)/w «<1, and therefore 


702 AD 
Ca) ( Aes aq\ Cim®) a) ge 
os ee os ; V E+ A? w? (€) —o? (37b) 


The result for C, obtained by Bogolyubov,* can 
be written in the following fashion: 


1 —1 
Co) = 3, [1-2] 
a PA wars: C (cy (6) - 
onan 1(E)) dg 
Ps. a rea ws 1G) +oFo,’ 8 
0 


For w Kw , our result does not differ from (38) 
and, in particular, the results for the gap A coin- 
cide. However, the behavior of C(w) for w 2 wy 
is different inthe two cases. This difference, which 
does not exist for many problems, is connected with 
the following. The equation (38) is obtained from 
the principle of compensation of dangerous diagrams, 
which are actually dangerous only for w K wy. Our 
formulas are derived from the Dyson equation, i.e., 
actually, are the summation of a definite class of 
diagrams, which exclude all “dangerous” diagrams. 
Therefore, (36) and (37) describe the behavior of 
C(w) more exactly for large w than does (38). 
The imaginary part of Q(w) is equal, for w 


K Wo, to 
M1 


(0) 
2 pong 4 a) C (@ — @,) 
BONO TR MS 8, Vee BE 
0 
ie Bore Ay dg ee eC oy. 


4+A 0) 


The principal terms of both components for a 
=(w-A)/A «<1 are proportional to of? They 
differ only in sign and cancel out. For thisis 
reason C;(w) ~ Q/? for a<1, and makes 
no contribution in practice to the imaginary part 
of the Green’s function. For w >A, the quantity 
C, does not play a role. 

The spectrum and the damping of the excita- 
tions are determined by the roots of the equation 


[o — f (@)]’ — [E (2) + pa] — [2 (@))? = 0, 


whence, for w <X wy, 
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w(t) =2(e)—ir(h), 2k) =VPHMTC®), 
1 (k) = —h(e(k))/U +9), 
where == (&+p,)/(1+A) is the renormalized 


energy of the electron of the normal metal, reck- 


oned from p. 
For (€(k)—-A)/A <1, 


1 (e) = & eM) BAY ED a. 


(39) 


(40) 


In the normal metal, the damping of the excita- 
tions in the vicinity of the Fermi surface falls off 
as & for &>w}/Ep andas &* for §<« wi/Ep. 
The much faster decrease of y(k) for k —kg is 
connected with the fact that the important part of 
the interaction of the electrons with phonons close 
to the Fermi surface is contained in the zero Ham- 
iltonian. 

The author thanks L. E. Gurevich for his nu- 
merous valuable suggestions and discussions. 
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The absorption of sound is considered in the low-temperature region, where absorption is 
due to electrons, and for frequencies sufficiently high so that the acoustic wavelength is 
small in comparison with the mean free path. The anisotropy of the Fermi surface is taken 
into account, as are interactions due to the electromagnetic field and to the variation in el- 
ectron energy as a result of lattice deformations. The acoustic absorption is determined. 
In the region of wavelengths close to the thickness of the anomalous skin layer at the acous- 
tic frequency, it is shown that a decrease in the ratio of the absorption coefficient to the 
frequency should be observed with increasing frequency. 


‘2 It is well known that in the low-temperature 
region the absorption of sound in metals is due to 
the electrons. Moreover, although it is reason- 
able to discuss the usual picture of absorption as 
due to an electronic viscosity in the region where 
the wavelength x is considerably greater than the 
electron mean free path J, this is not at all true 
of the opposite case of short waves. 

In what follows we consider precisely the latter 
case. In the limit of sufficiently short waves, the 
mean free path can be considered infinite. There- 
fore the processes that occur under such conditions 
are similar to those in a rarefied electron gas. The 
damping of sound waves in this case is analogous in 
nature to the well known damping of plasma waves, 
first discovered by Landau,! and is due to the pos- 
sibility of the absorption and emission of acoustic 
waves by electrons moving in phase with the waves. 
It is plain, therefore, that the consideration of the 
absorption of sound in the short wavelength region 
(x « 1) should lead to corresponding analogous 
considerations in an electron gas. This is exactly 
how the decay of longitudinal sound waves was 
treated in a paper by the author,” in which a linear 
dependence of the absorption upon frequency was 
obtained. Pippard® developed a method which is 
also applicable to the case * <I and gives a de- 
scription of the absorption of both longitudinal and 
transverse sound waves. 

The limitations of references 2 and 3 are, first, 
that they refer to electronic models with spherical 
Fermi surfaces and, secondly, that they do not take 
into account the variation of the electron energy 
under the influence of the sound wave.’ The next 
step was therefore to consider a theory of sound 


absorption using a more realistic model. In spite 
of the fact that such attempts have been made, it 
must be admitted that at the present time there is 
not a single theory of sound absorption which is 
consistent and free from the deficiencies of refer- 
ences 2 and 3. 

In our view, the reason for this state of affairs 
is that up to now the peculiarities of sound absorp- 
tion in the region of indefinitely long free paths 
have not been sufficiently realized. Only in this 
way, for example, is it possible to explain the at- 
tempts to calculate sound absorption in this re- 
gion with the aid of the heat release formula Q 
= TdS/dt, where S is the entropy of the electrons. 
When the mean free paths of the electrons are in- 
finitely long, it is clear that their entropy is con- 
served, and therefore if the above formula is used 
correctly in the calculations, nothing can result. 

In what follows we shall put forward a theory 
of sound absorption which, in the first place, does 
not make use of the rate of change of electron en- 
tropy or of collision integrals (which are equal 
to zero in our case of infinitely long free paths) 
in determining the absorption; which, in the sec- 
ond place, is valid for any arbitrary Fermi sur- 
face having a center of symmetry; and which, 
thirdly, takes into account not only the electromag- 
netic field arising from the passage of the sound 
wave, but also the variation in electron energy as 
a result of the lattice deformation. Finally, the 
idea of a complex modulus of elasticity tensor will 
be introduced, and in Appendix A the rotation of the 
plane of polarization of sound will be considered 
from this point of view. 

2. Because of the deformation that occurs in a 


703 


704 


lattice upon the passage of a sound wave, the en- 
ergy of the electrons is altered:* 


e(p,r) = (p) + Are (p) 0u;/OXe. (1) 


Here ¢€(p) is the energy of an electron in the ab- 
sence of the deformation, u is the deformation 
vector, and Aj,.(p) is a tensor depending on the 
quasi-momentum of the electron. Using (1), one 
can write the following kinetic equation for the 
electrons: 

of vetfe(E oe (vxH) ) 

(2) 


Here collisions have been neglected and it has also 
been assumed that, in addition to the Lorentz forces, 
there is a force acting on the electrons due to the 
dependence of the electron energy on the lattice de- 
formation. Furthermore, formula (1) yields for the 
velocity v 

Aj, Ou; 
Op 


SLUG (at) GE 
Ope ewCD 


(3) 


OX, - 


In order to determine the electromagnetic field 
we need to know the charge density and current 
density of the electrons. These are found in the 
usual form, with the aid of the solutions of (2) and 
the velocity formula (3): 


pe=e | dpf, je=e| apiv. 
We describe the lattice vibrations by the equa- 
tion 


ee Pu; fs) 
Pmu; = Ne Ox, 0%, oF i + opE; ++ (j jx<H)i ae aay \ Sal a. (4) 


Here Pm | is the density of the material in the 
lattice, rf ikl is the modulus of elasticity tensor, 
and p] and jz = pj¥ are the charge density and 
current density of the lattice. The final term on 
the right-hand side of (4) represents the vibration- 
electron interaction, which appears in (2). 

It should be mentioned that the consideration of 
the electric field, which in itself leads to an inter- 
action between the electrons and the lattice, and 
also the consideration of the interaction due to the 
variation of electron energy in the sound-wave 
field (2), lead to the appearance of an additional 
elasticity. In other words, the interactions under 
consideration lead to a renormalization of the elas- 
tic-modulus tensor, and consequently to a renormal- 
ES ee the speed of sound. Thus, in fact, in Eq. 
(4), rij ky must be interpreted as the renormalized 
dlasticity tensor. Note that the appearance of simi- 
lar renormalizations in the modulus, even when 
electric interactions alone are considered, is evi- 


ViesPs 
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dent from references 2 and 5, in which no elastic- 
ity is taken into account except what results from 
the electrical forces acting between the electrons 
and the ions. In a model that takes into account an 
interaction of the type (1), such as Frohlich’s 
model,®~® the occurrence of renormalization in 
the speed of sound is also well known. | 
The electromagnetic field is described by Max- _— 
well’s equations. For wavelengths large in com- 
parison with the radius of the longitudinal screen- 
ing field, the equation 


Pet p, = 0. 


(5) 


| 
can be used in place of the equation div E = | 
4m (pe + pj). Accordingly, if we neglect the dis- 
placement current, we obtain from Maxwell’s 
system of equations 


4n ‘O 
<r 57 let j,). 


eurl ‘curl E = (6) 
Equations (2), (4), (5), and (6) constitute a system 
which permits us to describe the sound absorption 
in which we are interested. 

3. The subsequent treatment must be devoted 
to the elimination of all quantities except the lattice- 
vibration variables from the above system of equa- 


tions. For this purpose Eq. (4) can be written as 
Wim = O94; | Ox;, (4) 
where 
du, (r’, t) 
Ox 


m 


t 
ye pe \ at’ \ Gt Dirrinilta tank ale) . (7) 
The relationship (7) can be considered as a gener- 
alization of the usual connection between the stress 
tensor and the strain to the case of dispersion of 
the elastic modulus. In treating the propagation 
and absorption of sound it is convenient to use the 
quantity 
co 
ij um (@, k) = dr eter | dtetothey am (L, 1) =Riy1m + PNptms 
0 

(8) 
which we shall call the complex modulus of elas- 
ticity tensor. In the problem of sound absorption 
in metals, which is treated in this paper, the dis- 
persion of the real part \’ proves to be extremely 
small, and will not be considered. On the other _ 
hand, the dispersion of the imaginary part \”, both 
in time and in space, is of considerable importance 
[see Eq. (16)]. 

With the aid of (4’) it is easy to show that the 

energy lost by the sound wave per unit time is 
given by 
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= Mab (Rij tm — Nin 5) Riel Uy. (9) 


According to Onsager’s symmetry relations, we 
have also 


lm ij. 


RiRmdijim (Ho, ®, k) — Rimi; (— Ho, Ova k) (10) 


(Hj) — constant magnetic field). 

In what follows we shall determine the complex 
modulus of elasticity tensor within the framework 
of the model outlined in Sec. 2. 

4. We take the decrement of the acoustic damp- 
ing to be small compared with the frequency. In 
particular, this will enable us to assume a @ime de- 
pendence of the form exp(-—iwt) in all equations 
except (4). If we then assume that there is no con- 
stant field, and take the coordinate dependence to 
be of the form exp(—ik+r), we obtain with the 
aid of (2) the following expression for the non- 
equilibrium addition to the electron distribution 
function: 


ps oh (es E+ Aj kjk x) (P 


Pp 
== 8 [k 5 —e]) : 


i 
k de/Op —o 


(11) 


The occurrence of the delta function 6,(w- kd¢/ap) 


corresponds to adiabatically turning on the interac- 
tion an infinite time ago.* 

We have at our disposal a parameter of small- 
‘ness given by the ratio of the speed of sound to the 
electron velocity at the Fermi surface. If we limit 
the expansion in terms of this parameter to the 
most important terms, after substituting (11) into 
(5) and (6), we obtain equations for the transverse 
field E/ and the longitudinal field E-k/k: 


CMS ING, 
an Uap ULE om HESS he 
E. = iewBT} {uke < & 28 (A aS Zs )» Nu} hs 

(12) 
ekE u;ky ze eEL ve 
Be ay AEN = ay Cire 
imo CNS, . ; 
eas 5 (KVo) (Ai ape ere ae) > use. (13) 


Here vy is the electron velocity, N is the number 
of electrons per unit of volume, < > denotes the 
mean value calculated according to the formulat 
aA > = fapa Of) /de, and, finally, the tensor 


Bag is of the form 
Bag = — re? <ul u£8 (kvo)> — i (c?k?/4n0) Sag. 


0a ~ 08 


(14) 


The relationships (11), (12), and (13) enable us to 


*In all that follows, 1/k-v will be understood to mean its 


principal value. 
tHere the process of integration is understood to include 
also summation over the zones. 
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represent Eq. (4) in the form (4’). When this is 


done, 
k mR 1 =k mk Wor ae (AimA j1 Ss ae (<Aim> 

+ N8im) (CA 1 +Nbx)h, (15) 
Kimber py = FO <8 (KVo) LiLj> — we*( 

+ 8:2 N) Im (Bay (Cg Da 8j0N). (16) 


The summation with respect to @ and 8B onthe 
right-hand side of (16) is carried out over the 
components that are perpendicular to the direction 
of the wave vector k. In addition we introduce the 
notation 
Nim? Nine 
Li = him (Nim beech eum eS <<) 


It follows from (15) that the introduction of the in- 
teraction between the sound wave and the electrons 
has led to a renormalization of the elastic modulus. 
Furthermore, owing to the symmetry of equations 
(15) and (16) with respect to the indices i and j, 
the absorption is determined by the expression (16), 
according to formula (9). 

5. We first compare the results achieved so far 
with some already known. 

In the simplest case, where Aij = (0) gavel Mk 
= 0, taking only the electrical forces into account, 
we have for an isotropic Fermi surface (this cor- 
responds to the results of reference 2) 


x, — 8im9 j1PoVoN /3, 


imjl 


w? = PoVok?N [3pm 


= (x/2) (w*/vok). 


Here py and vy are the momentum and velocity 
of an electron at the Fermi surface, and q! is the 
ratio of the energy lost by the wave per unit time 
to the energy of the wave; the frequency w is given 
by | djjpm* — kjkyAjjzr |= 0, as usual. We also 
note that in the Re ete case, when X") + 0 and 
Aij = 9, the renormalization occurs only for the 
hydrostatic-compression modulus. Hence the ve- 
locity of transverse sound is not renormalized. 

The case is quite different if the electric field 
is completely neglected, but the changes in energy 
due to lattice deformations are considered. In this 
case we have 


RiRm (M — )ijim = RjRm <AimAn), 


imil 


For the case of the Frohlich model, considered 
above, Ajj = Cojj; and we obtain 
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imjl 


Rmky = — 3k*8,; (C?/poo) N, 
Sw? = — 3 (C?/po0o) (N/pm) R?, 
gt = (3/2) (C*/po0o) (N/Pm) (R/Vo), 


which corresponds to the results of references 
6 —8. 

Let us now consider the frequency dependence 
of the absorbed energy. To this end, we must first 
consider the behavior of the tensor Bag. The real 
part of the tensor Bop has appeared before, in the 
theory of the anomalous skin effect.°* Its order of 
magnitude is Re B ~ e*N/ppk. Hence, for acoustic 
wavelengths satisfying the condition 


ASS b= [pecleNol"*, 


the imaginary part of Byg can be completely neg- 
lected. It should be mentioned that in the inequality 
(17) 6 represents the depth of the skin layer cor- 
responding to the frequency w in the case of the 
anomalous skin-effect. What is important is that 
if condition (17) is fulfilled, both the first term on 
the right hand side of (16) and the second term, 
which depends on the transverse field, are of the 
same order of magnitude, generally speaking. On 
the other hand, inthe region of acoustic wavelengths 
small compared with the skin depth, for ordinary 
metals when w/2m > 10° sec™!, the imaginary part 
of the tensor Bagg turns out to be considerably 
larger than the real part. In this connection, the 
contribution due to the transverse field turns out 
to be relatively small, and the second term in (16) 
can be neglected. 

It can thus be stated that in both the regions 
A > 6 and A< 6 the sound-absorption coefficient 
is proportional to the first power of the frequency. 
However, the ratio qt/ w, which is a constant for 
each of these regions, must in general decrease 
noticeably upon changing from a wavelength greater 
than the corresponding skin depth to one which is 
smaller. We note that this picture is nearly the 
same as the one obtained by Pippard in the isotropic 
model for the absorption of transverse sound. The 


(17) 


*In the region of wavelength which we are considering, the 
inequalities kl > 1 and kv, >, characteristic for the anom- 
alous skin effect in the radio frequency region, are satisfied. 
In this case the complex dielectric constant of the metal has 
a spatial dispersion; in other words, it depends not only on 
the frequency but also on the wave vector. Under these cir- 
cumstances the longitudinal component of the dielectric-con- 
stant tensor is negligibly small in comparison with the trans- 
verse components, for which the following expression is valid: 


E49 =— (Ari/w) ne? < ob odd (kvo) >. 


From this it is plain that the real part of the tensor Bag is 
none other than the conductivity tensor of the metal, corres- 
ponding to the region of anomalous skin effect. 
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essential difference is that in our case the absorp- 
tion coefficient, generally speaking, does not re- 
main constant when A << 6, as it does in Pippard’s 
model. The reason for this is chiefly our allow- 
ance for the anisotropy of the Fermi surface. 


APPENDIX A 


ROTATION OF THE PLANE OF POLARIZATION 
OF SOUND 


Consider a non-absorbing medium. Then, from 
(9), 
RjRmdijim = RjRmdimij, 
Rikmdijim = RiRmdimij, RjRmdijim = —MmijkjRm- 


For an antisymmetric imaginary part, the expres- 
sions can be rewritten in terms of the dual vector 
pmk’?G 

kikpMzjtr == €:rtGrOmk”. 


We choose the coordinate axes along the principal 
axes of the tensor 


kiki = 8:1PmOi- 
(On the right hand side of this equation, as well as 
in the following one, (4”), there is no summation 
over repeated indices!) Then (4’) takes on the form 


(w? = 7) u;+ ik? [uxG]; = (0): (4”) 


It is easy to verify that if all three values of wj 
are quite different from each other, then the changes | 
in the natural frequencies and, consequently, the ro- 
tation of the plane of polarization, will be quadratic 
in G. A different picture emerges if two values of 
wj coincide. An isotropic medium is a trivial case. 
For oscillations in the plane corresponding to the 
coinciding w, we have w* = we + Gk’, where G, 
is the projection of G on the axis perpendicular to 
the plane of the coinciding principal values. The 
corresponding angle of rotation per unit length is 
equal to 2 (k3/w?) G,. The most obvious reason 
for the occurrence of the gyration is the presence 
of a magnetic field.!° 

Another possible cause of rotation of the plane 
of polarization of the sound is natural optical activ- 
ity.* In particular, in optically-active media one 
would expect a considerable rotation of the plane 
of polarization of sound (comparable in order of 
magnitude with the optical rotation), under condi- 
tions in which the acoustic wavelength is equal to 
(or smaller than) the wavelength of a light beam 
~~ *Attention has already been called to this possibility by © 


V. L. Ginzburg, who has kindly informed me that a study of 
this question has also been undertaken by A. A. Andronoy, 
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which undergoes a noticeable rotation of the plane 


of polarization. Such conditions can be realized 


at frequencies w/2mr ~ 10° to 1029 sec}, 


APPENDIX B 


INFLUENCE OF LIQUID EFFECTS 


Let us consider what changes would be intro- 
duced, by comparison with the results of Sec. 4, 
by taking into account the fact that the electrons 


_in a metal form a liquid rather than a gas. For 


this purpose we use Landau’s theory of a Fermi 
liquid.‘ Then instead of Eq. (2) we must use a 
kinetic equation of the form 


ai e Gi uh be) } eo aK 


Ou, 9g 
i fo 
ot a or 


Ordx, Op 2 


(2’) 

Here 6€(p,r) = fap’ @(p, p’) 6f(p’, r). We also 

denote by R(p, p’) the operator which enables the 

solution of the equation 6f— de df, /de = A(p) af, /de 
to be expressed in the form 


f = (@fo/ de) \ R(p, p’) A (p’) dp’Af, / de". 


Because of the fact that @(p, p’) = @(p’, p), 
there is also an analogous identity for the operator 
just introduced: R(p, p’) =R(p’, p). 

Continuing the treatment in a manner analogous 


to that in Sec. 4, we obtain, instead of (15) and (16) 


Rmkt (Nmjt — Mj) = Rmks {<Aem (p) R (p, p’) Ay (P')>2 


—<R(p, p’)>2” (<AzmR>2 + N8im) (<AiR>2 + N8i1)}, 
(15’ 


Rmkthimjt = to <LF (p) R(p, p’) 8 (kv’) R (p’, p’) Li (p")>s 
ot , R , -pn—l 
— we? ER (p, p’) Li (p Dy + dq N Mm (iBag) 
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Here we have used the notation 


0 
CF (P1,--+; Pa)>n = | dp1...dpn 2... ap (Dijies Pals 


<RA Da 
«Ro 


«Rat * 


It follows from formulas (15’) and (16’) that in 
cases where the electron pair correlation charac- 
terized by the function @(p, p’) is not small, the 
influence of the liquid effects cannot be small either. 

In conclusion, I should like to express my grati- 
tude to V. L. Ginzburg for discussing the results of 
the present work. 
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Lanpau and Lifshitz! showed the possibility of 
the existence of a linear relationship between the 
electric and magnetic field in a substance for cer- 
tain types of magnetic crystal symmetry. 

When a crystal of this type is placed in a mag- 
netic (electric) field, an electric (magnetic) 
moment proportional to the field should appear. 
Dzyaloshinskii? showed that the magnetic symmetry 
group of Cr,O3, whose magnetic structure is well 
known from neutron-diffraction measurements? 
and from magnetic susceptibility data,* admits of 
the existence of terms proportional to EH in the 
thermodynamic potential and, consequently, the 
magnetoelectric effect should occur in Cr,O3. 

Figure 1 is a schematic drawing of the device 
used to observe the magnetic moment appearing 
in a sample 1 of Cr,0O3 when placed in an alter- 
nating electric field established by the electrodes 
2. The signal from the astatic pair of measuring 
coils 3, which arises with the appearance of a mag- 
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netic moment, was fed to the input of a measuring 
amplifier through a balancing transformer. The 
noise level at the input of the amplifier did not ex- 
ceed 107'v. The temperature was measured with 
a copper-constantan thermocouple 6 and could be 
controlled with the help of heater 4. Careful elec- 
trostatic shielding 5 was used. The measurements 
took place at a frequency of 104 cps. The effective 
value of the ac field was about 500 v/cm. 

Figure 2 shows the temperature dependence of 
the signal at the output of the measurement ampli- 
fier for a field intensity of 430 v/em (curve 1) 
and 230 v/em (curve 2). The data was obtained 


FIG. 2 


with a single-crystal sample of Cr,03. The sample 
was kindly provided by the Institute of Physical 
Problems.* The sample was kept for about 10 
minutes at the temperature corresponding to each 
point. The temperature of the antiferromagnetic 
transition was found to be 312°K. 

The absence in the sample of ferromagnetic im- 
purities, which could in the antiferromagnetic or- 
dering lead to a temperature dependence of the 
measured signal similar to that described by 
curves 1 and 2, was checked by measuring the 
magnetic susceptibility of the sample at various 
temperatures near the transition point. The tem- 
perature dependence of the magnetic susceptibility 
(in relative units) is described by curve 3 and is 
of a form characteristic for an antiferromagnetic 
transition. The susceptibility was measured in 
the same device in an alternating magnetic field 
with an intensity of 6 oe and at a frequency of 104 
cps, which was established by a solenoid mounted 
on the device. 

Apparently, curves 1 and 2 should be considered 
as referring to the temperature dependence of the 
magnetic moment arising as a result of the mag- 
netoelectric effect. The coefficient of proportion- 
ality a between the resultant magnetic moment 


708 


DETTERS 1.0; THE/ EDITOR 


and the applied electric field which characterizes 
the extent of the effect (cf. reference 2) was es- 
timated to be 1.2 x 107° at a temperature of 0°C. 

The sample used had an irregular form and in 
estimating the coefficient qa no correction for the 
demagnetizing factor was introduced. The large 
nonuniformity of the applied electric field was also 
not taken account of. 
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ON THE MOMENTUM SPECTRUM OF 1* 
MESONS FROM THE REACTION 1* + Pp 
—2ant+n 


Vi A. ASTAP’EV 


Institute of Nuclear Physics, Moscow State 
University 


Submitted to JETP editor November 9, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 985-987 
(March, 1960) 


ln the observation of the reaction 7 + 7+ +n 
for an incident-meson energy E, = 1.37 Bev! in 
the laboratory system, the histogram representing 
the momentum spectrum of the 7 and m meson 
was found to have two maxima: broad and low at 
small values of momentum and narrower and 
higher at large values of momentum. This was 
explained by Sternheimer and Lindenbaum? by 
means of the real isobaric nucleon model (T = J 
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= ¥,). It should be mentioned that, according to 
this model, a similar momentum spectrum should 
also be observed in the reactions 7 + p— 1+ 7° 
+p and m*+p-—2zn*+n. The first of these reac- 
tions was studied in reference 1. The shape of the 
total momentum spectrum in this case is in better 
agreement with the statistical theory of Fermi, 
which gives one maximum at medium energies. 
Disparities with the conclusions of the isobaric 
theory are also mentioned in reference 3. In this 
connection, we should draw attention to the formal 
possibility, existing in theory, of not employing 
the notion of a real isobaric nucleon. 

For simplicity, we consider the reaction 1* 
+ p-—2n*+n, which occurs in the isotopic state 
with total angular momentum T = % and total 
meson angular momentum A = 2. We denote the 
momentum of the incident meson in the center-of- 
mass system by ky and the momenta of the emitted 
mesons by k; and k,. As is known, this reaction 
is described by the matrix <k,, k,|T/?*2|k)>, 
whose elements in the total angular momentum 
representation are THEE dla\ ky, Ky, ko), wire 
J is the total angular momentum, J is the orbital 
angular momentum of the incident meson, L is 
the total and 1,, J, the partial orbital angular 
momenta of the radiated mesons (see references 
4and5); L=l+1, |4-lL|=L=1,+1,. The 
probability of observing a 7* meson in a final 
state with a momentum of absolute magnitude k 
is given by the expression 


™ 


w (k) = + sin 0d6 {(=S")) ah Gata soe: 


; . (1) 
where v_ is the velocity of the incident 7 meson, 
and 6 the angle between the vectors k, and k); 
k, is determined from k, (and conversely) by 
the relativistic energy-momentum conservation 
law. 

We shall be interested in the qualitative com- 
parison of the spectra resulting from the individual 
partial states, i.e., WL(1,/ )(k). We consider part 
of the matrix of the process under study T’ = {A 
+ B(k,ky)?} (ok)). Representing (k,k))? in an 
expansion in Legendre polynomials, we obtain 


lige { ( A+ = ReBB) Po (cos 949) 
+ 2 REBP.| C08 %4o)} (oko). 


If the coefficient of P, is very much less than 
the coefficient of Py, then T’ ~ A(ok)). Applying 
a similar argument to the matrix as a whole, we 
find that if 


3/529, */o32 i 
| T Pray te) < | T Hits) | 
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for 1, +1, >1,+1,+ 2, and if the matrix does not 
have singularities, then 


T Pi cty (Ra, Ras Ro) = NRRL LAL) (Ro)s (2) 


where N is a normalizing factor and T(k)) isa 
function very weakly dependent on k;, ky. For en- 
ergies ~1.3 Bev, 7 mesons with 1 <5 take part 
in m-N scattering (see the survey article of Gell- 
Mann and Watson,® Fig. 1). This gives 4 and 6 for 
the maximum L=/+1. Taking into account the 
expenditure of energy on the production of the ad- 
ditional 7 meson, we thus assume (underestimat- 
ing somewhat) that the states with 1, +1,=4 do 
not essentially contribute to the matrix element. 
Then, for energies ~ 1.3 Bev, approximation (2) 
can be used for the cases in which 1, + l, = 2. 

In the figure are shown the momentum spectra for 


0 i/ Z o 4 a 


Curve 1—Statistical theory; Curve 2—L(J,l,) = 2(11); 
Curve 3—L(i,/,) = 2(20), 2(02); Curve 4 —L(J,l,) = 3(30), 3(03). 


some partial states and for E, =1.37 Bev, cal- 
culated from approximation (2). The normalization 
makes the area of each curve equal to unity. The 
spectra corresponding to states with 1, =, have 
single maxima, and the greater the angular mo- 
mentum, the sharper the peak. For 1; # 1, the 
shape of the spectrum changes with increasing 

Al = |1,-1,|, and acquires the character of a 
double-humped curve.* The total momentum spec- 
trum is formed by the superposition of the partial 
spectra (with the interference of the partial states 
taken into account) with weights determined by 

the specific character of the interaction; the spec- 
trum can take on all intermediate shapes, from a 
curve with one sharp maximum to a curve with two 
characteristic maxima. If it is assumed that the 
weight of the orbital angular momentum is due to 
one of the mesons, then the total momentum spec- 
trum of the * mesons, for sufficiently large en- 
ergies, will be represented by a double-humped 
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curve. A similar result can be expected for the 
total momentum spectra of the 7 mesons in other 
reactions mentioned above. 1 
The author thanks M. A. Markov for helpful ad- 1 
vice and A. M. Baldin, A. I. Lebedev, and V. A. | 
Petrun’kin for discussion of the results. 


*This result may be explained by an extreme simplification 
of the problem. If the mesons are assumed to be ultra-relativ- 
istic and the nucleon is assumed to be at rest, then the law of 
conservation of energy gives k, + k, = €, where € is the total 
energy minus the mass of the nucleon. In this case 


w (11 (R) ~ B® (© — k)** p(k), Mrc29)41(01) () ~ [A?/ + (e — k)*"] p (A), 
where p(k) is the state density function; p(0) = p(€) = 0, and 
p(€/2) = pmax- For sufficiently large 1, the second probability 
has two maxima. 


1 Risberg, Fowler, Lea, Shephard, Shutt, Thorn- 
dike, and Whittemore, Phys. Rev. 97, 797 (1955). 

2R. M. Sternheimer and S. J. Lindenbaum, Phys. 
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THEORETICAL INTERPRETATION OF 
ELASTIC .1- -p SCATTERING EXPERI- 
MENTS ON THE PROTON SYNCHROTON 
OF THE JOINT INSTITUTE FOR NUCLEAR 
RESEARCH 


I. PATERA and Ch. D. PALEV 
Moscow State University 
Submitted to JETP editor November 16, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 987-989 
(March, 1960) 


expiants on a -p scattering at high en- 
ergies are of great interest for the study of nucleon 
structure. In particular, it is possible from the 
analysis of such experiments to obtain data on the 
distribution of nuclear matter in the proton and 
also the value of the mean square of its radius.! 
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Using the experimental data obtained in Dubna? 


at an energy of 7 Bev, we computed the phase shifts 


of the elastic scattering by a method described in 
reference 1. From these we then obtained the ab- 
sorption coefficient of pions in a proton as a func- 
tion of the distance from its center, and also the 
mean square of the “pion” radius of the nucleon. 

In references 1 and 2 such computations were car- 
ried out for energies of 1.3 and 5 Bev. 

In the region of small angles we approximated 
the differential elastic scattering cross section in 
accordance with the optical law 47 Im F(0) = Ot 
(assuming that Re F=0). The value of the total 
interaction cross section 0, was assumed to be 
(30 +5) mb (reference 3). As a result of our 
computations we obtained 


12 


Sin = >} 9in (l) = (24.344.2) mb, 
r=) 


12 


o¢ = >) oa (1) = (6.61.1) mb, 


t=0 


which is in good agreement with the experimental 
data. We have neglected the partial cross sec- 
tions with / > 12. As can be seen in Fig. 1, their 
relative contributions are sufficiently small. 


A 


ONG 


G10 


FIG. 1. Relative value of the partial elastic (solid 
curves) and inelastic (dashed curves) cross sections: 


Ain SO (1)/S iq» Ay SH ()/s4, 


The two curves correspond -to the angular distributions 
with largest and smallest curvature. 


Figure 2 shows the dependence of the computed 
absorption coefficient on the distance from the 
center of the proton. The curve K(r) is most 
reliable for intermediate values of r, since for 
small values it is determined by an approximation 
of the angular distribution for large angles, and 
for large values by the optical law and the assump- 
tion Re F=0. To make the curve more precise 
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FIG. 2. Absorption coefficient as a function of the 
distance from the center of the proton. The two curves 
correspond to the angular distributions with largest 
and smallest curvatures. 


in the extremal regions, measurements of the 
elastic scattering at small and large angles are 
needed. 

A value of ¥<r?> = (0.83 + 0.08) x 10! cm 
was obtained for the mean square of the “pion” 
radius of the proton. This is in good agreement 
with the value obtained in reference 1 and with the 
value of the “electromagnetic radius” in reference 
4. 

A comparison with the curves of references 1 
and 2 showed that, within the limits of experimen- 
tal error, the proton absorption coefficient does 
not depend on the energy. 

It is also important to emphasize that, unlike 
for high-energy p-p scattering, the experimental 
data for m -p scattering can be explained on the 
assumption of a purely absorbing proton model 
(Re F=0). For a more precise check of this 
conclusion measurements of the elastic scattering 
in the region of small angles, on the order of sev- 
eral degrees, are necessary. 

In conclusion, we express our gratitude to V. S. 
Barashenkov, under whose guidance this work was 
carried out. 


1 Blochincev, Barashenkov, and Grishin, Nuovo 
cimento 9, 249 (1958); Blokhintsev, Barashenkov, 
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MEASUREMENTS OF THE ENERGY DE- 
PENDENCE OF RADIATIVE NEUTRON 
CAPTURE IN IRON, SILVER, AND GOLD 
AT ENERGIES UP TO 30 kev 


A. I. ISAKOV, Yu. P. POPOV, and F. L. SHAPIRO 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor November 20, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 989-992 
(March, 1960) 


A spectrometer employing the neutron slowing- 
down time in lead! was used to measure the energy 
dependence of the cross section for radiative cap- 
ture of neutrons in chlorine,?*? iron, silver, and 
gold. The measurement procedure and the reduc- 
tion of the experimental data were described in 
detail in reference 2. 

1. Iron. The measurements were made on 
samples of varying thicknesses of Armco iron 
(type “A”, approximately 99.7% iron) and iron 
oxide (chda). The cross section of the (n, y) 
reaction was obtained up to neutron energies of 
approximately 50 kev (Fig. 1). In the region up 
to 600 ev, the cross section obeys the 1/v law 


O(n yp) mb 


1 
QO) gl 10 10 


within 3 to 5%. For the iron level at E, = 1180 
+ 80 ev, avalue oI) =74 +7 ev-bn was obtained 
(only the statistical error is indicated). This value 
is half the preliminary result reported earlier.? 
Measurements of the area of the resonance peak 
as a function of 7~'/?, where 7 is the effective 
thickness of the sample, are presented in Fig. 2. 
The crosses denote the points used to calculate 
the preliminary value of ojI’y. The reason for 
the deviation of the points is not clear, but numer- 
ous subsequent measurements, performed with con- 
siderably better statistics, lead us to assume the 
value indicated above for the strength of the level. 
If the peak at E, = 1180 ev is due to one level, 
then I 2% 0.8 ev regardless of the isotope to 
which this level is assigned. At the same time, 
the neutron width [Ty depends substantially on 
the spin and the isotope to which this resonance 
is ascribed (in particular, for s neutrons and 
Fe? Ty ~ 5x10 ev). This level cannot ex- 
plain the thermal cross section of the iron. 
From the results shown in Fig. 1, it follows 
that for iron the resonant capture integral Ry 
= [o,(E)dE/E should differ little, within the 
range from 0.49 to 2 x 10° ev, from the value 
Ry(1/v) =1.1 + 0.03 bn, calculated by extrapo- 
lating the capture cross section from the thermal 
region in accordance with the 1/v law, namely 
Ry = Ry—-Ry(1/v) = 0.12 + 0.02 bn. The principal 
contribution, 0.1 + 0.01 bn, is made to this quan- 
tity by the 1180 ev level. The contribution of the 
levels E) =7 to 8 kev amounts to approximately 
0.01 bn; all the higher levels make contributions 
that add up to approximately the same value.* 
The given value of Ry is one order of magnitude 
less than the value obtained by subtracting Ry (1/v) 
from the experimental data of references 4—6. 
The reason for the discrepancy remains unclear. 


FIG. 1. Energy dependence of the neutron cap- 
ture cross section in iron. The curve was normal- 
ized to the capture cross section o = 2.53 + 0.06 bn 
at E = 0.025 ev.° 


E,kev - 
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FIG. 2. Dependence 
of the effective reso- 
nance integral for the 
resonance of iron at 
1180 ev on the effective 
thickness of the speci- 
7 (in number of nuclei 
per cm’), For the points 
xX and @, the y rays 
were registered with a 
scintillation counter; 
for the points o they 
were registered with a 
proportional counter. 


QS 15 
noWe 


WL (auc/cm?)~” 


On the other hand, the contribution to Ry, which 
we measured in the energy region E > 6 kev, agrees 
with the value calculated by Goldstein and Kolos’ on 
the basis of the parameters of known resonances of 
iron. 

2. Silver and Gold. Measurements of the aver- 
age cross sections were made with samples of me- 
tallic silver (effective thicknesses 0.6 and 0.2 mm) 
and gold (effective thicknesses 0.6 and 0.2 mm) 
with the aid of scintillation counters. 

Figures 3 and 4 show the energy dependence of 
the cross sections of the (n, y) reactions for silver 
and gold (dark and light circles — measurement 
data with samples of 0.2 and 0.6 mm effective thick- 
ness, respectively). For R <1 kev, at an effective 
specimen thickness 72 0.2 mm, the result is in- 
fluenced by the thickness of the specimen (the well 


z 5 5 
0 in? 0° 
FIG. 3. Energy dependence of the neutron-capture 
cross section in silver. V—points taken from the 
first edition of the handbook’ (1955). ¥— points taken 
from the second edition of the handbook* (1958). 
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FIG. 4. Energy dependence of the neutron-capture 
cross section in gold. The points outside the smooth 
curve were taken from the handbook.® The notation of 
reference 8 was retained. 


known effect of the blocking of strong resonances). 

In the case of silver, the measurements of the 
average cross sections of the reaction (n, y) were 
carried out earlier only for E >10 kev, but the 
data given in the first and second editions of the 
cross-section handbook® differ from each other by 
a factor of 2. 

The energy variation of the cross section in the 
region E ~ 10 kev agrees in the case of gold with 
other data,® but for E ~ 1 kev our results are 30 
to 40% higher. 


*To explain the irregularities in the regions of 50, 130, 
and 360 ev it is enough to propose the presence of molybdenum 
(0.03%, based on the number of nuclei), cobalt (0.008%), and 
manganese (0.05%) impurities. No chemical analysis of the 
specimens was made. The total contribution of these impuri- 
ties to Ry amounts to approximately 1 x 107? bn and is not 
included in the value of Ry= 0.12 bn. 
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and Kazarnovskil, Paper P-642, Transactions of 
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sHeprua (Atomic Energy), in press. 
3 Bergman, Isakov, Popov, and Shapiro, JETP 
33, 9 (1957), Soviet Physics JETP 6, 6 (1958); 
A pepHpie peakilAn mIpu MaJbIxX “ CPC HUX SHEPrMax 
(Nuclear Reactions at Small and Medium Energies), 
Academy of Sciences Press, 1958, p. 140. 
‘Spivak, Erozolimskii, Dorofeev, and Lavrenchik, 
Transactions of the Geneva Conference 5, 113 (1955). 
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Translated by J. G. Adashko 
188 


STRUCTURE OF THE GIANT RESONANCE 
IN PHOTONUCLEAR REACTIONS 


E. V. INOPIN 


Physico-Technical Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor November 24, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 992-994 
(March, 1960) 


Ir was shown in the work of Danos! and Okamoto? 
that, in the case of nuclei having the shape of an 
ellipsoid of revolution, the cross section for photo- 
nuclear reactions should have two maxima, rather 
than one as in the case of spherical nuclei. These 
authors began from a two-fluid model of the nu- 
cleus, which leads to the equation and boundary 
condition 


VP+RY =0, (n grad ¥'), = 0, (1) 


where W is the deviation of the proton density 
from its equilibrium value, k is the wave vector 
connected with the frequency of vibration w by 
the relation k= w/u (u is the velocity of “sound” 
in the nucleus), n is the normal to the surface of 
the nucleus and § is the surface of the nucleus. 
Solution of Eq. (1) in spheroidal functions, and 
subsequent calculation of eigenvalues k for dipole 
oscillations, showed that the eigenvalues could be 
approximately represented by the formula kj 
= 2.08/Ri, where Rj is the corresponding axis 
of the ellipsoid. The question arises as to whether 
this result is still valid in the general case of an 
ellipsoid with three axes. This is of particular 
interest in connection with the theory of nonaxially 
symmetric nuclei, developed by Davydov and his 
collaborators.? In fact, the presence of three 
maxima in the region of the giant resonance would 
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be the most direct demonstration of the existence 
of nonaxially symmetric nuclei. 

In calculating the eigenvalues we use a varia- 
tional principle,* according to which the eigen- 
values of (1) are obtained from the minima of the 
corresponding functional 


ke = min | (y¥)2dV / \ W2 dV, (2) 


where the integration is carried out over the nu- 
clear volume. In so far as (2) possesses a sta- 
tionary property, we can choose as trial functions 
the functions uf which are solutions to (1) for a 
spherical nucleus of equal volume: 


Wy = ji (Ror) cos 9, W? = ji (Ror) sin 9 cos ¢, 


W$ = j, (Ror) sin 9 sing, (3) 


where ky = 2.08/Ry (Ry is the radius of the nu- 
cleus). Since the values ky are three-fold degen- 
erate, then, in general, one should take linear com- 
binations of the functions (3) as trial functions and 
then vary the coefficients in these linear combina- 
tions. However, there is no need for this in our 
case; the functions (3) are already the correct 


functions. This is connected with the fact that they 
transform according to different representations 


of the symmetry group of the ellipsoid (group Dg)). 
Substitution of (3) into (2) and calculation. of the 

integrals to within quantities of first order in the 

deformation of the nucleus leads to the result 


2.08 AR; 
= R (! _ 0.08 me) 

Comparison of this formula in the axially sym- 
metrical case with exact calculations of Danos! 
shows that the values of kj are given, in the worst 
case, to an accuracy of 1%. 

Splitting of the giant resonance into three max- 
ima, as given by (4), appears to be shown in the 
experiments of Fuller and Weiss? in the nucleus 
Tb’? (see the figure), although this has not been 
noted by them. Approximating the experimental 
data by the sum of three resonance curves gives 


k; 


AR; — R; a Rea (4) 


Giant resonance in Gite 
the (y,n) reaction in 400. 
Tb’. The circles show 
the experimental points, 
and the dashed curve is 
drawn through these 
points. The solid curve 
represents the sum of 
three resonance curves 


within the parameters 
indicated in the text. GG: 
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for the resonance energies E, = 16.8 Mev, E, 
= 15.0 Mev, E3 = 12.5 Mev, and for the widths 
I,=T,=13;=1.9 Mev (it is clear that even 
better agreement would be obtained if the widths 
were chosen to be somewhat different). Using 
these Ej (Ej =const+kj) in Eq. (4), calculation 
of the deformation gives B= 0.30 and y= 19°. 
Calculation of B from Q)=6.9b (Coulomb ex- 
citation’) gives B= 0.35 (for Ry =rjA'/? and 
rg =1.2 x 107 em).’ The value of y for Tb! 
is not given from other sources; however, from 
the nearby nuclei® Gd!*4 and Dy’ y=14° and 
12°, respectively.* Thus, the proposed interpre- 
tation of the (y,n) data for Tb! agrees satis- 
factorily with data obtained from other sources. 
In conclusion, i would like to express my deep 
gratitude to A. K. Val’ter, who brought this prob- 
lem to my notice, and also to S. P. Kamerdzhiev 
for help in carrying out the calculations. 
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| I N this communication we present the preliminary 
results on the angular distribution of Na™* nuclei 
and the fission fragments Sr®!, Br%®, 1131, 7130+133 
from gold and uranium irradiated by 660-Mev pro- 
tons. The experiment was carried out with the 
synchrocyclotron of the Joint Institute of Nuclear 
Studies. Sheets of metallic beryllium 50 p thick 
were used as absorbing foils. The proton beam 
was monitored by the reaction Al?" (p, 3pn) Na. 
After irradiation, the beryllium sheets were dis- 
solved in acid containing isotopic carriers of the 
produced elements, after which the elements were 
separated chemically and purified. The apparatus 
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for measuring the activity and identifying the iso- 
topes consisted of twin end-window counters of 
type T-25-BFL working in anti-coincidence with 
a ring of MS-9 counters to reduce the back- 
ground. The geometric efficiency was about 70%. 

Two series of experiments were made to deter- 
mine the *forward-backward” ratio and to study 
the angular distribution from 0 to 180° in angular 
intervals of 30°. 

1. An investigation of the “forward-backward” 
ratio was carried out for the isotopes Na, Sr, Br, 
and I emitted from plates of metallic uranium of 
size 20x15 x 1mm. A second beryllium foil was 
placed as a shield between the aluminum foil- 
monitor and the absorbing sheet of beryllium. It 
was found that, in the laboratory system, the “for- 
ward-backward” ratio for the fission fragments 
Sr®! was 1.1; for Br”, 1.0; for 131, 9.6; for 
1/30+133' 1.0. The error in determining the ratio 
did not exceed 20%. 

The calculation of the “forward-backward” 
ratio for Na’4 was made more complicated by 
the presence of an impurity due to silicon in the 
beryllium sheets (1%). In order to introduce a 
correction for the production of Na from the 
silicon, a control experiment was made, in which 
the beryllium sheets were irradiated with 660-Mev 
protons, and the sodium was subsequently sepa- 
rated. Such an experiment made it possible to 
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introduce a correction for Na’* produced from 
silicon in the “forward-backward” experiments. 

In making the comparison with the control experi- 
ments, all the variable factors were taken into ac- 
count: a) proton stream, b) chemical yields, 

c) weight of the beryllium sheets, d) time of ir- 
radiation and time between the end of the irradia- 
tion and the beginning of the counting, e) isotopic 
composition. After the introducing of these cor- 
rections, it was found that in the rear beryllium 
sheet (with respect to the direction of the proton 
beam) the entire activity was due to the admix- 
ture of silicon, and in the front sheet the activity 
produced by the reaction on silicon Si28 (p, 4pn) n?4 
constituted only 20% of the total Na” activity. 
Hence the major part of all Na*4 nuclei produced 
from uranium is emitted in the forward direction. 

2. An investigation of the angular distribution 
from 0 to 180° in angular intervals of 30° was car- 
ried out for Na?4 and Sr®! nuclei emitted from a 
gold thread 300 in diameter (see reference 1 for 
the experimental arrangement). The angular dis- 
tribution obtained for S®! was isotropic within the 
limits of error. The small anisotropy in the angu- 
lar distribution of fission fragments observed by 
other authors’? was not observed in the present 
work. 

In view of the difficulty in making a correction 
for the admixture of silicon in the experiments on 
the angular distribution, the results for Na” can- 
not be considered conclusive; nevertheless, there 
was an appreciable sharp asymmetry in the for- 
ward direction. After introducing the correction 
for the admixture of silicon, we observed that the 
activity of Na®4 due to nuclei emitted from the 
gold thread are distributed in the angular intervals 
0 — 30°, 30 —60° as follows: If the activity of Na?4 
in the interval 0 — 30° is taken as unity, then the 
Na” activity in the interval 30 —60° is 0.4. The 
major part of the Na” activity in the angular in- 
tervals 60 — 90°, 90 —120°, 120 —150°, 150 —180° 
is apparently due only to the admixture of silicon. 

Comparison of the data obtained for the angular 
distribution of Na” nuclei and the fission frag- 
ments Sr®!, Br’ 1131. ang 11°+183 indicates that 
the greater part of the Na” nuclei are apparently 
not produced in the fission process, which is con- 
trary to the previous assumptions. The Na nu- 
clei apparently cannot be produced in an evapora- 
tion process, since in this case their angular dis- 
tribution should be close to isotropic. 

At present, the investigation of the angular dis- 
tribution is being continued. Materials not contain- 
ing admixtures of heavy elements are being used 
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ly the interaction of low energy A _ particles with 
even-even nuclei, the spin, noncentral, and spin- 
orbit forces do not come into play. This permits 
us to estimate the magnitude of the scattering cross 
section for slow A particles in a simple fashion, 
provided that we know the parameters of the cen- 
tral spin-independent part of the A-N interaction, 
which is weaker and has smaller range than the 
N-N forces.'»? Regarding the range of the A-N 
forces as small in comparison with the radius of 
the nucleus and neglecting the deformation of the 
core,” we can write the potential of the interaction 
of the A particle with the nucleus in the form 


V(r) =So(r) Vaw (ris) dor = (1) Caw (1 + R3/R°(0), 


Re = Cav \Vaw (742) fOOga 


Een eal Aina 05 (9) 2 dp(r) 
R= () {5 dr2 + 37 dr \, 


Ty =P +1), Cin = \Vaw (r12) dv42, (1) 


where p(r) is the nucleon density in the nucleus, 
Van is the potential of the A-N interaction, r is 
the distance of the A particle from the center of 
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the nucleus, while Can characterizes the strength 
and R, the range of the A-N interaction. 

The de Broglie wavelength of A particles with 
energies of the order of a few Mev is consider- 
ably greater than the range of the potential well 
(1). Therefore, only S wave scattering is impor- 
tant, and we can use the approximation which is 
independent of the form of the potential between 
the A particle and the nucleus. In this approxi- 
mation the phase shift 6 is related to the scatter- 
ing length a and the range of interaction rp by 
the well known equation?»4 


& cots = —1/a+t rk? / 2; (2) 


where k= V2ME /fi, and M is the reduced mass; 
the cross section is 


o (Rk?) = 4x /[k® + (rok /2 — 1 /a)?}. (3) 


Since the numerical values of the parameter R, 
are not yet known exactly, we restrict ourselves in 
the numerical calculations to the case where the 
range of the A-N forces is zero. In this case we 
have for the nucleus He$ 


Bu ~2.9Mev, Cay ~ 180Mev. f* 


Furthermore, according to the electron scattering 
experiments, ° 


p (7) = po exp (— 7? / 6°), 


where the parameter b, which also incorporates 
the proton radius, is equal to 1.14 f. The numer- 
ical solution gives in this case a= 2.57f, rg 

= 1.04 f. The scattering cross section at zero en- 
ergy is o(0) =0.8b. 

We should like to emphasize that it is possible, 
in principle, to determine the parameters Can 
and R, more exactly from the experimental cross 
sections for the scattering of A particles by nu- 
clei. Up to the present time, however, only very 
‘preliminary results on the scattering of A par- 

ticles with energies of 75 to 150 Mev in hydrogen’ 
have been published (see also reference 8). 

Besides the elastic scattering, the radiative 
capture of A particles may play an important role 
in the region of small energies. If we restrict our- 
selves to A particles of extremely low energy, we 
may assume that the capture leads only from an 5 
state of the continuous spectrumtoan § state ofthe 
hypernucleus. The parities of the initial and final 
states are identical, so that this capture process 
may be accompanied by the emission of a magnetic 
dipole y quantum. The cross section for capture 
with emission of magnetic dipole radiation with 
frequency w is given by the formula? 
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where 


Q eh MoM oe * 
Dam = 2M,¢ My Ve MA a (PoFPa)V 1m), dt 


ro) = Z, Tan) = (ety) V 2 (5) 


Ua is the magnetic moment of the A particle in 
nuclear magnetons, and Mp and My are the 
mass of the proton and of the A particle, re- 
spectively; gph and @g are the wave functions 
of the final (b) and initial (a) states; hw = Eg 
— Ep; the summation goes over the spins of the 
final state. Assuming zero range of the interac- 
tion between the A particle and the nucleus, we 
can write g, and ¢p in the form 


a = Ya Sin (kr + 8) /kr, Oy = V 28 /4n ey, 
where 6 =v2MByj/h, and xy, and y are the 
spinor functions of the initial and final states. 
From (4) — (6) follows 


h 4 M, De iss h2 +. B2 
var =a (ae) (at) oh 


where a =e?/fic. In the region of extremely small 
energies the ratio of o Ay and the corresponding 
cross section for the radiative capture of neutrons 
by protons is 


(6) 


==.) 
eo, 


My 


Sar ~( i 102 
Sie NG ve 


and o,y is of the order of 107’ b at energies of 
~20 Mev. Despite the fact that the capture cross 
section of A particles can reach large values in 
the region of very low energies, there will be 
practically no capture of A particles because of 
their short lifetime. (The ratio of the capture 
and decay probabilities for A particles is ~ 10m 
to 107°.) However, it could well be that radiative 
capture is to be observed for heavier nuclei. 
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eaten there has been a considerable in- 
crease in the interest in nuclear fission accompa- 
nied by the emission of long-range a particles. A 
study of this phenomenon yields more information 
on the fission mechanism, since the emission of the 
a particle is connected with the initial stage of the 
process and characterizes the state of the nucleus 
during the instant of fission. 

One of the most important characteristics of 
nuclear fission with emission of long-range par- 
ticles is the probability of the given process rela- 
tive to the fission into two-fragments. The deter- 
mination of the probability of triple fission of U?* 
induced by slow neutrons has been the subject of 
many investigations,'~® but U?83 and Pu2®® have 
not been sufficiently investigated in this respect. 
Thus, data on the relative probabilities of triple 
fission of Pu?* and U2, determined by Farewell 
et al.* and Allen and Dewan,® do not agree with 
each other — whereas it follows from reference 4 
that the probability of triple fission of Pu2® is 
half that of U***, reference 6 yields a probability 
that is 1.14 times greater. It is therefore inter- 
esting to obtain more exact values for the relative 
probabilities of triple fission of U?*?, U5, and 
Pu?*?, induced by slow neutrons. 

We used for this purpose a setup intended for 
the investigation of the energy distribution of 
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triple-fission fragments.'? The triple fissions 
were identified by the coincidences of the pulses 
from the fragment chamber and from the a - 
particle chamber. The fraction of registered triple 
fissions depended on the solid angle of the a cham- 
ber relative to the target of the fissioning sub- 
stances, on the argon pressure in the chamber, 

and on the degree of pulse discrimination in the 

a channel. Under the condition of the present ex- 
periment, a calculation of this fraction is subject 

to great errors, and therefore the determination 

of the absolute probabilities of triple fission does 
not seem advisable. The apparatus used can meas- 
ure, with great accuracy, the ratios of probabilities 
of triple fission of different nuclei. The geometry 
of the chamber and the chosen argon pressure re- 
sulted in maximum pulses from the a particles 
with the most probable energies. It is known that 
the energy spectra of long-range a particles, 
emitted upon fission of the investigated nuclei, are 
nearly equal.° The measurement conditions in ex- 
periments with different nuclei remained unchanged. 
Consequently, the sought ratio of probabilities of 
triple fission of nuclei 1 and 2 is 


M/ 2 ==(Ntr /Na)i/(Ner /Na)e, 


where Nyy is the number of triple fissions and 
Nq is the number of double fissions registered 
per unit time. 

The targets were irradiated with slow neutrons 
in the experimental reactor of the U.S.S.R. Academy 
of Sciences. The measurement results are listed 
in the table, and the background of random coinci- 
dences, which amounted to 3% of Nt;, was taken 
into account. The statistical errors are indicated. 


Nucleus | Nt,, pulse/min | Ng, pulse/min 
W289 TR45 +045) 28600+ 140 
280 8.86=0.18 41600200 
Pu239 18,53+0.37 74000+ 400 


The resultant data were used to determine the 
ratios of triple-fission probabilities: 


1 (U2) / 4 (U235) = 1.22 + 0,06, 


1 (Pu®*) / 1 (U2) = 1.18 + 0,06. 


According to the results of Allen and Dewan,°® 
these values are 1.25 + 0.22 and 1.14 + 0.23 re- 
spectively. 

Thus, the probability ratios obtained in the 
present work agree with those calculated from 
the data of Allen and Dewan. The use of the 
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method of relative measurements ensured a 
higher accuracy of the results. 
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Ir is well known that at sufficiently low tempera- 
tures, the specific heat associated with the lattice 
of a paramagnetic crystal becomes negligible com- 
pared with the specific heat of spin systems. In 
this case, the spin system of paramagnetic atoms 
will be the thermostat determining the equilibrium 
population distribution among nuclear spin levels, 
and the longitudinal nuclear relaxation time T, 
will be the time required to establish thermody- 
namic equilibrium between the electronic and nu- 
clear spin systems. It is the purpose of this note 
to describe some calculations of this time. 

At low temperatures, the energy levels of most 
paramagnetic atoms in an external magnetic field 
can be described by an effective spin S= 3 with 
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an anisotropic g factor, i.e., with the magnetic 
moment of an atom being given by pw = BgS, where 
g is a tensor of the second rank and £ is the 
Bohr magneton. We assume that the electric field 
inside the crystal has axial symmetry and that the 
Zeeman energy is much greater than either kT or 
the mean interaction energy of magnetic dipoles. 
In this case Bogolyubov’s approximate method for 
second quantization can be used to find the energy 
spectrum of the interacting electron spins. This 
spectrum turns out to be equivalent to the spectrum 
of a system of non-interacting Bose particles with 
Hamiltonian 


H= Ey + > ExN x, Ny = by bx, 
k 


E,=@,RHN, Ex= 2 g2 p2 (k® — 3k%), (1) 
where bk, by are creation and destruction opera- 
tors for Bose particles with wave vector k, N is 
the number of paramagnetic atoms, a is the short- 
est distance between them and gj, g; are the prin- 
cipal values of the tensor g. In our calculations 

we used the fact that to find the spectrum of a spin 
system in a strong magnetic field it is only neces- 
sary to consider the diagonal and semi-diagonal 
parts of the operator for the dipole-dipole interac- 
tion.? It was also assumed that the paramagnetic 
atoms were arranged in a simple cubic lattice, that | 
the magnetic field H is directed along the symme- 
try axis of the crystal field, and the lattice sums 
can be approximated by integrals. 

Suppose the nuclear spins are coupled to the 
paramagnetic atoms only through the dipole-dipole 
interaction. We shall find the probability of a tran- 
sition in which one boson is created, another de- 
stroyed, the energy difference between them being 
equal to the energy required to re-orient a nuclear 
spin in the external field, Ek, — Ek, = 28NBNH 
(where gn is the nuclear magnetic moment in nu- 
clear magnetons By). Assuming that 2gn6NH 
<«K caro /a® and using the standard formulas of 
perturbation theory, we find that the probability 
of a transition is 


Oa EaNe eel 
Pa) a) — sireliees celica ue! 
2g, BH 
xexp( ar) (I + m + Il —m), (2) 


where r is the radius vector from a paramagnetic 
atom to a nuclear spin I; @ is the angle between the 
direction of the magnetic field and r, and m is 
the magnetic quantum number of the nucleus. 
Experimentally, the method of a saturated nu- 
clear magnetic resonance has been used to meas- 
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ure a nuclear spin relaxation time in a paramag- 
netic crystal. The measurement was made on the 
protons in the water of crystallization of 
Ce.Mg3(NOs)1.°24H,O at 0.086°K.° It was impos- 
sible to achieve saturation, and only an upper 
bound on the relaxation time was obtained: T, < 32 
sec. A rough estimate using formula (2) yields 
T, ~ 107! sec. The estimate is rough because gy 
= 0.25 for the Ce** ion‘ and the condition 2g)6H 
> kT is poorly fulfilled. This result does not con- 
tradict the experimental one. 

The author would like to thank S. A. Al’tshuler 
for discussion of his results. 
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‘Galan proposed the use of the negative effec- 
tive mass of carriers in a semiconductor for the 
amplification and generation of electromagnetic 
waves, for when such carriers move in a field they 
give up their energy to the field interacting with 
them, i.e., they possess negative losses. To obtain 
such states, the use of a constant electric field is 
proposed. 

In the present communication we shall show that 
it is impossible to obtain a state with negative 
losses by using a constant electric field in a semi- 
conductor. 

In fact, negative losses mean that, at least for 
some ¢€; and ¢€, (€) > «,), the following condition 
is fulfilled: 
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wf (22) (1 — f (e1)] 2 (ho) — wf (ex) [1 — f (€2)] 2 (ho) 
= wn (hw) {f (2) —f (e1)} > 9, (1) 


where f(¢) is the distribution function for elec- 
trons, n(fiw) is the number of photons of energy 
fiw = €,—€,, and w is the probability of spontane- 
ous emission. We do not consider spontaneous 
transitions, since they are not relevant to the proc- 
ess of amplification. From (1) it follows that at 
least at some points in the interval «,—€,, of(€)/ 
8€ >0 should hold. At thermodynamic equilibrium, 
af/de <0 always holds for any ¢€, independently 
of the type of distribution of the particles, and con- 
sequently amplification is impossible. 

The creation of a semiconductor amplifier or 
generator using the effect of negative losses should 
be considered from the viewpoint of the possible de- 
struction of thermodynamic equilibrium and the at- 
tainment of states with df/3« > 0 in some interval 
of energy. However, in the steady state in a con- 
stant electric field E, as assumed by Krémer,! 
it is impossible to obtain such states for a semi- 
conductor, as direct calculation shows.2-> The 
distribution functions found up to the highest val- 
ues of fields, have Of(¢€, E)/de <0 for all values 
of ¢ [df(«,E)/8« —~0 as E—o]. In very strong 
fields when the processes of electron scattering at 
lattice phonons are unimportant, it is also impos- 
sible to obtain an amplifying state, even if impact 
ionization and the Zener effect are ignored. In 
this case the electron will oscillate periodically 
between the upper and lower edges of the permitted 
band, so that electron states with positive and nega- 
tive masses are equally probable. 

Everything that has been said above can be gen- 
eralized directly to the case of an anisotropic band 
in which, for some values of the quasi-momentum 
Pp, some components of the tensor-effective mass 
are negative; here, too, it is impossible to have 
of/de > 0 in a constant electric field, since in 
semiconductors the constants of interaction with 
acoustical and optical phonons are of the same 
order of magnitude. 

Thus, to create semiconducting systems with 
negative losses, it is necessary to obtain a state 
with negative temperature, where 9f/de > 0. Such 
states can in principle be attained by excitation of 
the electrons with sufficiently powerful monochro= 
matic radiation, causing transitions between the 
levels of one band or different bands using a pulsed 
system or a steady state system, as in molecular 
generators and amplifiers, or using pulsed excita- 
tion by an electric field.® 

We note that to obtain a negative temperature 
using a pulsed electric field, it is expedient to use 
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interband transitions of electrons, and not transi- 
tions inside a single band, since the time for which 
negative temperatures exist is much shorter in the 
latter case. 
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In connection with the communication on the D* 
meson,' various “peculiar” decays of unstable 
particles,” which were observed in the past, are 
being reanalyzed.? An opinion becoming prevalent 
is that the D* meson, and in accordance with pres- 
ently popular systematics of elementary particles 
(e.g., the Gell-Mann-Nishijima scheme?) also the 
D™ meson, exist, have a mass of 742 + 20 Mev, 
decay according to the scheme 


(1) 


and are particles of strangeness +2. Thus from 
among all the bosons of the Gell-Mann-Nishijima 
scheme only the py meson has not been detected 
experimentally. 


In the notation of the Salam-Polkinghorne 
4 


D*>K+r+Q, 


scheme 


Q/e=3-+ Us (2) 


(Q — magnitude of electric charge, 73; corre- 
sponds to the isospin and p3 to the strangeness ) 
the D+ mesons are described by 73=0 and ps3 
=+1. If we also include 73=0 and p3=0 here, 
we obtain a triplet D*, D°®, D™ which may be 
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viewed as a vector in w-isospace. Consequently 
the suggestion occurs that this group of isotopic 
singlets may have similar properties. If such a 
view were to be accepted then the D’ meson would 
also have a mass of the order of the mass of the 
charged D mesons, and decay according to the 
scheme 


Die one) (3) 


We wish to call attention to the communications 
existing in the literature on the decay of neutral 
particles according to the scheme 


Va—> K* (4) 


with m(V$) ~ 650—700 Mev.® Thus there are in- 
dications that a neutral unstable particle exists with 
amass and a mode of decay analogous to the char- 
acteristics of the D+ mesons. If we identify the 
V$ particle with the above indicated D’ meson, 
we come to the conclusion that an isotopic singlet 
D° meson exists with strangeness S=0 which, 
although it could formally undergo a fast decay 
into 7 mesons satisfying the condition AS = 0,° 
decays slowly into decay products with strangeness 
+1. However this conclusion contradicts the prem- 
ises on which the indicated systematics are based 
unless fast decays of the type 2° — A°+y and D® 
—nm are somehow forbidden. 

The most convenient method for production of 
such D? mesons would be from reactions of the 


type 
eps (5) 


and also from photoproduction of the type studied 
by Bernardini et al.’ 

We have analyzed over 50 “anomalous” vy? 
events detected at various times in cosmic ray 
experiments.’ We obtained the following results: 
1) no neutral meson exists with a mass of the order 
of 750 Mev and a decay mode (3); 2) the published 
anomalous V° events are more likely evidence for 
the existence of two neutral cascade mesons D 
and DS with the above indicated decay mode (3) 
with Q; = 38 Mev and Q, = 63 Mev; 3) the flux 
of these mesons amounts to 1 — 2% of the flux of 
A and 6° particles (there were approximately 
30 of them among the 50 “anomalous” v° events); 
4) the decays of both D} and D? through the two 
channels K*+ a and K~+7”* are in the ratio of 
i ae connection with the questions discussed here 
it would be of interest to check the data obtained 
with bubble chambers irradiated with 7-meson 
beams with momenta in excess of 1 Bev/c. The 
purpose of this check would be a systematic search 
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for and study of unstable neutral particles with prop- 
erties different from the A° and 6° particles, since 
the information on the number of D® mesons and 
their properties is of great importance for the 
systematics of elementary particles. 

The author is grateful fo Prof. D. I. Blokhintsev 
and M. A. Markov for useful discussions on the 
problems raised here. 
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ANGULAR DISTRIBUTION OF DECAY 
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BY PROTONS IN PHOTOEMULSION 
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O. A. SHAKHULASHVILI, D. K. KOPYLOVA, 
Yu. B. KORELEVICH, N. I. PETUKHOVA,* 
D. TUVDENDORZH, CHENG P’U-YING, and 
N. I. KOSTANASHVILI 


Joint Institute of Nuclear Research 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1004-1005 
(March, 1960) 


SoLovEyt stressed the importance of studying 
the longitudinal asymmetry in the angular distri- 
bution of t mesons produced in hyperon decays. 
During a study of the strange-particle production 


LETTERS TO THE EDITOR 


by 9-Bev protons, Kostanashvili and Shakhulashvili? 
obtained an indication as to the possible existence 
of such an asymmetry in the decay of =+ hyperons. 
In view of this, we undertook an experiment to im- 
prove the data on the angular distribution of a 
mesons from the decay of =* hyperons produced 
in interactions between 9-Bev protons and photo- 
emulsion nuclei. Our main concern was to choose 
a method of searching for hyperons free from any 
experimental bias and to identify carefully the 
cases of decay that were found. 

The search for = hyperons was carried out 
by following the tracks from stars produced by the 
interaction of the primary protons with emulsion 
nuclei (NIKFI BR-400 emulsion). Each layer of 
the emulsion stack was area-scanned for stars 
with Np} = 10 in which there was at least one 
track satisfying the following conditions: a) the 
particle producing the track is emitted in the di- 
rection of the forward hemisphere relative to the 
motion of the proton beam; b) the line of horizontal 
projection of the track in one layer of emulsion 
was => 3mm; ¢c) the value of the ionization I was 
within the limits of 1.5 min = 1 7Imin. Tracks 
satisfying these conditions were followed a dis- 
tance of at least 2 cm or to the end if their length 
was less than 2 cm. The Z -hyperon decays in 
flight via the scheme 2*+— 71*++n were selected 
primarily by inspection. To do this, all points of 
disappearance of the tracks of particles which 
clearly did not stop within the layer of emulsion 
were carefully examined under high magnification 
(60 x 10 x 1.5) to seek a secondary relativistic or 
almost relativistic track. Such cases could repre- 
sent the decay in flight of X* hyperons or K+ 
mesons, where it may be expected beforehand that, 
owing to the great difference in the lifetimes of 
these two particles, the contamination of K mes- 
ons should be extremely slight. 

The final identification was made on the basis 
of multiple scattering and ionization measure- 
ments. The values of the velocity {8) of the 
hyperon and K meson corresponding to the meas- 
ured value of p8 and calculated with the tables in 
reference 3 were compared with the results of the 
ionization measurement by the method given in ref- 
erence 4. The statistical error of the measure- 
ment of the quantity p6, as a rule, did not exceed 
10 — 15%, and the relative error in the ionization 
measurement did not exceed 6 —8%. Measure- 
ments to such an accuracy proved to be sufficient 
for a reliable identification of hyperons. Analo- 
gous measurements were made for control pur- 
poses on tracks of known K mesons (the K 
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mesons were found incidentally, when extending the 
tracks from the selected stars) in the interval of 


ionization (2.5 —7) Imin; in all cases, the identifi- 


cation of the particles proved to be correct. More- 


over, for two hyperons found by the above-described 


method the tracks of the mesons produced in the 


decay could be followed. The ranges of the 7 mesons 


were in good agreement with the kinematics of the 
decay via the scheme 2+ — 7* +n. 

In the method chosen for searching for the de- 
cays, the only cause for the missing of 7+ mesons 
could have been a low efficiency in detecting rela- 
tivistic particles. To estimate this efficiency, we 
investigated 226 cases of  —y decay in which 
the meson stopped inside the emulsion stack. 
The electrons from the meson were not ob- 
served in eight cases. On this basis, one can evi- 


dently assume that there was no preferential selec- 


tion of 7 mesons in any direction in the =*-hy- 
peron decays found. 

In all, 72 cases of =*-hyperon decays in flight 
were found in this way. If it is assumed that the 
angular distribution has the form (1+ a cos @), 
where @ is the angle between the direction of 
flight of the = hyperon and the 7 meson in the 
hyperon rest system, then the value of a turns 
out to be 0.09 + 0.2. After adding seven cases 
found by the same method, but under somewhat 
different conditions, we obtained a = 0.03 + 0.2. 

In the process of searching for and identifying 
the hyperons, two cases were observed in which 
the secondary particle turned out to be an electron. 
The kinetic energies of the electrons were equal 
to ~1.5 Mev and (11+ 2) Mev. Both cases could 
be explained by the proton undergoing charge ex- 
change in a carbon nucleus of the emulsion and the 
subsequent B decay of the resulting nitrogen iso- 
tope N?; 


p+C?® N24 n, 


Ni2—5 C12 + Bt, 


The authors express their deep appreciation to 
E. L. Andronikashvili for his constant interest in 
this work, to M. Danysz and M. I. Podgoretskili for 
their valuable advice and discussions during the 
course of the work, and also to V. V. Glagolev, 
R. M. Lebedev, and O. G. Khakhanashvili for as- 
sistance in the work. 
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ON THE POSSIBILITY OF MEASURING IN 
THE LABORATORY THE SPEED OF PROP- 
AGATION OF GRAVITATIONAL WAVES 
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G. I. RUKMAN 


Moscow State University 
Submitted to JETP editor January 3, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1005-1007 
(March, 1960) 

ly recent years there has been some discussion! 
of possible new experiments to investigate the 
gravitational field, in particular, experiments to 
detect gravitational waves, terrestrial tests of gen- 
eral relativistic effects, a repetition of the clas- 
sical E6tvés experiment, and so on. In view of the 
recent developments in electronics, it is natural 
to use the most modern, sensitive measuring tech- 
niques. The question of whether we can measure 
the speed of gravitational waves has been discussed 
in reference 5. To do this it is necessary to have a 
gravitational oscillator, radiating an intense, high- 
frequency gravitational wave, and, at some distance, 
a gravitational receiver. To use language borrowed 
from electrodynamics, we can say that a gravita- 
tional experiment with macroscopic objects must 
necessarily be done in the “induction zone,” i.e., 
the distance between the oscillator and receiver 
must be less than a wavelength. 

In the linear approximation to Einstein’s equa- 
tions, a weak gravitational field is described by 
D’Alembert’s equation, with a suitable right-hand 
side. We therefore write a tentative expression 
for a typical component of the field strength, at 
distances small compared with a wavelength, with 
a dipole frequency w (reference 6) 


Ep = 2p,e'tR™ cos 6 (1 + k2R?/2— ik?R?/2+..-), (1) 
where k= w/Cg, Cg is the speed of propagation of 
the gravitational field in the wave zone, pg is the 
dipole moment, and R is the distance. This ex- 
pression holds for kR «1. There are two “non- 
static” terms in the brackets: k?R2/2 and ik®R3/2 
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(the other terms are of higher order). The first 
term takes into account the effect of cg on the 
amplitude of the field, while the second essentially 
expresses the “phase shift” associated with the 
finiteness of Cy. Thus, in principle, Cg can be 
obtained from a measurement of Ep. In refer- 
ence 5 it is proposed to measure the phase shift 
to obtain Cy; however, it should be noted that 
while reference 5 claims this phase shift to be a 
first-order effect (kR), it is really of third order, 
ik*R?/2 ~ iv®/cé, as is evident from (1) (v is the 
amplitude associated with the linear velocity of the 
oscillator). For the experiment proposed in ref- 
erence 5, it would be necessary to measure an 
angle ~ 107" radian, taking cg = 3 x 10'° cm/sec. 
At the present time, phase shifts of 10g 10 ears 
dian are known to have been measured.’ 

From (1) we see that the decrease in amplitude 
is frequency dependent and at a frequency w/27 
~ 200 cps, and at adistance R=1m, we have 
k*R2/2 ~ 107!!. Such a small decrease in ampli- 
tude can be measured if the oscillator frequency 
is modulated at some low frequency, ~ 0.5 cps, 
and the signal detected synchronously. With such 
an arrangement, the band-width could be decreased 
to ~ 10°° cps. 

As a detector of the gravitational field, Weber! 
has proposed a piezoelectric transducer, together 
with associated amplifiers. Such a transducer 
would consist of a piezoelectric crystal between 
two sufficiently large masses; the inhomogeneous 
gravitational field due to the oscillator would lead 
to a stress in the crystal. We note a number of 
technical difficulties which would have to be solved 
before such a scheme would work. 

The frequency response of transducer plus am- 
plifiers would have to be horizontal to at least one 
part in 10!'. This implies that the transducer and 
the reactive elements in the amplifier would have 
to be temperature controlled within 0.1°C. After 
demodulation, the signal, proportional to k*R?, 
has an amplitude of only 107!° volts. 

Such small signals can be measured with the 
photo-electric amplifier built by Kozyrev.® The 
oscillator can be a mechanical rotator with diam- 
eter D) =2m, operating at a frequency 25 — 50 
cps, and with four additional masses distributed 
along its circumference. The stress appearing 
upon rotation is ~ 10? kg/cm? which is not too 
large for the usual grades of steel. 

In conclusion the authors would like to thank 
V. V. Migulin and M. S. Akulin for their discus- 
sions of versions of the experiments. 


! J. Weber, Revs. Modern Phys. 31, 681 (1959); 
Science News Letter 5, 17 (1959). 


THE EDITOR 


2R. H. Dicke, Science 129, 621 (1959). 

3. L. Ginzburg, Usp. Fiz. Nauk 59, 1 (1956). 

4C, Mgller, Dan. Mat. Fys. Medd. 30, No. 10 
(1955). 

51. L. Bershtein and M. E. Gertsenshtein, JETP 
37, 1832 (1959), Soviet Phys. JETP 10, 1293 (1960). 
8 ,, D. Landau and E. M. Lifshitz, Teopus noaa 
(Field Theory) Gostekhizdat; Engl. transl., Addi- 

son Wesley, 1951. 

™M. E. Zhabotinskii and E. I. Sverchikov, 
IIpuOopbl u TexXHuKa 9KCHepuMeHtTa (Instrum. and 
Meas. Engg.) No.3, 74 (1956). 

SV. P. Kozyrev, Jaextpuyectso (Electricity) 
No. 2, 47 (1956). 


Translated by R. Krotkov 
197 


ON THE RADIATIVE CORRECTION IN 
WEAK-INTERACTION PROCESSES 
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(March, 1960) 


Ir has been shown in a number of papers’ 4 that, in 
first order in a, the radiative corrections to p- 
meson decay lead to a finite renormalization of the 
interaction constants (with different renormaliza- 
tion for the vector and axial-vector parts). At the 
same time the analogous correction for B decay, 
for example that of the neutron, diverges, and 
moreover this divergence cannot be removed by 
ordinary mass renormalization. 

The cause of the different behavior is that the 
diagram for p decay is of a type analogous to the 
diagram for the emission of a photon. In fact, the 
interaction Hamiltonian for the decay of a uy me- 
son can be written either in the ordinary V-A form 


H= Ol (tle +l», 


Vi 


or in the equivalent form 


H =e elt. 1) O14 (I +7s)\¥; (2) 


the change from form (1) to form (2) consists only 

in interchange of two particles of the same helicity, 
vy and e. In the latter expression the radiation 
corrections affect only the first factor (there are 
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no charged particles in the second), which differs 
from the electrodynamic current <e lyule> by 
the fact that the mass of the particle changes in 
the transition, and also by the presence of the fac- 
tor y; (the current axial vector is y;yq). 

Since, as is well known, the divergent integrals 
in electrodynamics do not depend on the mass of 
the particle, the fact that it changes cannot invali- 
date the conclusion from Ward’s theorem’ that the 
vertex-part and self-mass divergences cancel. 
The factor y; can also change nothing in this con- 
nection, since the replacement of the wave function 
~ by ys5~ leads only to a change of the mass. 

It follows that a finite result will be obtained 
when one calculates the radiative corrections to 
i.-meson decay (and to any other process of in- 
teraction-of 4 mesons with electrons: p—e 
+v+vt+y, e+ v—-er+v, w+v—ptyv, and so 
on) in any order (in e*) of perturbation theory. 

In the case of the B decay of the neutron or 
the capture of a meson by a proton the Hamil- 
tonian does not reduce to the electrodynamic form. 
In fact, 


H = cpl rg(1 + 1s) m> Celt, (1 +15) 1 > (3) 


and it is not possible by interchanging particles of 
the same helicity to group the charged particles in 
one factor — to do so one must interchange n and 
e. This latter interchange does not leave the 
Hamiltonian in the same form, but changes it to® 


H =V 2G¢e|(1—%5)|p><n| (1 +45) |, (4) 


which, as is well known, is not renormalizable 
(even if one does not take into account the mag- 
netic moment of the neutron). It can be seen 
from this that only for processes in which no 
particles appear except electrons, mesons, 
neutrinos, and photons is it possible to calculate 
the radiative corrections. 

In this connection one cannot at the present 
time predict theoretically the relative size of the 
constants calculated, on one hand, from the life- 
time of the neutron, and on the other hand from 
B transitions between nuclei of spin zero (0*— 0* 
transitions); the experimental determination of 
this ratio is an important problem. 


1 Behrends, Finkelstein, and Sirlin, Phys. Rev. 
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47. P. Kuznetsov, JETP 37, 1102 (1959), Soviet 
Phys. JETP 10, 784 (1960). 
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AT HIGH ENERGIES 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1008-1009 
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Ir is impossible in practice to carry out a phase- 
shift analysis at high energies, owing to the large 
number of partial waves participating in the inter- 
action. It is therefore important to establish what 
information may be extracted from the experimen- 
tal data. 

In this note we show how to determine the mini- 
mum number of partial waves Lmin necessary to 
describe the experimentally known total elastic 
scattering cross section dg] and the differential 


cross section at a given angle o(#,). The follow- 
ing inequalities may be proved: 
a) Spinless particles: 
Uy oe 4n6 (91) / oer. (1) 


b) Interaction between particles of spin 0 and 4 
max {X, Ly} >> 4x0 (9}) / o¢7. (2) 
c) Not identical Dirac particles: 
max {Z,, 31, La} D> 4x0 (9) / eer. (3) 
d) Identical Dirac fe 
Prax (os Vo, Due hin bey be) ce Are (On) care (4) 
In insse inequalities 


(L — m)! 


= 3 21 + 1) ary [ei (cos 94)]*, 
zs l 

A —m) m 

ey ee) ree 1) =P ) (cos 9,))2, 
oe 3 

Em = Dy + (— 120 + 1) FEE LPP (cos OP. (5) 
(=m 


The largest of the entries in the curly brackets 
is to be used on the left hand sides of Eqs. (2) — (4). 
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At large energies, when L is sufficiently large, CREATION OF ANTIPROTONS IN INTER- 
um =f, 2m. If the angle 3; is small, then ACTION OF NEGATIVE PIONS WITH 

XZ will be larger than 2, and Z, since the latter NUCLEONS 

contain the associated Legendre polynomials. There- 

fore in practice one can always use the inequality WANG KANG-CH’ANG, WANG TS’U-TSENG, 


Sn 


a 


(1). Let us write it out in more detail: TING TA TS’AO, V. G. IVANOV, E. N. KLAD- 
L NITSKAYA, A. A. KUZNETSOV, NGUYEN ‘ 
il + 1) [Pz (cos 91)]? > 420 (9;) / o,;. (G4) DIN-TY, A. V. NIKITIN, S. Z. OTVINOVSKII, 
. and M. I. SOLOV’EV 


It is obvious that (1’) will begin to be valid only for 
L = Lmin- Il a quasiclassical approach one may 
associate with Lyjn a minimum interaction ra- J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1010-1011 
dius Rmin ~ Lmin*- (March, 1960) 

As an example we discuss pp scattering at 8.5 
Bev. According to Tsyganov et al.! we have in this Up to now there apparently has been no observed 
case case of direct production of antiprotons in 7N inter- 
actions. We have found several cases of production 
of antiprotons by negative pions on nucleons, two of 
which are reported in this letter. 


Submitted to JETP editor January 6, 1959 


¢,, = (8.640.8) mb, 
6 (2.5° — 5.5°) = 123418 mb/sr. 


From the inequality (1’) we find Linn Lose 3° The work was carried out on the proton synchro- 
The optical model, when used to describe the same __ tron of the Joint Institute for Nuclear Research with 
data, gives an effective L equal to 16. The cor- a propane bubble chamber! in a permanent magnetic 
responding interaction radius is R ~ 1.6 x 1078 field of 13,700 gauss. 


cm. It follows from our results that any other 
model will lead to the same or larger interaction 
radius. 

The inequality (1‘) may be viewed as a stronger 
version of the Rarita-Schwed? inequality: 


(L + 1)? > kc? / Arey, (6) 


which, as is easy to see, follows from (1’) for 

= 0 inthe case of a vanishing real part of the 
scattering amplitude. Thus, in the example con- 
sidered above, the inequality (6) yields the weaker 
estimate Lmin=8+1 if of = (30+ 3) mb. 

In conclusion we note that all our results hold 
as well for inelastic two-particle reactions of the 
type 7 +p—-2Z~+K”. In this case one should re- 
place de] by the total cross section for the reac- 
tion under study. 

The authors are indebted to L. G. Zastavenko 
for discussions. 


iat. Veksler, Report at the International Con- 
ference on High Energy Physics, Kiev, 1959. 
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Figure 1 shows a case where a primary negative 
pion with approximate energy 7 Bev crosses at the 
Translated by A. M. Bincer point O a star with four prongs. Prong a is de- 
199 termined unambiguously as an antiproton. The 
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prong a experiences scattering by approximately 
5°, 2.3 cm away from the point O, and travels an- 
other 3.3 cm before it is stopped at the point: OF 
where it is apparently annihilated, with the proton 
forming, in addition to neutral particles, two 
charged particles f and g*. The momentum of 
the f particle is 138 + 6 Mev/c, while that of the - 
g particle is 170 + 12 Mev/c. The angle between 
f and g is 126+ 1°. It must be emphasized that 
the star O’ cannot be caused by any other process 
except annihilation. 

Let us consider the possible reactions: 

VK =p — Ao Sea a 
(for the free and bound proton); 

Bel he Hr Es rp 

Be A” =a? 

4.p+p—on* +n7+ (nn). 

1. The m* mesons (f and g) cannot be pro- 
duced by reaction 1, from energy considerations. 
This conclusion is not changed if it is assumed 
that the K™ mesons interact in flight, because 
the angle between a and f at O is greater than 
90°, and the angle between a and g is close to 
905; 

2. Reaction 2 is also impossible from energy 
considerations, even if it is assumed that one of 
the y quanta from the °-meson decay produces 
immediately a positron, and the electron receives 
no energy at all. 

3. If it is assumed, on the other hand, that re- 
action (3) takes place, then the negative pion should 
have a momentum of 205 Mev/c; measurements 
yield 130 + 6 Mev/c. Furthermore, the positive 
g particle should be a positron and carry away the 
total momentum of the y quantum, on the order of 
100 Mev/c. Actually the measurements show the 
particle to have a momentum of 170 + 12 Mev/c. 

4, Only the last possibility remains: g and f 
are positive and negative pions respectively, cre- 
ated simultaneously with the other neutral particles 
during the act of annihilation. 

_ Figure 2 shows the second case of creation of 
a slow antiproton by a negative pion of energy 8 
Bev. The negative pion interacts with the carbon 
nucleus and produces at the point O a three- 
pronged star. Particle a, which has a negative 
charge, covers 12.9 cm in the chamber and is 
stopped at the point O’, where it is annihilated 
with the nucleon in the carbon nucleus, forming 

a star of seven prongs, three of which have mini- 
mum ionization. 

Track b, one of the three prongs with mini- 
mum ionization, formed by the positive particle, 
has a momentum of 566 + 34 Mev/c, i.e., itis a 
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positive pion. This fact confirms that the a par- 
ticle is an antiproton (or, less probably, aes Ne 
since no other known particle can produce a pion 
with so large a momentum when stopped. The 
momenta of the other prongs of this star cannot 
be measured with reliable accuracy, since they 
have a very small length in the chamber and all 
go outside the working volume. 

The mechanism of production of these two anti- 
protons, and also several cases of production of 
antiprotons with momenta greater than 1.5 Bev/c, 
will be described in detail in another article. 

An estimate of the cross section for the pro- 
duction of antiprotons by negative pions with en- 
ergies 7 —8 Bev in propane gives a lower value 
of 107° cm? per nucleon. 


‘Wang, Solov’ev, and Shkobin, [Ipu6opbi u TexuuKka 
9kcnepuMeuta (Intruments and Measurement Engi- 
neering) No.1, 41 (1959). 
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NEW ISOMER Ssn'*™ 


I. P. SELINOV and V. L. CHIKHLADZE 
Submitted to JETP editor January 19, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1012 
(March, 1960) 


Accorpine to the systematics of the half-lives 
of the isomers, one would expect the long-lived 
(T = 119 days) tin isotope Sn!!3 to have an isomer 
with a half-life somewhat shorter than that of 
Cdl11m(T = 48.7 min). Actually, an investigation 
of the isotope Sb!!3 (T = 7 min) with a double-lens 
B spectrometer has disclosed that, as a result of 
positron decay, this isotope is partially trans- 
muted into a new isomer, Sn!#2™) with a half-life 
of 27 + 3 min. 

There have been observed in the conversion 
spectrum of Sb!!% electrons with energies 49.6, 
75.3, and 77.4 kev, corresponding to conversion 
of y radiation of energy 79.3 + 0.5 kev on the K, 
L, and M shells. The ratio of the conversion on 
the K shell to that on the L shell is 1.75. 

Theoretical values of this ratio, for transitions 
of various multipolarities, are: El — 9.45, E2 — 
3.8, E3 — 0.95, M1 — 7.55, M2 — 3.8, and M3 
— 3.56. The extrapolated value for M4 is about 
1.7. Consequently, the isomer transition from the 


metastable state of Sn'™ has a multipolarity M4. 
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REMARK ON THE DECAY OF THE CAS- 
CADE HY PERON 
I. Yu. KOBZAREV, L. B. OKUN’, and A. P. RUDIK 
Submitted to JETP editor January 23, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1012-1013 
(March, 1960) 
le the spin of the cascade hyperon is 3, the am- 
plitude of its decay 
EPs AP + 1, BR > AP + ae (1) 
can be written in the form 
A = 2ua (a+ Leon) ue. (2) 


Here a and b denote the amplitude for the for- 
mation of AY and m inthe S and P states, re- 
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spectively, and g is the difference of the phase 
shifts for the scattering of the 7 meson by the A 
hyperon in these states. The unit vector n is di- 
rected along the momentum of the A hyperon in 
the rest system of the = hyperon, the o’s are 
the Pauli matrices, and ug and ux are two- 
component spinors. 

If the polarization vector of the = hyperon 
(in the rest system of =) is denoted by 7 and 
the polarization vector of the A hyperon (in 
the rest system of A) by £, the probability of 
the decay of a polarized = hyperon with forma- 
tion of a polarized A hyperon, as calculated with 
the help of the amplitude (2), has the form 


W (n,n, $) = a2 + 6? + 2ab cos 9 ($n + yn) + (a? — 67) Cy 


+ 267 (Gn) (qn) + 2ab sing [yf] n. (3) 
Formula (3) contains, of course, all possible cor- 
relations which were recently considered by 
Teutsch, Okubo, and Sudarshan.! With regard to 
this formula we should like to make the following 
observation. As is seen from formula (3), the 
polarization of the A hyperons in the direction 
perpendicular to the plane defined by the vectors 
mn and n willbe zero unless g #0. The study 
of the polarization of the A hyperons in this di- 
rection (together with the measurement of the 
longitudinal polarization of the A hyperons, for 
example) permits, therefore, the determination 
of the difference of the S and P phase shifts in 
the scattering of mesons by A hyperons. 

We note that, by isotopic invariance, the value 
of g_, obtained from the decay of the =” hyperon, 
and of @», obtained from the decay of the =° hy- 
peron, should be identical. 

For comparison we mention that the S phase 
shifts for the scattering of a m meson by a nu- 
cleon at corresponding energies (the momentum 
in the center-of-mass system is equal to m,c) 
are approximately equal to a, ~ —7° for the 
channel T='% andto a;~+10° for T=% 
(reference 2). The resonance P phase is equal 
to 33 ~ 12°, while the other P phases are close 
to zero. 


' Teutsch, Okubo, and Sudarshan, Phys. Rev. 
114, 1148 (1959). 


2J. Orear, Phys. Rev. 100, 288 (1955). 
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CONCERNING THE ARTICLE BY S. M. 
BILEN’KI1, R. M. RYNDIN, Ya. A. SMORO- 
DINSKII, AND HO TSO-HSIU, “ON THE 
THEORY OF NEUTRON BETA DECAY” 


Submitted to JETP editor January 27, 1960 


J. Expti. Theoret. Phys. (U.S.S.R.) 38, 1013 
(March, 1960) 


Wenserc! proved a theorem from which it 
follows that the full probability for a process of 
the type @— 6+1+v (a and B are arbitrary 
strongly interacting particles and / is a lepton) 
does not contain V-A interferences. It is easy 

to see that the expression (12) for the total proba- 
bilitity of neutron decay given in our paper? satis- 
fies this condition, since the dependence on the 
first power of A is only apparent. Indeed, in the 
approximation E,)/M =A/M, which we used, ex- 
pression (12) may be rewritten as follows: 


G? m+ 262) py V B2— mi 
w = (1 +39 {me (E, — oH ) a ae 


2 ace: 9 
+95 V £3 — m?| £3 — 5 Ef? — mt 


E 49 
oor (E — 2B? + + m*)| : 
We are grateful to Prof. J. Bernstein for bring- 
ing the work of Weinberg to our attention. 


1S. Weinberg, Phys. Rev. 115, 481 (1959). 

2 Bilenkii, Ryndin, Smorodinskii, and Ho Tso- 
Hsiu, JETP 37, 1758 (1959), Soviet Phys. JETP 10, 
1241 (1960). 
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PRODUCTION OF “SUPERCOLD” POLAR- 
IZED NEUTRONS 
G. M. DRABKIN and R. A. ZHITNIKOV 


Leningrad Physico-Technical Institute, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor January 27, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1013-1014 
(March, 1960) 


Tae rapidly developing research on “cold” neu- 
trons could be greatly widened if “supercold” BeUe 
trons with energies of the order of 10=. 10 105, °K 
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could be successfully obtained. However, at moder- 
ator temperatures of 1°K, the yield of neutrons with 
energies of the order of 107° degrees K amounts to 
only 107'! of the total flux. To increase the yield 
of “supercold” neutrons, a new moderation method 
is proposed below, based on the interaction of the 
neutron’s magnetic moment with a non-uniform 
magnetic field. 

When a neutron crosses a magnetic field H, the 
change in the kinetic energy e€ of the neutron will 
be equal to 


oH 
Ne = \ ett 3, ds, 

0 
where pegf is the component of the neutron’s mag- 
netic moment in the direction of the field H, and 
s is the path traversed by the neutron in the field. 
Since the region affected by a magnetic field can 
be separated into two parts, in which the gradients 
are directed in opposite directions, then for poss 
= const we have Ae = 0. 

The neutron energy can be changed by a corre- 
sponding change in the sign of per, i.e., by a re- 
orientation of the neutron spin at the instant when 
it passes through the maximum of the magnetic 
field. For this purpose a uniform magnetic field, 
falling off to zero at the ends, is applied along the 
neutron path. When a neutron with its moment op- 
posed to the field enters the field, it is acted on by 
a retarding force F =pe¢p9H/9s (neutrons with 
spins oriented in the opposite direction will be 
accelerated). At the instant when it reaches the 
maximum field Hj), where Aé€ =pUeg¢ Ho, the 
change in speed will equal 


A0y ~ tb ogg Lo / Mo, 


where m is the mass and vo the initial velocity 
of the neutron. 

If a field H, of radio frequency w =yHp is ap- 
plied in a direction perpendicular to Hp, and if it 
satisfies the condition H,At = fi/guy (At being the 
time of flight of the neutron through the field Hy, 

g the gyromagnetic ratio, and py the nuclear mag- 
neton), then the result will be a reversal of the spin 
of the traveling neutron, and consequently a change 
in the sign of werf. This will cause retardation of 
the neutron during its exit from the constant-field 
region as well as during its entrance, and the total 
loss in velocity will be 2Av;. The reorientation of 
neutron spins can be accomplished in a field Hy of 
length 2 to 5 cm, with H, ~ 1 gauss. The velocity 
lost by a neutron during a single passage through 
the field is very small. Thus, if Hy = 20,000 gauss 
and the initial velocity is 2 x 10? cm/sec we have 
2Av, = 100 cm/sec. 
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By passing the neutrons successively through a 
series of regions of uniform retarding fields Hp, 
it is possible to attain a considerable reduction in 
the velocity of the neutrons. For instance, to re- 
tard neutrons having an initial velocity vo = 2 x 10° 
em/sec to a velocity v =40 cm/sec with Hy ~ 2 
x 104 gauss requires sending the neutrons success- 
ively through 15 to 20 retarding fields, and the flight 
path will be of the order of 200 cm. Under these 
circumstances the relative flux of neutrons with 
energies of 107° degrees K, emerging from a mod- 
erator at T=1°K, will be increased more than 
a thousandfold, and will amount to 107" of the total 
current. 

These neutrons can be separated from the rest 
of the flux by reflection from a magnetic mirror, 
after which the reflected neutrons will be com- 
pletely polarized. In the case of a pulsed neutron 
source, the moderation can be effected by a travel- 
ing magnetic field. 


Translated by D. C. West 
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POSSIBLE SYMMETRY PROPERTIES FOR 
THE 7-K SYSTEM 


CHOU KUANG CHAO 
Joint Institute for Nuclear Research 
Submitted to JETP editor January 27, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1015-1016 
(March, 1960) 


IEE Hamiltonian describing the 7-K system has 
the form 


H=H,+Hx+ grataK} Ka, (1) 


where Hy is the pion Hamiltonian including the mz 
interaction, Hx is the K-meson Hamiltonian, and 
g is the coupling constant of the KK interaction.! 
It is assumed in (1) that the 7-meson and K-meson 
interactions with baryons can be neglected. 

The Hamiltonian (1) is invariant under rotations 
of the pion field operator in isospin space with the 
K -meson field operator held fixed. In other words, 
it is possible to consider the pion as an isovector 
in one space and the K meson as an isospinor in 
another space. The Hamiltonian (1) is invariant 
under rotations in either space. 
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Let us denote pion—K-meson scattering ampli- 
tudes by f{(7+K—a+K). Then from the above 
symmetry properties we obtain the following se- : 
lection rules: | 

1) The following scattering amplitudes are 
equal to each other: 


f(n* + Ke a> + K*) = f(r? + K* 2° + K*) 


ea AK fee = eet re) 


=f (n° + K°—> 9+ K®) == F (n° -+K°—> 2° + K®). 
(2) 


2) The charge-exchange amplitudes vanish: 


f (nt + K”> > 29 + K°) = f (nm + K*> 2° + K°) 


Hfet+Konm+K)=f{@ +Kh>i+K) <0. 


3) The K + K — nr annihilation process pro- 
ceeds only through the isoscalar state. 

To obtain experimental verification of these 
selection rules, one can study the angular distri- 
bution of the products in the reaction K+ N—K 
+ N+, for which the one-meson term in the 
cross section is proportional to 


A? (A? + pw)? | f(x-+ Kn + K)/,) (3) 
where A? is the square of the nucleon momentum 
transfer. Expression (3) has a maximum for A? 
=p” in the physical region.2 A measurement of 
the form of this maximum would provide informa- 
tion on the amplitudes f(7+K—a7+K). 

According to the theory of Okun’ and Pomeran- 
chuk® and Chew and Mandelstam! the scattering 
phase shifts in high angular momentum states are 
determined by diagrams with the smallest number 
of exchanged a mesons. If the K* and K® have 
the same parity then the K+N—K+N scatter- 
ing phase shifts in high angular momentum states 
are determined by diagrams with two mesons ex- 
changed. Consequently a phase shift analysis of 
the process K+ N-—-K+N would give certain 
information about the amplitudes f(7+K—1+K). 

A violation of these selection rules would imply 
that the Hamiltonian contains terms with deriva- 
tives of the form 


, CG) ~. & 
Bax ag 7K "az, K 


or that baryon pairs play an important role in 7K 
interactions. Since g’ is not dimensionless, a 
new fundamental length would appear in the Hamil- 
tonian (in the first version). 
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The author is grateful to Prof. M. A. Markov 31. B. Okun’ and I. Ya. Pomeranchuk, JETP 
and V. I. Ogievetskii for their interest in this work 36, 300 (1959), Soviet Phys. JETP 9, 207 (1959). 
and valuable discussions. 4G. F. Chew, Report at the 1959 Kiev Confer- 


ence (in press). 
1§_ Barshay, Phys. Rev. 109, 2160; 110, 743 
(1958). Translated by A. M. Bincer 
2C. Goebel, Phys. Rev. Lett. 1, 337 (1958). - 205 
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